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Abstract

Let n ≥ 2 and Fn be the free group of rank n. Its automorphism group

Aut(Fn) has a well-known surjective linear representation

ρ : Aut(Fn) −→ Aut(Fn/F
′
n) = GLn(Z)

where F ′
n denotes the commutator subgroup of Fn. By Aut+(Fn) :=

ρ−1(SLn(Z)) we denote the special automorphism group of Fn.

For an epimorphism π : Fn → G of Fn onto a finite group G we call

Γ+(G, π) := {φ ∈ Aut+(Fn) | πφ = π}

the standard congruence subgroup of Aut+(Fn) associated to G and π.

These groups are the objects of our study, where we mainly focus on the

case n = 2. Our most important results are the following.

We fully describe the abelianization of Γ+(G, π) ≤ Aut+(F2) for

abelian and dihedral groups G. We also show that standard congruence

subgroups of Aut+(F2) associated to dihedral groups provide a family of

subgroups of Aut+(F2) of increasing finite index while each is generated

by four elements. This implies that finite index subgroups of Aut(F2)

cannot be written as free products. Furthermore, we prove that stan-

dard congruence subgroups of Aut+(F2) associated to finite non-perfect

groups have infinite abelianization.

We are also interested in the images of standard congruence sub-

groups of Aut+(F2) under the representation ρ. For these we show that

ρ(Γ+(G, π)) ≤ SL2(Z) is a congruence subgroup, i.e., it contains a group

of the form ker(SL2(Z)→ SL2(Z/mZ)), whenever G is a finite metacyclic

group.

In the last chapter we discuss some open problems on standard con-

gruence subgroups of Aut+(F2) and give suggestions for further research.
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Chapter 1

Introduction

In this chapter we introduce standard congruence subgroups of the au-

tomorphism group of a free group, which are the main objects of our

interest. We also briefly describe their connection to congruence sub-

groups of the special linear group. Then we state our main results and

point out connections to results by other authors.

1.1 The Notion of Congruence Subgroups

of Aut(Fn)

Let Fn = ⟨x1, . . . , xn⟩ be the free group on n ≥ 2 generators and π :

Fn → G be an epimorphism of Fn onto a finite group G. Let R be the

kernel of π and

Γ(R) := {φ ∈ Aut(Fn) | φ(R) = R}

be the subgroup of Aut(Fn) consisting of those automorphisms that send

the kernel of π onto itself. Every φ ∈ Γ(R) induces an automorphism of

Fn/R ∼= G. We set

Γ(G, π) :={φ ∈ Γ(R) | φ induces the identity on Fn/R}
=ker(Γ(R)→ Aut(G)).

This is a finite index subgroup of Aut(Fn). (See Section 4.1.2.) Groups of

the form Γ(G, π) are called standard congruence subgroups of Aut(Fn).

A subgroup of Aut(Fn) containing a standard congruence subgroup is

called a congruence subgroup of Aut(Fn).

Note that, by definition, Γ(G, π) only depends on the kernel of π but

not on the particular choice of the epimorphism. It is easily verified that

Γ(G, π) = {φ ∈ Aut(Fn) | φπ = π}.
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Chapter 1. Introduction

Let F ′
n be the commutator subgroup of Fn. The automorphism group

Aut(Fn) has a well-known representation

ρ : Aut(Fn)→ Aut(Fn/F
′
n) = GLn(Z).

See for example [19, Sec. 3.5]. We remark that ρ is onto. The kernel

of this representation is denoted by IAn and called the group of IAn-

automorphisms or sometimes also the classical Torelli group. (For an

interesting generalization see [24].) By a famous result of Nielsen, IAn is

a finitely generated group. Moreover, in the special case n = 2, we have

IA2 = Inn(F2).

For n ≥ 3, however, Inn(Fn) is properly contained in IAn.

By Aut+(Fn) := ρ−1(SLn(Z)) we denote the special automorphism

group of Fn. This is a subgroup of index 2 in Aut(Fn). We also set

Γ+(G, π) := Γ(G, π) ∩ Aut+(Fn).

Groups of this form are called standard congruence subgroups of Aut+(Fn).

Accordingly, a subgroup of Aut+(Fn) containing a standard congruence

subgroup is called a congruence subgroup of Aut+(Fn).

If K ≤ Fn is a characteristic subgroup of Fn and π : Fn → Fn/K the

natural projection, we call

ker(Aut(Fn)→ Aut(Fn/K)) = Γ(Fn/K, π)

a principal congruence subgroup of Aut(Fn). If we consider Aut+(Fn)

instead of Aut(Fn), we only assume that K is fixed by Aut+(Fn). One

easily sees that every (standard) congruence subgroup of Aut(Fn), re-

spectively Aut+(Fn), contains a principal congruence subgroup. (See

also the discussion in Chapter 5.)

