ON NUMBER FIELDS WITH NONTRIVIAL SUBFIELDS
MARTIN WIDMER

ABSTRACT. What is the probability for a number field of composite
degree en to have a nontrivial subfield? As the reader might expect
the answer heavily depends on the interpretation of probability. We
show that if the fields are enumerated by the smallest height of their
generators the probability is zero, at least if en > 6. This is in contrast
to what one expects when the fields are enumerated by the discriminant.
The main result of this article is an estimate for the number of algebraic
numbers of degree en and bounded height which generate a field that
contains an unspecified subfield of degree e. If n > max{e? + ¢,10} we
get the correct asymptotics as the height tends to infinity.

1. INTRODUCTION AND RESULTS

The most natural way to enumerate number fields of fixed degree is
probably by their discriminant A or the modulus thereof. For positive
integers e and n let A(en, X) be the number of field extensions F' of Q of
degree en in an algebraic closure Q with [Ap| < X. The asymptotics are
predicted by a classical conjecture (possibly due to Linnik) but proved only
for degree en = 2, 3,4, 5.

Conjecture 1.1. Suppose en > 1. Then there exists a positive constant c,,
such that as X tends to infinity

Aen, X) = cen X + o(X).

Linnik’s Conjecture is usually stated in a more general form which as-
serts that for any number field K the number of field extensions F' of K
of relative degree n satisfying |[Ap| < X is given by ¢k, X + o(X) for a

positive constant cg .

Let G be a subgroup of the symmetric group S, containing a subgroup
of index en. Malle [2] has given conjectural asymptotics for Ag(en, X), the
number of fields in Q of degree en whose Galois closure has Galois group
isomorphic to G and whose modulus of the discriminant is not larger than
X. Kliiners [8] found counterexamples to Malle’s conjecture but a slight
adjustement of the conjecture proposed by Tiirkelli [14] seems promising.
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But once again this is proved only in very special cases. Bhargava’s work
2] implies Ag, (4, X) ~ AX for

And according to Cohen, Diaz y Diaz and Olivier [6] the number with
Dihedral group Ap, (4, X) is ~ X where p = 0.1046520224.... A quartic
field has a quadratic subfield if and only if its Galois closure is D4 or an
abelian group of order four. Bailey [1] and Wong [18] have shown that
Ag(4,X) = o(X) for G = Ay and abelian groups G of order four. Thus
when we enumerate the quartic fields by the modulus of their discriminant
the probability that a quartic field has a quadratic subfield is the positive
number

—H0.09356....
i

+A

Suppose the (generalized) Linnik Conjecture is true. We fix a number field
K of degree e and then we count extensions F' of K of relative degree n
satisfying |Ap| < X. In this way we conclude that the lower density for
the set of fields of degree en that contain a subfield of degree e is positive;
of course here density is understood with respect to the modulus of the
discriminant. Hence when enumerated by the modulus of the discriminant
the ("lower ) probability that a field of degree en has a subfield of degree e
remains positive, subject to the (generalized) Linnik Conjecture.

This is in stark contrast to the situation when one enumerates by the

following, also classical, invariant
m(F) = inf |D,l.
Ue)=F

Here D,, is the unique minimal polynomial of «v in Z[x] with positive leading
coefficient and coprime coefficients and |D,| denotes the maximum norm of
the coefficient vector. The quantity |D,| is sometimes referred to as the
naive height of a. We define the counting function 7 (e, n, X) as the number
of fields F C Q of degree en that contain a subfield of degree e and satisfy
m(F) < X.

In this note we shed some light on the distribution of number fields
by counting generators. Let H be the absolute multiplicative Weil height
(or briefly the height) on @, as defined in [3] p.16. A result of Masser and
Vaaler (Theorem in [10]) gives the asymptotics for the number of generators
of degree en with bounded height. We extend Masser and Vaaler’s result
by estimating Z(e,n, X) which counts the numbers with height at most X
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generating a field of degree en that contains a subfield of degree e
Z(e,n, X) = [{a € Q;[Q(a) : Q] = en, Q(a) contains a field of degree e, H(a) < X}|.

Our first result is a simple by-product of the proof of our main result The-
orem 1.2 combined with a result of Schmidt, and gives an upper bound for
Z(e,n, X).

Theorem 1.1. With ¢ = n - 26 +net2ent13)4n’+10n nd X (0 we have

Z(e,n, X) < exeninte),

The invariant 0(F) = inf{H(a); FF = Q(«)} plays a crucial role in the
proofs. If a is an algebraic number of degree en then H(«)* = M(D,)
where M denotes the Mahler measure (see [3] p.22 or [11] p.434 for a defi-

nition). A crude estimate comparing M (D,,) and |D,| gives
(1) (27 H(a))*™ < |Dal < (2H ()™
and hence

(2710(F)™ < @(F) < (20(F)™".
We therefore conclude from Theorem 1.1

m(e,n, X) < ¢ 2ennte) xnte,
On the other hand Corollary 5.1 in [16] yields
m(1,en, X) > Cop, X1

for a positive constant C,, and X > Xy(en). Combining these two esti-
mates we find: when ordered by the invariant 7 the probability that a field
I of degree en has a subfield different from Q and F' is zero, at least for
en > 6.

Another consequence of Theorem 1.1 concerns polynomials with certain
Galois groups. Let f in Z[z]| be irreducible of degree en. Since Van der
Waerden [15] it is known that almost all polynomials f have the full sym-
metric group Se, as Galois group when enumerated by the maximum norm
of the coefficient vector. That is any root a of f generates a field L = Q(«)
whose Galois closure Fz has Galois group S, over Q. The group corre-
sponding to F'is some S,, 1. It is easy to see that there is no group lying
strictly between these two groups. This means that F/Q has no proper
intermediate field in this case. Van der Waerden’s result can be further
quantified through sharpenings of the Hilbert Irreducibility Theorem. A
general version due to S.D. Cohen ([5] Theorem 2.1) gives an upper bound
of order X¢"*+1/2]og X for the number of exceptional polynomials. Gallagher

and Dietmann [7] improved the exponent en + 1/2 for en = 4,5. It is likely
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that the exponent en + 1/2 can always be improved but this might be hard
to achieve in general. However, under the stronger condition that there ex-
ists a proper intermediate field Theorem 1.1 in combination with (1.1) tells
us that the exponent en + 1/2 can be reduced to en/2 + 2.

So much for the consequences of the proof of our main result. We now
come to the main result itself. As already mentioned it asymptotically
estimates the counting function Z(e,n, X) as the height bound X tends to
infinity. To state the result we have to introduce further notation. In [11]

Masser and Vaaler defined the following two quantities

ll 2@” 21
V n+1 H22+1n+1 P

where [ = [(n — 1)/2] and the empty product is interpreted as 1 and
(n+ 1)+
((n+1)H2

These formulae give the volumes of the unit balls in R**! and C**! with

V(C (n) =

respect to the Mahler measure distance function and have been calculated
by Chern and Vaaler in [4]. We also need the Schanuel constant Sk (n) for
a number field K, defined as follows

o) — hk Ry 27K (27 )k " n rretsr—1
(1.2) Sk (n) chK(nH)( N > (n+1) .