Now we see the analogy to SLn(Z): a principal congruence subgroup

of SLn(Z) is a subgroup of the form

ker(SLn(Z)→ SLn(Z/mZ))

and a congruence subgroup of SLn(Z) is a subgroup containing a principal

congruence subgroup. Observe that congruence subgroups of SLn(Z) are
of finite index.

9



Chapter 1. Introduction

A classical question is whether every finite index subgroup of SLn(Z)
is a congruence subgroup. In the 1890’s Fricke-Klein [11] showed that

the answer is no for n = 2. In the 1960’s it was proved by Bass-Lazard-

Serre [5] and independently by Mennicke [18] that for n ≥ 3 the answer

is yes. More recently it has been shown that every finite index subgroup of

Aut(F2) is a congruence subgroup, see [4] and [6]. The question whether

for n ≥ 3 every finite index subgroup of Aut(Fn) is a congruence subgroup

is still open.

1.2 Main Results

Let us now state the main results of this thesis. It is our aim to un-

derstand the algebraic structure of the standard congruence subgroups

of Aut+(Fn) and also their images in SLn(Z) under the representation

ρ : Aut(Fn) → GLn(Z). Although we prove some results for gen-

eral n ∈ N, we mainly focus on the case n = 2.

A quite general result that we prove (see Section 4.6) is

Theorem A. 1 Let G be a finite non-perfect group, i.e., G has non-trivial

abelianization and π : F2 → G be an epimorphism. Then Γ+(G, π) has

infinite abelianization.

For certain families of standard congruence subgroups we can, of

course, prove more detailed results.

The first family of standard congruence subgroups we consider con-

sists of the ones associated to finite abelian groups, see Section 4.2. For

these we prove

Theorem B. 2 Let G be a finite abelian group.

(i) Up to conjugation, Γ+(G, π) only depends on G but not on the

particular epimorphism π : Fn → G.

(ii) [Aut+(Fn) : Γ
+(G, π)] = [SLn(Z) : ρ(Γ+(G, π))].

1This is Theorem 4.55 in Section 4.6.
2Parts (i), (ii), (iii) correspond to Theorem 4.5 in Section 4.2.1. Part (iv) is given

by Theorem 4.11 in Section 4.2.3.
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Chapter 1. Introduction

(iii) Writing G ∼= Z/m1Z×· · ·×Z/mnZ withmi+1 | mi for 1 ≤ i ≤ n−1,
the index of Γ+(G, π) in Aut+(Fn) is given by

mn
1 · · ·mn

n−1m
n−1
n

n−1∏
j=1

∏
p|mj

(
1− pj−n−1

)
where the second product runs over all primes p dividing mj.

(iv) Suppose that n = 2 and let m1,m2 ∈ N such that m1 ≥ 3, m2 | m1

and (m1,m2) ̸= (3, 1). Moreover, let G ∼= Z/m1Z × Z/m2Z and

π : F2 → G be an epimorphism. Then

Γ+(G, π)ab ∼= G× Z1+12−1m2m2
1

∏
p|m1

(1−p−2)

where the product runs over all primes p dividing m1.

Furthermore, we have

Γ+(Z/2Z, π)ab ∼= Z/2Z× Z/4Z× Z,
Γ+(Z/3Z, π)ab ∼= Z/3Z× Z/3Z× Z,

Γ+(Z/2Z× Z/2Z, π)ab ∼= Z/2Z× Z/2Z× Z/2Z× Z2.

For m1,m2 ∈ N let

Γ(m1,m2) := {( a b
c d ) ∈ SL2(Z) | a ≡m1 1, b ≡m1 0, c ≡m2 0, d ≡m2 1}.

This is a finite index subgroup of SL2(Z). In fact, it is a congruence

subgroup.

A very important tool in the proof of part (iv) is the following gen-

eralization of a result of Frasch [10], which we prove in Section 3.3.

Proposition C. 3 Let m1,m2 ∈ N such that m1 ≥ 3, m2 | m1 and

(m1,m2) ̸= (3, 1). Then Γ(m1,m2) is free of rank

1 +
m2m

2
1

12

∏
p|m1

p prime

(
1− p−2

)
.

3This is Proposition 3.4 in Section 3.3.
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Chapter 1. Introduction

In part (iv) of Theorem B we only consider the case that n = 2.

Besides the fact that we use Proposition C to prove part (iv), one reason

is that, in this case, IA2 = Inn(F2) ∼= F2 so that it is very convenient to

use the exact sequence

1 −→ IA2 ∩Γ+(G, π) −→ Γ+(G, π) −→ ρ(Γ+(G, π)) −→ 1

for our computations. For the same reason, in what follows, we restrict

ourselves to considering standard congruence subgroups of Aut+(F2).

As a generalization of abelian groups, one might wish to consider

solvable groups. As a first step in this direction, in Section 4.3, we

consider dihedral groups.

Theorem D. 4 Let n ≥ 3 and Dn be the dihedral group of order 2n.

(i) Up to conjugation, Γ+(Dn, π) only depends on n, but not on the

epimorphism π : F2 → Dn.