Here hy is the class number, Ry the regulator, wx the number of roots of
unity in K, (x the Dedekind zeta-function of K, Ax the discriminant, rg
is the number of real embeddings of K and sk is the number of pairs of
distinct complex conjugate embeddings of K.

All fields are considered to lie in a fixed algebraic closure Q. It will be
convenient to use Landau’s O-notation. For non-negative real functions
F(X),9(X),h(X) we say that f(X) = g(X) + O(h(X)) as X > Xy tends
to infinity if there is a constant Cy such that |f(X) — g(X)| < Coh(X) for
each X > X,y. Now we can state the main result.

Theorem 1.2. Suppose n > max{e® + e,10}. Then as X > 0 tends to
infinity we have
(1.3)

6 n, X (Z TLVR TKVC )SKSK(’I’L>> Xen(n+1) + O(Xen(n—ﬁ—l)—n)’

where the sum runs over all number fields of degree e and the implied con-

stant in the O-term depends only on e and n.



ON NUMBER FIELDS WITH NONTRIVIAL SUBFIELDS 5

The above theorem states implicitly, subject to the constraints on e and
n, that the sum on the right hand-side of (1.3) converges. Notice that by
Masser and Vaaler’s Theorem [10] (or its generalization from Q to arbitrary
ground fields in [11])

Z(l, en, X) = Z(en, 1, X) = enVR(en)SQ(en)Xen(enJ,—l) + O<X(€n)2£)

So for instance the asymptotics for the numbers of degree 22 involve X%
whereas those for the numbers that generate a field which contains a qua-
dratic subfield involve only X264,

If each divisor > 1 of n is larger than e we can relax the constraints on

e and n.

Theorem 1.3. Suppose | > 1 and ln implies | > e and suppose n >
max{6e — 6,10}. Then as X > 0 tends to infinity we have

Z 6 n, X (Z nVR 7nK‘/Y(C )SKSK(n)) Xen(n+1) + O(Xen(n-l—l)—n)

where the sum runs over all number fields of degree e. The implied constant

in the O-term depends only on e and n.

Our proof strategy for Theorem 1.2 can be roughly (and oversimplified)
described as follows. First fix a field K of degree e and count those num-
bers having degree n over K and degree en over (. Combining ideas of
Masser and Vaaler from [11] and of the author’s works [17] and [16] this can
be achieved by counting monic polynomials z" + ;2" + ... + a, in K|[z]
with K = Q(ay, ..., ;) and with bounded Mahler measure. For the error
term one has to take into account the reducible polynomials and also the
polynomials irreducible over K but reducible over the Galois closure of K.
Then we sum these estimates over all fields K of degree e. This requires
that the emerging error terms converge when summed over all fields K.
The error terms are expressed using the invariant §(K'), because they have

better summatory properties than the discriminant.

We can use the same ideas to prove asymptotic results for

Z(e,m,n, X) = |{a € B [Q(a) : Q] = emn, H(a) < X,
Q(«) contains a field of degree e and a field of degree em}|.

We state just one particularly simple result.
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Theorem 1.4. Suppose | > 1 and l|n implies | > em and suppose n >
max{6em — 6,10}. Then as X > 0 tends to infinity we have

where the sum runs over all number fields of degree em that contain a sub-
field of degree e.

Notice that under the above conditions on e,m and n the functions
Z(1,em,n, X) and Z(e,m,n, X) both have order of magnitude Xemn(n+1)
whereas Z(1, 1, emn, X) has order of magnitude Xemn(emn+1),

Let us mention one final side product of the proof of Theorem 1.2. We
obtain a version of Theorem in [11] with particular good error term regard-
ing the ground field K under the necessary condition that we exclude those

numbers that have also degree n over a proper subfield £ of K.

Theorem 1.5. Let K be a number field of degree e. Then as X > 0 tends
to infinity the number of elements (3 in Q with

[K(0) : K] =n,
(1.4) kCK and [k(B) : kl|=n—= k=K,
H(3) <X

18
TLVR(TL)TK V@(H)SK SK(n)Xen(n+1) + O<5(K)7%(nfmax{4678,2673})+1.1Xen(n+1)fn£)

where £ = 1 unless en = 1 or en = 2 in which case £ = log(X + 2). The

constant in O depends only on e and n.

If e and n > max{4e — 8,2} are fixed then the constant in the error
term goes rapidly to zero as the fields K become more complicated. The
additive constant 1.1 in the exponent on 6(K') has no particular significance
and could be replaced by any other value > 1.

For e = 1 or n = 1 Theorem 1.1 is covered by Schmidt’s Theorem in [12].
The cases e = 1 in Theorem 1.2, Theorem 1.3 and Theorem 1.5 are all
covered by Masser and Vaaler’'s Theorem in [10] and the case n = 1 in
Theorem 1.5 counts generators @ € K with bounded height and thus is
covered by a special case of Corollary 3.2 in [17] (which we cite as Theorem
4.1 in Section 4). Finally the cases e = 1 or m = 1 in Theorem 1.4 are
covered by Theorem 1.3. We emphasize that our work neither gives a proof
of Schmidt’s nor a new proof of Masser and Vaaler’s result but rather uses

their method and ideas in combination with the work done in [17] and [16]
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to extend these results.

Throughout this article X and T" denote positive real numbers.
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2. REFORMULATION OF THEOREM 1.2 STEP ONE
Let K be a number field of degree e. We define

Zi(e,n, X) = {8 € Q;[Q(B) : Q = en, [K(B) : K] =n, H(B) < X}|.
If 3 € Q with [Q(8) : Q] = en and Q(3) contains the field K of degree e
then [K(3) : K| = n. Therefore

(2.1) Z(e,n, X) SZZK(e,n,X),

where K runs over all fields of degree e. On the other hand if 3 is in Q
with [K(8) : K] = n and [Q(f) : Q] = en then Q() contains the field K
of degree e. However, some elements # may be counted for several different
fields K on the right hand-side of (2.1). To keep track of these multiply
counted numbers we have to introduce two further quantities.

Z(e,n, X) =
{8 € @ [Q(B) : Q] = en,
Q(p) contains more than one field of degree e, H(3) < X},
7K(Tnv n, X) =
{8 € @ [Q(B) : Q = en, [K(B) : K] =n,
Q(p) contains more than one field of degree e, H(3) < X}|.