(ii) The index of Γ+(Dn, π) in Aut+(F2) is 6n.

(iii) The image ρ(Γ+(Dn, π)) ≤ SL2(Z) is conjugate to Γ(2, 1) if n is

odd and to Γ(2, 2) if n is even.

(iv) The group Γ+(Dn, π) is generated by four elements.

(v) Γ+(Dn, π)
ab ∼=

Z/2Z× Z2, n odd

Z/2Z× Z3, n even.

An interesting consequence is

Corollary E. 5 The special automorphism group Aut+(F2), and hence

also Aut(F2), has subgroups of arbitrarily large index, generated by four

elements. This implies that finite-index subgroups of Aut(F2) cannot be

written as free products.

Amore general family of finite groups is the one of semidirect products

of finite cyclic groups. This is the next class of groups we are going to

consider.
4Parts (i), (ii), (iii), (iv) correspond to Theorem 4.12 in Section 4.3.1. Part (v) is

given by Theorem 4.19 in Section 4.3.3.
5This corresponds to Corollary 4.13 and part (ii) of Corollary 4.14 in Section 4.3.1.
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Chapter 1. Introduction

We remark that an important ingredient in the proof of parts (iv) and

(v) of Theorem D is that, essentially, the image ρ(Γ+(Dn, π)) in SL2(Z)
does not depend on n, so that we can determine a presentation for it.

When we try to generalize our results to standard congruence subgroups

of Aut+(F2) associated to semidirect products of finite cyclic groups, we

see that, in this case, the image in SL2(Z) can have arbitrarily large index.

For this reason the method that we use in the proof of Theorem D does

not apply in this case.

Theorem F. 6 Let a ∈ N and α ∈ (Z/aZ)∗. Consider the group G :=

Z/aZo ⟨g⟩ where the finite cyclic group ⟨g⟩ acts on Z/aZ via ⟨g⟩ → ⟨α⟩,
g 7→ α. Let a =

∏
pnp be the prime factorization of a and let kp such that

α ∈ 1 +
∏
pkp(Z/aZ)∗. Moreover, let π : F2 → G be an epimorphism.

Then the following holds.

(i) Up to conjugation, Γ+(G, π) only depends on G, but not on the

choice of the epimorphism π : F2 → G.

(ii) The index of Γ+(G, π) in Aut+(F2) is

a · ord(α) · ord(g)2 ·
∏
pkp

gcd(ord(g),
∏
pkp)

·
∏

(1− q−2)

where the very last product runs over all prime numbers q dividing

lcm(ord(g),
∏
pkp).

(iii) The image ρ(Γ+(G, π)) ≤ SL2(Z) is conjugate to Γ(ord(g),
∏
pkp).

In particular, it is a congruence subgroup.

A nice consequence is given by

Corollary G. 7 Let G be a finite metacyclic group and π : F2 → G be

an epimorphism. Then ρ(Γ+(G, π)) is a congruence subgroup.

This is the most general situation for which we know that the image

of a standard congruence subgroup in SL2(Z) is congruence. One might

wish to generalize this result to metabelian groups. Indeed, computer

experiments indicate that it also holds for standard congruence subgroups

6This is Theorem 4.24 in Section 4.4.1.
7This is Corollary 4.26 in Section 4.4.1
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Chapter 1. Introduction

associated to these. As an example, in Section 4.5, we consider certain

wreath products of finite cyclic groups. We shall see, however, that, so

far, it is not always clear, whether the image in SL2(Z) is a congruence

subgroup.

Theorem H. 8 Let m be odd and m =
∏
pkp be its prime factorization.

(i) Up to conjugation, Γ+(Z/mZ ≀Z/2Z, π) only depends on m, but not

on the particular epimorphism π : F2 → Z/mZ ≀ Z/2Z.

(ii) The index of Γ+(Z/mZ≀Z/2Z, π) in Aut+(F2) is 6m
3
∏

p|m(1−p−2).

(iii) The image ρ(Γ+(Z/mZ≀Z/2Z, π)) ≤ SL2(Z) is conjugate to Γ(m, 2).

In particular, it is a congruence subgroup.

The case that m is even is excluded in the above theorem. However,

we will show the following.

Theorem I. 9 Let k ≥ 2. Then the following holds.

(i) Up to conjugation, Γ+(Z/2kZ ≀Z/2Z, π) only depends on k, but not

on the particular epimorphism π : F2 → Z/2kZ ≀ Z/2Z.

(ii) The index of Γ+(Z/2kZ ≀ Z/2Z, π) in Aut+(F2) is 3 · 23k+1.

(iii) The image ρ(Γ+(Z/2kZ ≀Z/2Z, π)) ≤ SL2(Z) is conjugate to a sub-

group of index 2 in Γ(2k, 2).

Here the case k = 1 is excluded. However, in this case, we have

Z/2Z ≀ Z/2Z ∼= D4 so that we can refer to Theorem D.

Moreover, we show

Theorem J. 10 Let p be an odd prime.