For all e,n we have

(2.2) Z(e,n, X) = (Zi(e,n, X) = Zx(e,n, X)) + Z(e,n, X).
K
where K runs over all fields of degree e. Moreover

(2.3) Z(e,n, X) <Y Zx(e.n, X) <27 Z(e,n, X).
K

The first inequality is obvious the second one holds because every field of

degree en contains at most 2¢ subfields.
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Now suppose Q(f) contains more than one subfield of degree e. So the
composite field of two different subfields of degree e lies in Q(3). But this
composite field has degree le where [ | nand | € {2,3,...,e}. Hence by (2.1)

Z(e,n, X) < Y Z(len/LX)< > Y Zp(le,n/l, X).

ln ln F
1<i<e 1<i<e [F:Q]=le

Together with (2.2) and (2.3) we get

(24) Z(en.X)= > Zrlen,X)+0 | > > Zp(le,n/l,X)

K ln F
[K:Q]=e 1<i<e [F:Q]=le

The sums in (2.4) can essentially be reduced to the counting of projective
points P in P™ of degree e with Hy(P) < X for a certain adelic-Lipschitz
height Hyr. The next section is devoted to the basic definitions of this

concept and the necessary results to derive the statements of this article.

3. ADELIC-LIPSCHITZ SYSTEMS AND ADELIC-LIPSCHITZ HEIGHTS

This section is (in fact in a more general form) contained in [16]. How-
ever, for convenience of the reader we recall the general concept of an adelic-
Lipschitz system and its basic definitions.

3.1. Adelic-Lipschitz systems on a number field. Let r be the number
of real embeddings and s the number of pairs of complex conjugate embed-
dings of K so that e = r 4+ 2s. Recall that Mg denotes the set of places
of K. For every place v we fix a completion K, of K at v and we write
d, = [K, : Q,] with Q, being the completion with respect to the place that
extends to v. A place v in My corresponds either to a non-zero prime ideal
p, in the ring of integers Ok or to an embedding o of K into C. If v comes
from a prime ideal we call v a finite or non-archimedean place and denote
this by v f co and if v corresponds to an embedding we say v is an infinite
or archimedean place and denote this by v | co. For each place in Mg we
choose a representative | - |,, normalized in the following way: if v is finite

and « # 0 we set by convention
_ordp, (aOk)

af, = Np, ™
where Ny, denotes the norm of p, from K to Q and ord,, (aOk) is the

power of p, in the prime ideal decomposition of the fractional ideal aQk.

Moreover we set
|0], = 0.
And if v is infinite and corresponds to an embedding ¢ : K — C we define

|y = lo(a)].
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The value set of v, I',, := {|al,; @ € K, } is equal to [0, 00) if v is archimedean,

and to
{0, (Np,)°, (Np,) =™ (Np, )% .}

if v is non-archimedean. For v | co we identify K, with R or C respectively
and we identify C with R? via & — (R(£), S(€)) where we used R for the
real and & for the imaginary part of a complex number.

For a vector x in R" we write |x| for the euclidean length of x.

Definition 1. Let M and D > 1 be positive integers and let L be a non-
negative real. We say that a set S is in Lip(D, M, L) if S is a subset of RP,
and if there are M maps ¢, ..., oar = [0, 1]P~1 — R satisfying a Lipschitz
condition

[6:(x) = i(y)| < Lix —y| forx,y € 0,177 i=1,.. M

such that S is covered by the images of the maps ¢;.

We call L a Lipschitz constant for the maps ¢;. By definition the empty
set lies in Lip(D, M, L) for any positive integers M and D > 1 and any

non-negative L.

Definition 2 (Adelic-Lipschitz system). An adelic-Lipschitz system (ALS)

Nx on K (of dimension n) is a set of continuous maps
N, : KM —T, ve Mg

such that for v € My we have

(1) Ny(z) =0 if and only if z = 0,

(i1) Ny(wz) = |w|,Ny(2) for allw in K, and all z in K",
(1ii) if v | 0o: {z; Ny(z) = 1} is in Lip(d,(n + 1), M, L,) for some M,, L,,
(iv) if vt 0o: Ny(zy + 29) < max{N,(z1), Ny(22)} for all z1,2, in K.
Moreover we assume that

(3.1) Ny(z) = max{|zo|v, .- |Zn|o}

for all but a finite number of v € M. To deduce our results we will use
an ALS with (3.1) for all finite places v. This simplifies the notation and

arguments in the sequal considerably. Therefore we assume from now on
(3.2) Ny(z) = max{|zo|v, .- |2n]v } for all v 1 co.

So the functions N, with v { oo are as in Masser and Vaaler’s [11] and the
subset of N, with v | oo defines an (r, s)-Lipschitz system (of dimension n)
in the sense of [11]. However, opposed to Masser and Vaaler we will have

to define a uniform ALS on the collection of all number fields of degree e,
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as introduced in [16]. Therefore we will use the terminology of [16]. With
M, and L, from (iii) we define

My, = max M,,
v]oo

Ly, = max L,.
v]oo

The set defined in (4i7) is the boundary of the set B, = {z; N,(z) < 1} and
therefore B, is a bounded symmetric open star-body in R™™! or C"*! (see
also [11] p.431). In particular B, has a finite volume V.

Let us consider the system where N, is as in (3.1) for all places v. If v
is an infinite place then B, is a cube for d, = 1 and the complex analogue
if d, = 2. Their boundaries are clearly in Lip(d,(n + 1), M,, L,) most nat-
urally with M, = 2n 4+ 2 maps and L, =2 if d, = 1 and with M, =n + 1
maps and for example L, = 27v/2n + 1 if d, = 2. This system is called the
standard adelic-Lipschitz system.

We return to general adelic-Lipschitz systems. We claim that for any
v € My there is a ¢, in the value group I'} = I',\{0} with

(3.3) Ny(z) > ¢, max{|2o|v, .-, |2n|o}

for all z = (2o, ..., 2,) in K", For if v is archimedean then B, is bounded
open and it contains the origin. Since I'} contains arbitrary small positive
numbers the claim follows by (i7). Now for v non-archimedean it is trivially
true by (3.2) and we can choose ¢, = 1.

So let N be an ALS on K of dimension n. For every v in My let ¢, be

an element of '}, such that ¢, < 1 and (3.3) holds. Recall we can assume

v

¢, = 1 for all finite places v. We define
, _dy
(3.4) ot =1Je =1

vtoo

and

CK/LI{ = %gox{cgl} > 1.
Multiplying the finite and the infinite part gives rise to another constant
(3.5) Crye = C{CN.

Besides My, and Ly, this is another important quantity for an ALS. We
say that N is an ALS with associated constants Cyr, Mnr,., Ly -

In [17] and [16] we introduced for an ALS Nk on K (of dimension n)
the quantity VNZ. This quantity depends only on the functions NV, in ALS
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with v t oo and we have shown in [17] (first paragraph on p.11) and also in
[16] (just after equation (3.5)) that if (3.2) holds then me = 1. Hence we
define

(3.6) Vi =

The infinite part is defined by
znf H V
v]oo
By virtue of (3.3) we observe that
mf o HV < H Cmf dy(n+1) ( Cmf)e(nJrl)
v]oo v]oo

We multiply the finite and the infinite part to get a global volume

(37) V/\/'K — mfvfm
Note that from (3.4), (3.5), (3.6) and (3.7) we derive
(38) VNK ( Cmfctfm)e(n-‘rl <2CNK)6 n+1).

3.2. Adelic-Lipschitz heights on P"(K). Let N be an ALS on K of
dimension n. Write o, for the canonical embedding of K into K, extended
componentwise to K™™', Then the height Hy, on K™ is defined by

Hy, ()= ] Nu(ow(e
vEMK

Thanks to the product formula and (i7) from Subsection 3.1 Hy,. () does
not change if we multiply each coordinate of v with a fixed element of K*.
Therefore Hy, is well-defined on P"(K) by setting

Hy, (P) = Hy,e (x)
where P = (ap @ ... : a,) € P*(K) and @ = (v, ..., v, ) € K™, Multiplying
(3.3) over all places with suitable multiplicities yields
(3.9) Hy, (P) > Cy H(P)
for P € P*(K).

3.3. Adelic-Lipschitz systems on a collection of number fields. We
define C, as the collection of all number fields K of degree e

C.={K CQ[K:Q]=e}.

Let NV be a collection of adelic-Lipschitz systems N of dimension n - one
for each K of C.. Then we call N an adelic-Lipschitz system (ALS) on C.
of dimension n. We say N is a uniform ALS on C, of dimension n with
associated constants Cyr, My, Ly in R if the following holds: for each ALS
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N of the collection N we can choose associated constants Cr,., Myr, Ly,
satisfying

One < Cny, My <My, Lpe < Ly

A standard example for a uniform ALS on C. (of dimension n) is given as
follows: for each K in C. choose the standard ALS on K (of dimension n)
so that N, is as in (3.1) for each v in M. For this system we may choose
Cnv=1, My =2n+2and Ly =27v2n+ 1.

3.4. Adelic-Lipschitz heights on P*(Q;e). Let P = (2 : ... : x,) €
P*(Q) and define Q(P) = Q(...,z;/zj,...) (0 < 4,5 < n; 2; #0). Then we
define the degree of P (over Q) as [Q(P) : Q]. Write P"(Q;e) for the set
of points P in P*(Q) with [Q(P) : Q] = e. Let A/ be an ALS of dimension
n on C.. Now we can define heights on P"(Q;e). Let P € P"(Q;e) so that
Q(P) € C.. According to Subsection 3.2 we know that Hy, (-) defines a

projective height on P"(K) for each K in C.. Now we define

HN(P> = HNQ(P)(P>'

If NV is the standard adelic-Lipschitz system on C, as defined in Subsection

3.3 then H,s is simply the multiplicative Weil height H on P"(Q) (as defined
in [3] p.16) restricted to P"(Q;e).

4. PRELIMINARY RESULTS
For K a number field let P"(K/Q) be the set of primitive points in P"(K)
P"(K/Q) = {P € P"(K);Q(P) = K}.

Let Nk be an adelic-Lipschitz system of dimension n on K. Then Hy,,(+)
defines a height on P"(K’). Now (3.9) combined with Northcott’s Theorem
implies that the counting function

Iy (PU(K/Q), T) = {P € P"(K/Q); Hy (P) < T}

is finite for all 7" in [0,00). The main result Theorem 3.1 in [17] gives a
precise estimate for this counting function. Here we need only a special
case of Corollary 3.2 in [17] which by itself is a special case of Theorem 3.1
in [17]. Recall the definitions of Sk (n) from (1.2) and V), from (3.7).

Theorem 4.1. Let K be number fields of degree e. Let N be an adelic-
Lipschitz system of dimensionn on K with associated constants Cyr., Lar,, M,

and write

Anie = My (Cae (L + 1)) 071
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Then as T > 0 tends to infinity we have
Zpe (B (K/Q), T) =27 st Dy S (n) T Y
FO(Aw, Richgd(K)—e(r+D/2+1pe(nt)=1a )
where
Lo = logmax{2,2Cx\,. T} if (n,e) = (1,1) and £y = 1 otherwise
and the implied constant in the O depends only on n and e.
Now let A be a uniform ALS on C. of dimension n. Then Hy/(-) defines
a height on P"(Q; e) and (3.9) implies for any P € P*(Q;e)
Hy(P) > C'H(P).
Again by Northcott’s Theorem we conclude that the associated counting
function Z (P*(Q;e),T) (which denotes the number of points P in P"(Q; e)

with Hy(P) < T) is finite for all 7" in [0, c0). Bearing in mind the definitions
of Sk(n) and Vi, from (1.2) and (3.7) we define the sum

(41) Dy =Dn(Qen) =Y 270 gty Sy (n).

KGCe
We claim that the sum in (4.1) converges if n is large enough. Now we can
state the main result of [16]. Again we need only a simpler form and so we

state only this special case of the result.

Theorem 4.2. Let e, n be positive integers. Suppose N is a uniform adelic-
Lipschitz system of dimension n on Ce, the collection of all number fields of

degree e, with associated constants Cnr, My and Ly. Write
Ax = M(Cp(Ly + 1)) 07
Suppose that either e =1 or
n>b5e/2+4+2/e.
Then the sum in (4.1) converges and as T > 0 tends to infinity we have
Zn(P(Qse), T) = DT + O(ANTe" D1 gy),
where £y = logmax{2,2C\T} if (e,n) = (1,1) and £y = 1 otherwise. The

constant in O depends only on e and n.

The following upper bounds are immediate consequences of Schmidt’s
Theorem in [12].

Lemma 4.1. Suppose Ni is an adelic-Lipschitz system (of dimension n)
on K with associated constants Cy,., My, Ly, . Then

(4.2) Z (BY(K), T) < e1(Cn 1),
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2
One can choose ¢ = 26(nt4)+n"+10n+11

Now suppose N is a uniform adelic-Lipschitz system (of dimension n) on
C. with associated constants Cnr, My, Ly, Then

(4.3) Zn(P*(Qse),T) < co( CpT)H™,

2 2
Here one can choose co = 26(etn+3)+e’+n"+10e+10n,

Proof. By (3.9) we know Hy;, (P) > Cy. H(P) for P € P"(K), and similar
for P € P*(Q,e) one has Hy(P) > Cy/' H(P). Thus the statements follow
from Theorem, inequality (1.4) in [12]. O

We will also use Vinogradov’s notation A < B (or equivalently B > A)
meaning that there exists a positive constant ¢ depending solely on e and
n (unless specified otherwise) such that A < ¢B. We remind the reader to
the definition of the invariant §(K) = inf{H(«a); K = Q(«)}. The following
arguments will be used several times. It is therefore convenient to state

them as two individual lemmas.