(i) Up to conjugation, Γ+(Z/pZ ≀ Z/pZ, π) only depends on p, but not

on the particular epimorphism π : F2 → Z/pZ ≀ Z/pZ.

(ii) The index of Γ+(Z/pZ ≀ Z/pZ, π) in Aut+(F2) is p
p+2(p2 + 1).

8This is Theorem 4.43 in Section 4.5.1.
9This is Theorem 4.44 in Section 4.5.1.

10This is Theorem 4.49 in Section 4.5.2.
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Chapter 1. Introduction

(iii) The image ρ(Γ+(Z/pZ≀Z/pZ, π)) ≤ SL2(Z) is a subgroup of index p

in Γ(p).

For all families of finite groups that we consider we also describe the

product replacement graphs in terms of the numbers of their connected

components and the sizes of these. We remark that for finite abelian

groups this is also done by Diaconis and Graham in [7]. However, they

use a very different method to find a formula for the size of the product

replacement graph. To be concrete, they use abstract Möbius inversion,

which was introduced by Hall [13]. We note that our formula for the

number of generating n-tuples seems to be much easier to evaluate.

We also prove

Theorem K. The following classes of finite groups have a unique T2-

system.

• Semidirect products of two finite cyclic groups.

• Wreath products of the form Z/mZ ≀ Z/2Z with m ∈ N odd.

• Wreath products of the form Z/2kZ ≀ Z/2Z with k ≥ 2.

• Wreath products of the form Z/pZ ≀ Z/pZ with p an odd prime.

For details we refer to Sections 4.2.2, 4.3.2, 4.4.2 and 4.5.3. These

results imply the uniqueness of Γ+(G, π) up to conjugation for the con-

sidered classes of finite groups. See Lemma 4.2 in Section 4.1.2.

1.3 Motivation and Related Results

The automorphism group of the free group is a much studied group.

For example, the question whether Aut(Fn) is linear is a very classical

problem, which was finally solved in 2002.

The automorphism group Aut(F2) is linear. This is, however, not

easy to see. In [8] Dyer, Formanek and Grossmann prove that Aut(F2)

has a faithful representation over C if and only if the braid group B4

on four strings does. Krammer shows in [15] that the braid groups Bn

indeed have faithful representations over C. In contrast to that, we have

the following famous result of Formanek and Procesi, see [9].
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Chapter 1. Introduction

G [Aut+(F2) : ∆] ∆ab

C2 3 Z2 × C2 × C4

C3 8 Z× C3 × C3

C4 12 Z2 × C4

C2 × C2 6 Z2 × C2 × C2 × C2

C5 24 Z3 × C5

C6 24 Z3 × C6

C7 48 Z5 × C7

D3 18 Z2 × C2

D4 24 Z3 × C2

D5 30 Z2 × C2

Table 1.1: Computational Results by Grunewald and Lubotzky.

Theorem (Formanek, Procesi). Let Fn be the free group of rank n ≥ 3

and let Aut(Fn) be its automorphism group. Then there is no faithful

linear representation Aut(Fn)→ GLm(k) for any m ∈ Z over any field k.

The groups Γ(G, π) have been studied by various authors. For in-

stance, in [12] Grunewald and Lubotzky use the groups Γ(G, π) to con-

struct linear representations of the automorphism group Aut(Fn). An

interesting result they obtain is that for any two natural numbers n ≥ 2,

k ≥ 1, there is a finite index subgroup Γ ≤ Aut(Fn) and a representation

Γ→
∏k

i=1 SL(n−1)i(Z) whose image has finite index in
∏k

i=1 SL(n−1)i(Z).

In [12, Sec. 9.4] Grunewald and Lubotzky present, for some explicit G

of small order and 2 ≤ n ≤ 4, the indices of the groups Γ+(G, π) in

Aut+(Fn) and also the abelianizations of the groups Γ+(G, π) which they

obtain by MAGMA [17] computations. To be precise, they do the follow-

ing. By a random process they generate elements of Γ+(G, π) and collect

these in a set until it generates a finite index subgroup ∆ of Aut+(Fn).

The group ∆ ≤ Γ+(G, π) can be seen as an approximation of Γ+(G, π).

See Table 1.1 for some of their results in the case n = 2. By Theorems B

and D we fully explain their experimental results for finite abelian and

dihedral groups.

Actually, Grunewald and Lubotzky present computational results for

some more finite groups G, e.g., G = A5. In all considered cases Γ+(G, π)

16



Chapter 1. Introduction

has infinite abelianization if n = 2. For G non-perfect we now know by

Theorem A that Γ+(G, π)ab is infinite for every epimorphism π : F2 → G.

However, our proof does not work for perfect groups G. Hence we state

the following problem.

Does Γ+(G, π) ≤ Aut+(F2) have infinite abelianization for every epimor-

phism π : F2 → G onto a non-trivial finite group G?

The situation in the case n ≥ 3 looks different. Indeed, Grunewald

and Lubotzky show that for every epimorphism π : Fn → G of Fn, n ≥ 3,

onto a finite abelian group G, the group Γ(G, π) ≤ Aut(Fn) has finite

abelianization. This is Proposition 8.5 in [12]. Computational results

[12, Sec. 9.4] indicate that Γ+(G, π) always has finite abelianization if

n ≥ 3. This leads to the following question.

Does Γ+(G, π) ≤ Aut+(Fn), n ≥ 3, have finite abelianization for every

epimorphism π : Fn → G onto a non-trivial finite group G?

Some results in this thesis are related to results of Satoh [25, 26]. In

his papers Satoh considers the kernel Tn,m of the composition

Aut(Fn)
ρ−→ GLn(Z) −→ GLn(Z/mZ).

One easily sees that for m ≥ 3 we have Tn,m = Γ+((Z/mZ)n, π) where

π : Fn → (Z/mZ)n is the obvious epimorphism. Satoh shows that for

n,m ≥ 2 one has

T ab
n,m
∼= (IAab

n ⊗ZZ/mZ)× Γn(m)ab

where Γn(m) denotes the kernel of the natural epimorphism GLn(Z) →
GLn(Z/mZ). Since IA2 = Inn(F2) is free of rank 2, for n = 2 this reads

T ab
2,m
∼= (Z/mZ)2 × Γ2(m)ab.

Observe that for m ≥ 3 we have Γ2(m) = Γ(m,m). Recalling Proposi-

tion C, we see that this result corresponds to our result in Theorem B (iv)

for the special case G = (Z/mZ)2. Satoh also gives the integral homology

groups of T2,p for odd primes p. In particular, he shows that

H1(T2,p,Z) = (Z/pZ)2 × Z1+12−1p3(1−p−2).

Since the first integral homology group is actually the abelianization,

this corresponds to our result in Theorem B (iv) for the special case

G = (Z/pZ)2.

17



Chapter 1. Introduction

Finally we remark that some results that were obtained in a col-

laboration of Ribnere and the author have been published in the joint

paper [3].

18



Chapter 2

Preliminaries

In this chapter we provide background material and results that we need

later on. In particular, in Section 2.5 we prove some combinatorial results

on the minimal number of generators of finite-index subgroups of free

products, which we use to prove Corollary E.

2.1 A Brief Introduction to Presentations

In this thesis we frequently make use of presentations of groups, that is,

describing a group in terms of generators and relations. We therefore

give a brief introduction to these methods.

Let G be a group. Then there exist a free group F and an epimor-

phism π : F → G. Such an epimorphism is called a presentation of

the group G. By R we denote the kernel of π so that F/R ∼= G. The

elements of R are called relators of the presentation π. Let Y ⊆ F be a

set of free generators of F . Moreover, let S ⊆ R be a subset of R such

that ⟨S⟩F = R, where ⟨S⟩F denotes the normal closure of S in F . Note

that π(Y ) generates the group G. The sets Y and S now provide sets of

generators and defining relators, respectively. We write this as

G = ⟨Y | S⟩.

We can thus think ofG as the group consisting of all words in the elements

of Y and their inverses where a word represents the identity element of G

if and only if it can be written as a product of conjugates of the elements

of S and their inverses.

Very often it is more convenient to list the elements ofX := π(Y ) ⊆ G

rather than the ones of Y ⊆ F . Instead of the set S we then use the set

of words {s(X) | s ∈ S}, obtained by formally replacing the generators
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of F by their images under π, that is, if s =
∏n

i=1 y
εi
i where yi ∈ Y and

εi ∈ {−1, 1}, then s(X) is the word
∏n

i=1 π(yi)
εi . Sometimes we also

write s(X) = 1 instead of just s(X). An expression of the form s(X) = 1

is called a defining relation of G. More generally, if a, b ∈ X, then the

expression a = b is called a (defining) relation of G if ab−1 is a (defining)

relator of G.

A group G is called finitely generated if there exists a presentation

G = ⟨Y | S⟩ with Y finite, that is, there exists an epimorphism of a free

group of finite rank onto G. If G admits a presentation G = ⟨Y | S⟩
where Y and S are finite, we say that G is finitely presented. Note that

subgroups and quotients of a finitely presented group need not necessarily

be finitely presented. However, the class of finitely presented groups is

closed under taking finite index subgroups and under taking extensions.

In the former case one can use the Reidemeister-Schreier method [19,

Sec. 2.3] to obtain a presentation, in the latter case one can use the

following

Proposition 2.1 (Hall). Let G be a group such that G is an extension

of H by N , that is, we have an exact sequence of groups

1 −→ N −→ G
π−→ H −→ 1.

Suppose we have finite presentations of N and H given by

N = ⟨n1, . . . , nr | R1(n), . . . , Rk(n)⟩,
H = ⟨h1, . . . , hs | W1(h), . . . ,Wl(h)⟩.