Lemma 4.2. Let K be a number field of degree e > 1 and let P € P"(K)

with Q(P) = K. Then
1

IK) > 6-2<;1)‘AK

1
2e(e—1) |

Proof. Let us start with the first inequality. Let P = (ap : ... : ay)
then we can assume that one of the coordinates of P is 1. Hence K =
Q(ap, ..., ). Now Lemma 3.3 in [17] gives an element o« = Y " m;ay
with 0 < m; < e in Z and K = Q(«). Therefore H(a) > 0(K), and a
straightforward computation shows that H(«) < e(n+1)H(P). This proves
the first inequality. The second inequality is a a special case of Silverman’s
inequality (Theorem 2 in [13]), but see also (4.10) and (4.12) in [16] (with
k = Q and m = 1) for more details. O

Lemma 4.3. Let n be a real number satisfying n < —e(e + 1). Then we
have

D (K<, 1.

KEC&
Proof. This lemma is an immediate consequence of Lemma 4.1 and Lemma

4.3 in [16]. O

5. REFORMULATION OF THEOREM 1.2 STEP TWO: CHOOSING THE
RIGHT ADELIC LIPSCHITZ SYSTEM

Let M be the Mahler measure on polynomials in one variable with com-

plex coefficients as in [11]. For each number field F' we define an ALS (of
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dimension n) denoted by N} by choosing
Ny(zo, ooy 2n) = M (202" + ... + 2,) (v | 00),
(5.1) Ny(zo, .y 2n) = max{|2o|v, -, |Znlo} (v 100).

Here v runs over all places in Mp. Masser und Vaaler have shown that M
satisfies (i), (i7), (427) from Definition 2 and with NV, as in (5.1) clearly (iv)
is satisfied as well. Therefore Hy defines an adelic-Lipschitz height height
on P*(F). Now M, and L, depend on v (and n), but more precisely they
depend only on d, € {1,2} (and n). Hence My, and Ly; can be chosen
independently of F', depending solely on n. Recall the definition of ¢, from
(3.3) in Section 3.1. For v 1 oo we have ¢, = 1 and for v|oo we may use

¢y = 27" (see [9] Lemma 2.2 p.56). Hence we may set
CN[/7 = 2"

So we have shown that we can choose associated constants Cz = 2", My
and Ly, of the adelic-Lipschitz system N} depending only on n.

Now let K run over all fields in C.. The collection of adelic-Lipschitz
systems N}, one for each number field in C., defines an adelic-Lipschitz
system denoted by N on C.. Then the corresponding height H,~ is defined
on P*"(Q;e). Furthermore we just have seen that the associated constants
Cny. = 2", My, Ly, of Nj. may be chosen uniformly, depending solely
on n. Thus N’ defines a uniform ALS on C. with associated constants
Crhr = 2", Mppr, L.

The proofs of our results require also the analogous heights to Hyz and
Hy» on P™ but with n replaced by smaller values. By abuse of notation we
will use the same symbols Hy, and Hy» for the analogous heights on e.g.
P"~1. But this will cause no confusion.

We have a 1 : 1-correspondence between monic polynomials in K[z] of
degree not exceeding n and P"(K)

fox" + ...+ fll‘ + fn A— (fo et fn)

In this way Hpyr can be considered as a function on the monic polynomials
in K[r] of degree < n. In this case we will use My instead of Hyy , so that
Mo(f) = Hpy (Pr), where Py = (fo : ... @ fu) and f = foz" + ... + fa.
However, we have also to count monic polynomials whose coefficents do not
lie in K. Therefore it is convenient to notice that My provides a definition
on non-zero polynomials in Q[x] of degree at most n. This can be seen in

the following way; if F'is any number field containing the coefficients of the
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non-zero polynomial f = apx™ + ... + v, then we set

Mo(f) = Hyy (Fy) = [T Nolouao). .. onan)) /17

vEMp
But just as for the usual Weil height it is easy to see that this definition
does not depend on the field F' containing the coordinates and thus M, is
well-defined on the non-zero polynomials in Q[x] of degree at most n. The
Mahler measure M is multiplicative which together with Gauss’ Lemma
implies
(5.2) Mo(gh) = Mo(g)Mo(h)
for g, h in Q[z]\0 with deg gh < n.

In the next section we shall see that the proofs of all the theorems can
essentially be reduced to finding (asymptotic) estimates for Zy/ (P"(Q;e), T)

as given in Theorem 4.2.

6. PROOFS OF THE THEOREMS

We remind the reader that K denotes a number field of degree e. As
mentioned in the introduction for e = 1 or n = 1 all our theorems are
covered by results of Schmidt [12], Masser and Vaaler [10], [11] and the

author [17]. From now on we assume
e>1andn > 1.
We start with the set
Mg (n,T) ={f € K[z]; f monic,deg f <n,Q(Pf) = K, My(f) <T}.

Recall that P"(K/Q) is the set of primitive points in P"(K') and Zx; (P"(K/Q),T)
is its counting function with respect to Hyz . Then of course

(6.1) (Mg, T)| = Zn;, (P*(K/Q),T).
For any f in Mg(n,T) one has
T > Mo(f) = Hu (Py).
Moreover we know Hyy (Pr) > C’X/}}(H(Pf) =2""H(Ps). Now f € Mg(n,T)
implies K = Q(Pf) and hence we can apply Lemma 4.2 to deduce

1
H(Pf)Zm

Note also that the Mahler measure of a monic polynomial is at least 1 and

3(K).

therefore My(f) > 1. So whenever M (n,T) is non-empty we have
(6.2) T>1,

5(K)
(6.3) T2 sy > 00



ON NUMBER FIELDS WITH NONTRIVIAL SUBFIELDS 17

For a subfield k of K let Homy(K') be the set of k-invariant field homomor-
phisms from K to its Galois closure Kg over Q.

Let Mﬁ?’ ) (n,T) be the set of all monic, irreducible polynomials f of de-
gree n in K([z|, with of are pairwise coprime as o runs over Homg(K)
and My(f) < T. Here the homomorphisms o act on the coefficients of
the polynomials. Note that the coprimality of the polynomials o f implies
Q(Pr) = K. Hence

Mg?p)(n,T) ={f e Mg(n,T)\Mg(n—1,T); f irreducible over K,
o f pairwise coprime (0 € Homg(K))}.

Lemma 6.1. We have
(6.4) Zile,n, X) = n| M (n, X™)].

Proof. We will show that the map that sends 3 to its monic minimal poly-
nomial over K defines a n : 1-correspondence between the set Sk (e, n, X) =
{Be€Q;[QB): Q] =en,[K(B): K] =n,H(3) < X} (corresponding to the
counting function Zx(e,n, X)) and the set M%p) (n, X™).