For 1 ≤ i ≤ s let gi ∈ π−1(hi). Then there are words Vij and W̃i for

1 ≤ i ≤ s, 1 ≤ j ≤ r such that ginjg
−1
i = Vij(n) and Wi(g) = W̃i(n).

Moreover, a presentation of G is given by

G = ⟨n1, . . . , nr, g1, . . . , gs |R1(n), . . . , Rk(n),

ginjg
−1
i = Vij(n),

Wi(g) = W̃i(n)⟩.

This result can be found in [14, Chap. 13].

Let us mention a warning which can also be found there. Suppose we

have a finite presentation G = ⟨x1, . . . , xn | R(x1, . . . , xn) = 1⟩ where R

20



Chapter 2. Preliminaries

is a collection of defining relators. If we have another set of generators

y1, . . . , ym such that we can express xi = wi(y), then it is a common

error to conclude that G = ⟨y1, . . . , ym | R(w1(y), . . . , wn(y)) = 1⟩. The
following lemma, which can be proved through Tietze transformations,

gives the correct presentation.

Lemma 2.2. Let G = ⟨x1, . . . , xn | R(x1, . . . , xn) = 1⟩ be a finite presen-

tation of the group G. Suppose that y1, . . . , ym yields a set of generators

of G such that

xi = wi(y1, . . . , ym),

yj = vj(x1, . . . , xn).

Then G admits a presentation

G = ⟨y1, . . . , ym | R(w1(y), . . . , wn(y)) = 1, yj = vj(w1(y), . . . , wn(y))⟩.

2.2 Some Facts on the Automorphism Group of

a Free Group

Let n ≥ 2 and Fn = ⟨x1, . . . , xn⟩ be the free group on n generators.

Following the notation of [19, Sec. 3.5], we consider the elementary au-

tomorphisms

Ui,k =
{
xi 7→ xixk Vi,k =

{
xi 7→ xkxi

Pi,k =

xi 7→ xk

xk 7→ xi
σi =

{
xi 7→ x−1

i

where 1 ≤ i, k ≤ n, i ̸= k and values not given are identical to the

argument, e.g., σi(xk) = xk.

It is a well-known result of Nielsen that Aut(Fn) is generated by these

elementary automorphisms. See for example [19, Sec. 3.5]. Moreover,

Aut+(Fn) is generated by the automorphisms Ui,k and Vi,k.

For an element w ∈ Fn we let αw ∈ Inn(Fn) be the inner automor-

phism of Fn given by conjugation with w, that is, αw(z) = wzw−1 for all

z ∈ Fn. Note that Inn(Fn) ∼= Fn is free on αx1 , . . . , αxn .
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We now use the fact that the group Aut+(F2) is an extension of

IA2 = Inn(F2) by SL2(Z), i.e., we use the exact sequence

1 −→ IA2 −→ Aut+(F2)
ρ−→ SL2(Z) −→ 1

to determine a finite presentation of Aut+(F2). The group IA2 is free on

αx and αy. The group SL2(Z) has the well-known presentation

SL2(Z) = ⟨a, b | a4 = 1, a2 = b3⟩

as an amalgamated product. Here we can identify a with ( 0 1
−1 0 ) and b

with ( 0 1
−1 1 ). For our purpose, however, it is more convenient to have a

presentation in the generators e1 = ( 1 0
1 1 ) and e2 = ( 1 1

0 1 ). Using Tietze

transformations, one finds the presentation

SL2(Z) = ⟨e1, e2 | e2e−1
1 e2e1e

−1
2 e1, (e2e

−1
1 e2)

4⟩.

These transformations are carried out in [24, Prop. 1.2]. Observe that

preimages of e1 and e2 under ρ are given by

u =

x 7→ xy

y 7→ y
and v =

x 7→ x

y 7→ xy
,

respectively. Using Proposition 2.1 of Hall, we compute the following

presentation.

Aut+(F2) = ⟨αx, αy, u, v | uαxu
−1 = αxαy, uαyu

−1 = αy,

vαxv
−1 = αx, vαyv

−1 = αxαy,

vu−1vuv−1u = 1,

(vu−1v)4 = αxα
−1
y α−1

x αy ⟩.

This presentation is used in our MAGMA computations.

2.3 The Product Replacement Graph

Standard congruence subgroups of Aut+(Fn) are closely connected to

product replacement graphs of finite groups. We shall describe this con-

nection in Section 4.1.2. Let us now explain the construction of these

graphs and present some facts that we need later. A good survey on the

product replacement graph is given by [21].
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For a finitely generated group G we denote by d(G) the minimal

number of generators of G.

Let G be a finite group, n ≥ d(G) and

Vn(G) := {(g1, . . . , gn) ∈ G× · · · ×G | ⟨g1, . . . , gn⟩ = G}

be the set of all generating n-tuples of G. On the set Vn(G) one defines

the so called elementary Nielsen moves, given by

(g1, . . . , gi, . . . , gn) −→ (g1, . . . , gi−1, gig
±1
j , gi+1, . . . , gn)

(g1, . . . , gi, . . . , gn) −→ (g1, . . . , gi−1, g
±1
j gi, gi+1, . . . , gn)

with 1 ≤ i, j ≤ n, i ̸= j. (Comparing these with the generators of

Aut+(Fn) given in Section 2.2, one already sees a connection between

the product replacement graph and Aut+(Fn).) The product replacement

graph of G is the graph with vertex set Vn(G) where two vertices are

connected by an edge if and only if one can be obtained from the other

through an elementary Nielsen move. By a Nielsen move we refer to a

finite sequence of elementary Nielsen moves. For brevity, we also denote

the product replacement graph by Vn(G).

It is a natural problem to consider the number and the sizes of the

connected components of Vn(G). For this purpose, an important and

classical tool is given by

Proposition 2.3 (Higman). Let G be a group such that d(G) ≤ 2. If

(g, h) and (g′, h′) ∈ V2(G) lie in the same connected component of V2(G),

then the commutators [g, h] and [g′, h′] are conjugate.

In other words, the conjugacy class of [g, h] is invariant under Nielsen

moves. This result can quickly be verified by considering the elementary

Nielsen moves. Using this, we may formulate the following

Definition 2.4. Let G be a group such that d(G) ≤ 2. The Higman

invariant of the connected component ofV2(G) containing the pair (g, h)

is given by the conjugacy class of [g, h] in G. ⋄

Another important result is
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Theorem 2.5 (Lubotzky, Pak). If α : G → H is an epimorphism be-

tween finite groups, then for every n ≥ d(G) the induced map Vn(G)→
Vn(H) given by (g1, . . . , gn) 7→ (α(g1), . . . , α(gn)) is a surjective graph

projection. In particular, the number of connected components of Vn(H)

is bounded by that of Vn(G).

This is Theorem 2.1.4 in [21]. It is an immediate consequence of the

following result, which is Lemma 2.1.5 in [21].

Lemma 2.6 (Gaschütz-Lemma). Let α : G → H be an epimorphism

between finite groups, n ≥ d(G) and let (h1, . . . , hn) be a generating n-

tuple of H. Then there exists a generating n-tuple (g1, . . . , gn) of G with

α(gi) = hi for 1 ≤ i ≤ n.

In the above situation we call (g1, . . . , gn) a lift of (h1, . . . , hn). Using

this lemma, we also find

Lemma 2.7. Let α : G → H be an epimorphism between finite groups.

Moreover, let n ≥ d(G) and (h1, . . . , hn), (h
′
1, . . . , h

′
n) ∈ Vn(H). If the

tuples (h1, . . . , hn) and (h′1, . . . , h
′
n) lie in the same connected component

of Vn(H), then both tuples have the same number of lifts to Vn(G).

Proof. It suffices to show that if the tuple (h′1, . . . , h
′
n) can be obtained

from (h1, . . . , hn) by an elementary Nielsen move, both tuples have the

same number of lifts to Vn(G). Then the lemma follows by induction.

Let us consider the case that

(h′1, . . . , h
′
i, . . . h

′
n) = (h1, . . . , hi−1, hihj, hi+1 . . . , hn).

The argument for the other elementary Nielsen moves is the same. If

(g1, . . . , gn) ∈ Vn(G) is a lift of (h1, . . . , hn), then (g1, . . . , gigj, . . . , gn) is a

lift of (h′1, . . . , h
′
n). Conversely, if (g

′
1, . . . , g

′
n) is a lift of (h′1, . . . , h

′
n), then

(g′1, . . . , g
′
ig

′−1
j , . . . , g′n) is a lift of (h1, . . . , hn). We thus obtain a bijection

between the sets of lifts of (h1, . . . , hn) and those of (h′1, . . . , h
′
n).

A notion which is closely connected to the product replacement graph

is the notion of Tn-systems. One way to introduce Tn-systems is the fol-

lowing. LetG be a finite group and n ≥ d(G). Moreover, let (g1, . . . , gn) ∈
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Vn(G). Then the Tn-system of G, represented by (g1, . . . , gn), is the set

of all n-tuples

(α(g′1), . . . , α(g
′
n)) ∈ Vn(G)

where (g′1, . . . , g
′
n) runs through the connected component of (g1, . . . , gn)

in Vn(G) and α runs through Aut(G). The following is easily verified.

Lemma 2.8. Let G be a finite group and n ≥ d(G). If G has only one

Tn-system, then all connected components of Vn(G) have the same size.

2.4 A Lemma on Finite Index Subgroups

The following result is well-known.

Lemma 2.9. Let G be a group and H,N ≤ G subgroups of G such that

N is normal in G. If H has finite index in G, then we have

[G : H] = [N : N ∩H] · [G/N : HN/N ].

Proof. Clearly we have [G : N ] = [G : HN ] · [HN : N ] so that

[G : HN ] =
[G : N ]

[HN : N ]
= [G/N : HN/N ].