Let f be in K[z] irreducible with deg f = n. Then f has n zeros, they are
pairwise distinct and, of course, each of them has degree n over K. There-
fore we get a factor n. On the other hand every § with [K(5) : K] = n
is a zero of exactly one irreducible monic polynomial f in K[z]. We factor

f=(x—70)...(x = B,). Then
My(f) = My(x — By)...Mo(x — ).

Since f is irreducible all the zeros of f have the same height. But H(a) =
My(z — ) for any a € Q and so we get

(6.5) Mo(f) = H(b1)".
This explains the power X".
Now let Ds g be the monic minimal polynomial of 3 over Q. Then clearly
f|Dgg. If the o f are not pairwise coprime then
IT o
Homg(K)
which of course lies in Q[z]\@Q, cannot be irreducible over Q. Hence [Q(f) :
Q] < [Homg(K)|deg f = en which means ¢ Sk (e, n, X). Next we notice
that for any o of Homg(K) we have
ofloDsg=Dpol [ of

Homg(K)

Now suppose the o f are pairwise coprime then

I oflPse

Homg(K)
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and we end up with [Q(8) : Q] = |Homg(K)|deg f = en which shows
B € Sk(e,n, X). This completes the proof. O

To count |Mg§p)(n,T)| via |Mg(n,T)| another two sets are required.
First we define the subset

Mged)(n’T) ={f € Mg(n,T)\Mg(n—1,T); f reducible over K}.

So M(Ized) (n,T) is the set of all monic reducible polynomials f of degree n
in Kz] with K = Q(F) and My(f) <T. Finally let
M%cP)(n,T) ={f e Mg(n,T)\Mg(n—1,T); f irreducible over K,
o f not pairwise coprime (0 € Homg(K))}.

Immediately from the definition we get
(6.6)
M (1, T) = Mycln, D\ (Mie(n = 1,T) UM (0, T) U MED (,T))
In particular
(6.7) M (0, T)] < [ My (n, ).
From (6.1) we get
(6.8) > [Mxm.T)| =Y Zy (P"(K/Q),T) = Zn(P*(Qse), T).

KeCe KeCe
Now (2.1) and Lemma 6.1 yields

Z(en,X) < Y Zxlen,X)=n Y [MP (n,X")|.
KeC. KeCe

Taking into account (6.6) and (6.8) gives
(6.9) Z(e,n, X) < nZy(P*(Qse), X™).

In order to obtain asymptotic estimates more care is needed. Combining
(2.4), (6.4) and (6.6) we get as X > 0 tends to infinity

Z(e,n, X)=n Y [Mg(n, X")+0(D  [Mg(n—1,X"))
KeC. KeC.
+O( Y IME D (n, X))
KeCe
+O( Y IMEP (n, X™)))
KeCe

+O(D " > [IMEP(n/1, X)),

lln  FeCe
1<i<
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Applying (6.7) gives \M;fp)(n/l,X”/l)] < |[Mp(n/l, X™")| and then apply-
ing (6.8) for the first, second and the last term yields

(6.10) Z(e,n, X) = nZy:(P"(Q; €), X")+O(Zy:(P"H(Q; €), X™))
(6.11) +O(Y " IMED (n, X))
KeC.
(6.12) +O() " IMEP (n, X™)))
KeC.
(6.13) +O( Y Zy (P le), X)),
Iln

To handle the error terms we need good uniform upper bounds for Zy- (P"(F), T)
and Zy, (P"(F/Q),T).

Lemma 6.2. Let F' be a number field and let m < n be a positive integer.
Then

(6.14) Zp, (P™(F), T) gy THEHD,

Proof. Recall that Cys = 2™ and m < n. Thus the statement follows from
(4.2) in Lemma 4.1. O

Lemma 6.3. Let F' be a number field and let m < n be a positive integer.
Then
Rphp .
(6.15) Zny, (P™(F/Q), T) < raq WT[F'QKWH).
O(F) =
Proof. The case F' = Q is covered by the preceeding lemma, so we can
assume [F': Q] > 1. If Zy; (P™(F/Q),T) = 0 then the claim is certainly
true. Now assume Zy, (P™(F/Q),T) > 0. In this case we know from (6.1)
and (6.3) that 7" >>[p.qm 0(F). For [F: Q] > 1 Theorem 4.1 immediately
implies
Rrhp . oipglme)

Zny, (P™(F/Q),T) KIP:Qm Cyry, Moy Ly, WVNF
F

thF PlFQ)(mt1)-1
:Q(m+1 :
5(F)[ GIITEESINY

Recall that Cyy, My, Ly, depend only on m; but m < n and thus they
are < 1. Therefore and due to (3.8) we have Vj» < 1. Moreover we get

T >p.q 0(F) and hence

m RFhF :QJ(m RFhF -0l(m
Iy (P™(F/Q), T) <ppg) — g TN +1)+—5(F)[FZQ]§"+I)T[F’QK +1).

Now Lemma 4.5 in [16] gives |Ap| >(r.q 0(F)F*. This proves the lemma.O
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Note that by Siegel-Brauer’s Theorem Ryhy < |Ag|'/?2T1/(40e(e=1) and
recall the inequality 0(K) > |Ax

(6.16) Richy < §(K)ee=D+1/20,

2ee) from Lemma 4.2. Thus we get

6.1. An upper bound for |Mg§ed) (n,T)|. In this subsection we will prove
an upper bound for the number of polynomials f € Mg (n,T) of degree n
that are reducible over K. Recall that by definition §(K) > 1 and by (6.2)
and (6.3) we can assume 7' > 1 and T/0(K) > 1.

Suppose f factors as

f=gh
where g, h are in K[z]\K and monic. Since K = Q(P) C Q(P,, P,) C K

three cases may occur.

(4): QF) =K, Q) =K,
(B): QF) K, QF)=K
(@): QF) S K, Qh)cCK

Let degg = p so that 1 < p < n —1 and degh = n — p. Assume
My(f) < T. Now My(f) > 1 and hence there exists a positive integer i
such that 271 < My(g) < 2° and then the multiplicativity (5.2) of M, gives
My(h) < 27T, For fixed ¢ we will estimate the number of polynomials
f = gh in each of the three cases (A), (B) and (C) separately and then we
sum over all possible values for i, i.e. i =1, ..., [log, T] + 1.

To simplify the notation we abbreviate 6(K) to d.

We start with the case (A). Here we can assume by symmetry that
p < n/2. To bound the number of polynomials f = gh we apply Lemma
6.3 with /' = K. Thus for fixed ¢ we get the upper bound

< (Ruchsed™ 30D @) (Ryghyes~ 507+ (g1 lopi1)
— 9e(n—p+1) (Qi)e(zn—n) (RKhK>25—§(n+2)Te(n_p+1)
for the number of f. Now if p < n/2 then >.(2))°?~™ < 1 where the

sum runs over all values i = 1,...,[log, 7] + 1. So in this case we get the

upper bound
< (RKhK)Q(S—%(n—i-Z)Ten

for the number of polynomials f = gh. Now suppose n = p/2. Then the
sum over ¢ introduces an additional logarithm and we find the upper bound

< (RKhK)QCS_%(n+2)T8(n/2+1) log(T + 2) < (RKhK)Qd—g(n—&-Q)Ten‘
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Next we use (6.16) to eliminate Rxhy. This yields for the number in (A)

<6 £ (nf4e+6)+0.1T6n )

Next we estimate the number of polynomials in (B). We proceed similar
as in (A). But here the situation is not symmetric hence we cannot assume
p < n/2 and moreover we use (6.14) with F' C K to bound the number of
polynomials g. Note also that there are only < 2¢ < 1 possibilities for F.
For fixed i this yields the upper bound

& Rychyd—5m=p+Dpe(n—ptl)g—% (2n—3p+1)

Then summing over ¢ = 1, ..., [log, T] 4+ 1 we obtain 3 different upper bounds
depending on whether 2n —3p+1>0,2n—3p+1=0o0r2n—3p+1 < 0.
Finally we use 7'/60 > 1 and (6.16) to deduce that also all of these 3 upper
bounds are covered by

<= 5 (n—4e+6)+0.1Ten )

We are left with the case (C'). Here we use (6.14) with F* C K to bound
the number of polynomials g and h. By symmetry we can assume p < n/2.
Similar as in (A) we obtain the upper bound

<T% <T%(T/5)% < §-30nterOroaen,

Again we can multiply the error terms arising from (A), (B) and (C') with
(T'/5)* as long as a > 0. We choose a such that the exponent on T is
e(n+ 1) — 1. Hence all three error terms are covered by

< 5(K)7%("*4€+8)+1-1T6(n+1)—1.
Thus we have proven

(6.17) \M(Iged) (n,T)| < 5(K>*%(n746+8)+1.1T6(n+1)71.

6.2. An upper bound for \./\/lg?Cp ) (n,T)|. As in the previous subsection
we can assume 7' > 1 and T'/§(K) > 1. Recall that K is the Galois closure
of K over Q. Suppose f is in Mg (n,T) and irreducible over Kg. Hence
for all o € Homg(K) the of are irreducible in K¢[z] and since Q(Py) = K
they are pairwise distinct. Thus they are pairwise coprime. It follows
(6.18)

MEP (n,T) C

{f € Mg(n,T)\Mxg(n—1,T); f irreducible over K, f reducible over Kq}.

So let f be as above; that is f € KJz] monic, irreducible over K but
reducible over K¢, deg f =n and Q(FPf) = K. Let

f =01---Gs
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be its decomposition into prime factors in K¢[x] (g1, ..., gs pairwise distinct,

monic) and let
FW::}((}21)
be the field, gotten by adjoining the coefficients of ¢g; to K.

Lemma 6.4. We have

Proof. First notice that
H g1 € K[z].
T€Homg (F)

For 7 as in the product above we have

TolTf = [
Since Q(F,,) = F the 7¢; are pairwise distinct. For any such 7 there is a o
in Gal(Kg/Q) with 7g; = 0g1. But g is irreducible in K¢[x] and so the ¢,
are all irreducible in Kg[x]. Thus the 7g; are irreducible pairwise distinct

divisors of f in Kg[x] and therefore they are also pairwise coprime. This

H Tl f.

T€Homg (F)

yields

The left-hand side is in K [z]\ K and monic. Since f is monic and irreducible

over K they are equal. O

Let f = (z — (1)...(x — 3,) be the factorisation in Q[z]. The function
M is defined on polynomials in Q[z] of degree not larger than n and is
multiplicative. Therefore My(f) = Mo(x — 31)...Mo(x — 3,). Now f is
irreducible in K[x] so all the zeros have the same height or equivalently
My(x — 1) = ... = Mo(x — ). In particular My(g1) = Mo(7g1) for all
7 € Homg (F). We conclude

T > My(f) = Mo(g)"F™.
To bound the cardinality of the set in (6.18) above, we proceed as follows;
for any intermediate field F’ with K C F' C K we estimate the number of
monic g € F|x] with
(6.19) degg[F: K] =deg f=n
(6.20) My(g) < T,

Then we sum these estimates over all fields F'. Hence we have
1

ne, . n
MEP T < 37 g € Flalg monic  degg = s, Molg) < T}

F
KCFCKg
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Note that of course only fields F' with [F' : K] | n give a contribution to the

sum above. Hence we can assume [F : K] | n. Now clearly

Zny, (IP’FKJ(F),TFKl) {g € F[z]; g monic, degg =

gy M) S TP

and thus

MEP T < Y2 Z, (BFF(F), TF)

F
KCFCKg

Applying Lemma 6.2, and not forgetting that by (6.19) [F: Q] < 1, yields

Zny, (]P’ﬁ (F), T[F:IKJ) < T[[gfg]l([ﬁmﬂ) =T7° (Frry 1) < T%F e,
The degree of K¢ is bounded from above by e!l. Therefore the number of
intermediate fields F is bounded from above by 2¢ < 1 and so we end up
with
MED (n, ) < T,
As in the previous subsection we use (6.3) to deduce
|M§?CP) (n,T)| < 5(K)—7+1Te(n+1)—1
(6.21) < 5(K>—%(n—4e+8)+l.1Te(n+1)—l.
6.3. Proof of Theorem 1.1. Recall that A/’ defines a uniform ALS with
Ch» =2". So (4.3) in Lemma 4.1 yields
Zno (PM(Qse), T) < ep(2"T) ")
where ¢, is defined in Lemma 4.1. This together with (6.9) yields immedi-
ately the following bound
Z(e,n, X) < ney(2X)ennte)
and thereby proves Theorem 1.1.

6.4. Proof of Theorem 1.2. Recall the fundamental equality (6.10). We
start with the first term on the right hand-side of (6.10). Note that n >
max{e® +e,10} > 5e/2 + 4 + 2/e unless e = 3. But then 5e/2 +4 +2/e =
124+1/6 and e*+e = 12 and so n > max{e?+e, 10} implies n > 5¢/2+4+2/e
always. Hence we can apply Theorem 4.2 to conclude
(6.22)  nZy(PM(Q;e), X™) = nDp(Q, e, n) XD 4 O(xennt)=—n)
where
(6.23) Dy (Qe,n) = Y 27 gDy, S (n),

KeCe
From (3.7) we recall that Vy, ijﬁf Vf ' The volume VN,f has been
computed by Masser und Vaaler in [11] p. 435 (in their notation V)

V/z;lf ZTK(n—I—l) SK(’VH-l)V( )T‘KV(C(,',L)SK
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By definition (3.6) we have VAJZ(” = 1 and hence
(6.24) Viy = 27D oDV, () Ve (n) K,

supporting our main term.
Next we consider the second term on the right hand-side of (6.10). We could
use Theorem 4.2 again, to get an upper bound for Zy(P"1(Q;e), X™).
However, it is slightly better to proceed as follows. Clearly
Iy (PN (Qie), X™) = Y Zyy (P"(K/Q), X").
KEC&

Now from (6.15) and (6.16) we find

Zpy (P" YK /Q), X") < Rchged(K)~en/2xenn=

Next note that n > {e? +¢,10} > 4e. But n > 4e implies —en/2 + e(e —
1) + 0.05 < —e(e + 1) and so we conclude by virtue of Lemma 4.3

(6.26) Zn(PPH(Qse), X™) < XD  xen(nth—n,

where in the last inequality we used that we may assume X > 1 because
Hp+(P) > 1 for any P in P"1(Q;e).

Now appealing to (6.17) and (6.21) shows that the remaining terms coming
from (6.11) and (6.12) are bounded by

< Xen(n+1)—n Z 5(K)_%<n_4e+8)+1'1.
K

The latter sum is convergent by virtue of Lemma 4.3 provided —5(n — 4e +
8)+1.1 < —e(e+1) or equivalently n > 6e —6+2.2/e. But n > {e*+e¢,10}
implies n > 6e — 6 + 2.2/e and so we have proved

S TIMED (X + 3T IMEP (n, X7 < XD
K K

To bound the last term in (6.13) we apply (4.3). Recalling C» < 1 we find

Z ZN/(]Pm/l(Q; le),Xn/l) < Z Xen(le—i—n/l).

ln ln
1<i<e 1<i<e

Again we may assume X > 1 because Hy»(P) > 1. Now for 2 <[ < e we
have en(le +n/l) < en(n + 1) —n provided n > e* + e+ 1/(e — 1). But by
hypothesis we have n > {e* + e, 10} which implies n > e* + e+ 1/(e — 1).
Hence

Z ZN(Pn/l(Q;le),Xn/l) < Xen(n—i—l)—n‘

ln
1<i<e

This completes the proof of Theorem 1.2.
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6.5. Proof of Theorem 1.3. Again we start with the equality (6.10).
Note that the extra condition on e and n in Theorem 1.3 implies that
the sum in (6.13) is empty. In the proof of Theorem 1.2 we have seen
that the O-terms in (6.10), (6.11) and (6.12) are bounded from above by
< Xt qubject to n > max{5e/2 + 4 + 2/e, de, 6e — 6 + 2.2/e}.
But max{6e — 6 + 2.2/¢,10} > max{be/2 + 4 + 2/e, 4e} and clearly n >
max{6e — 6 + 2.2/¢, 10} if and only if n > max{6e — 6,10}. Therefore the
statement of the theorem follows from (6.22) and (6.23).

6.6. Proof of Theorem 1.4. We claim that
(6.27) Z(e,m,n, X) = Z Zk(em,n, X)
K

where the sum runs over fields K of degree em that contain a subfield of de-
gree e. Recall that Sk (em,n, X') denotes the set counted by Zx(em,n, X)
and let S(e,m,n, X) denote the set counted by Z(e,m,n, X).

First we show ”<“. Suppose [ lies in S(e,m,n, X ). Hence there exists a
field £ C Q(B) and a field K C Q(f5) with [k : Q] = e and [K : Q] = em.
Suppose k is not contained in K. Then Q((), which has degree emn,
contains the field compositum of k£ and K which has degree lem for an [
satisfying 1 < | < e < em and [|n. But the latter contradicts the hy-
pothesis of Theorem 1.4. Hence each 3 in S(e, m,n, X) lies in at least one
Sk(em,n, X). Now we prove the other inequality ">“. Of course each
B € Sk(em,n, X) lies in S(e,m,n, X). Now if 3 lies in Sk(em,n, X) and
in Si/(em,n, X) then Q(3), which has degree emn, contains the field com-
positum of the two different fields K and K’ which has degree lem for an
[ satisfying 1 < | < em and [|n; again this contradicts the hypothesis of
Theorem 1.4. This proves (6.27).

Recalling (6.1) and then applying Theorem 4.1 with (6.24) gives; as X > 0
tends to infinity

(628) |./\/1K(n7 X")| — VR(TL)TK Ve (n)SKSK(n)Xemn(n-i-l)
(6.29) + O(RKhK(S(K)_em(n+1)/2+1Xemn(n+1)—n).

And thanks to (6.16) the error term above is covered by
(630) < 6(K)—%(n—26m+3)+1.05X6mn(n+1)—n.

Applying Lemma 4.3 shows that the above error term converge when summed
over C,,, and so in particular when summed over the subset of C,,, of fields
containing a subfield of degree e. Recall the definition (1.2) of Sk (n). Using
Siegel-Brauer’s Theorem, 0(K) >k.q |Ag ™ from Lemma 4.5 in [16]
and Lemma 4.3 we see that also the main term converge when summed over

the subset of C,,, of fields containing a subfield of degree e.
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In the proof of Theorem 1.3 (but now with e replaced by em and C, replaced
by the subset of C.,, consisting of fields that contain a subfield of degree
e) we have seen that the remaining error terms coming from (6.6), namely
(6.10), (6.11) and (6.12), are covered by the error term in Theorem 1.4.
This completes the proof of Theorem 1.4.

As a final remark we point out that the condition n > max{6em — 6,10}

could be slightly relaxed since we are summing over a thinner set than Ce,,.

6.7. Proof of Theorem 1.5. Let 3 be as in Theorem 1.5 and let f be the
monic minimal polynomial of § over K. Thus deg f = n, f is irreducible
over K and so f has exactly n pairwise distinct zeros. Moreover (1.4) is
equivalent to Q(Py) = K. We have seen in (6.5) that My(f) = H(8)". Thus
as X > 0 tends to infinity the number of elements § counted in Theorem
1.5 is given by

(6.31)  n|Mg(n, X")| +O(Mg(n —1,X")]) + O(MZ (n, X™)]).

From (6.28) and (6.30), but now with K of degree e instead of em, we get
as X > 0 tends to infinity

’MK(n, X”)‘ — VR(TL)T'KV(C(n)SKSK(n)Xen(n+1)
+ O(5(K)*%(n72e+3)+1.05Xen(n+1),n).

The error term above is not larger than the error term in Theorem 1.5. For
the first error term in (6.31) we refer to (6.25) and then we use (6.3). In this
way we see that the first error term in (6.31) is also covered by the error
term in Theorem 1.5. Finally due to (6.17) the last error term in (6.31) is
also covered by the error term in Theorem 1.5. This completes the proof of
Theorem 1.5.
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