Furthermore, one easily sees that the map N/(H∩N)→ HN/H induced

by the inclusion N ↩→ HN is bijective. Hence

[N : H ∩N ] = [HN : H].

Finally, observe that [G : H] = [G : HN ] · [HN : H]. From the above we

now obtain the desired result.

One can visualize this result by the diagram

1 // N // G // G/N // 1

1 // N ∩H
?�

OO

// H
?�

OO

// HN/N //
?�

OO

1

where all homomorphisms are the obvious ones. The lemma says that if

H has finite index in G, then this index is just the product of the index

on the left and the index on the right.
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2.5 Some Results on Free Products

Let us state two useful results on free products of groups. A good refer-

ence is given by [23, Chap. 6].

Theorem 2.10 (Grushko-Neumann Theorem). If F is a finitely gener-

ated free group and π is an epimorphism from F onto the free product of

groups Gi where i runs over an index set I, then F is the free product of

groups Fi, i ∈ I, such that π(Fi) = Gi.

As before, for a finitely generated group G let d(G) denote the mini-

mal number of generators of G. Using the above result, we prove

Lemma 2.11. Let G = G1 ∗ · · · ∗Gk be the free product of the non-trivial

groups Gi.

(i) If the groups Gi are finitely generated, then d(G) = d(G1) + · · · +
d(Gk). In particular, d(G) ≥ k.

(ii) If G is finitely generated, then so is each group Gi.

Proof. Let us consider part (i). Certainly it is true for free products of

free groups. The group G is the homomorphic image of a free group F

of rank d(G), say π(F ) = G. By Theorem 2.10, F = F1 ∗ · · · ∗ Fk, where

π(Fi) = Gi. Hence d(G1) + · · ·+ d(Gk) ≤ d(G). On the other hand, the

disjoint union of minimal generating sets of the Gi forms a generating

set of G of size d(G1) + · · ·+d(Gk) so that d(G) ≤ d(G1) + · · ·+d(Gk).

This proves part (i).

Part (ii) follows since each factor of G is a homomorphic image of G.

Sometimes part (i) of the above lemma is also referred to as the

Grushko Theorem.

Theorem 2.12 (Kurosh Subgroup Theorem). Let G be the free product

of groups Gi, where i runs over an index set I. Let H be a subgroup of G.

Then H is the free product of a (possibly trivial) free group F together

with the factors H ∩ (diGid
−1
i ) where i varies over I and di varies over

an (H,Gi)-double coset representative system of G.
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Furthermore, if H has finite index m in G, then the rank of F is∑
i∈I(m−mi) + 1−m where mi is the number of (H,Gi)-double cosets

in G.

From this we obtain

Proposition 2.13. Let G be the free product of finitely generated non-

trivial groups

G = G1 ∗ · · · ∗Gn ∗Gn+1 ∗ · · · ∗Gk

where for 1 ≤ j ≤ n the groups Gj are of finite order gj, respectively, and

for n + 1 ≤ j ≤ k the groups Gj are infinite. Suppose that H ≤ G is a

subgroup of finite index m in G. Then d(H) ≥ (k− 1−
∑n

j=1 g
−1
j )m+1.

Proof. Let R = {r1, . . . , rm} be a set of representatives for H\G. For

each j we wish to determine the cardinality of a set Dj ⊆ R of (H,Gj)-

double coset representatives in G, i.e., we wish to determine the cardi-

nality of (H\G)/Gj. Thus we need to consider the action of Gj on H\G
by multiplication from the right and find the number of orbits.

First we consider the finite groups Gj, 1 ≤ j ≤ n. Note that each

Gj-orbit in H\G has length dividing gj. For 1 ≤ j ≤ n and l | gj we thus
set

Dl
j := {ri ∈ R | Hri has Gj-orbit length l}.

We can now obtain an (H,Gj)-double coset representative system Dj by

choosing exactly |Dl
j|/l elements from each set Dl

j, namely one represen-

tative for each Gj-orbit. Hence we have

|Dj| =
∑
l|gj

|Dl
j|/l. (2.1)

Observe that

dj ∈ Dl
j with l ̸= gj

⇔ Hdj · g = Hdj for some g ∈ Gj \ {1}
⇔ djgd

−1
j ∈ H for some g ∈ Gj \ {1}

⇔ H ∩ djGjd
−1
j ̸= 1.

Hence, as dj varies over Dj, we obtain exactly∑
l|gj
l ̸=gj

|Dl
j|/l

27



Chapter 2. Preliminaries

non-trivial groups of the form H ∩ djGjd
−1
j for 1 ≤ j ≤ n.

Now we consider the infinite groups Gj, n + 1 ≤ j ≤ k. For each j

we choose a set Dj of (H,Gj)-double coset representatives. Let dj ∈ Dj.

Since Gj is infinite, but Hdj has orbit length at mostm, we see that there

is some non-trivial g ∈ Gj such that Hdj · g = Hdj, that is, djgd
−1
j ∈ H.

Hence H ∩ djGjd
−1
j is non-trivial for every dj ∈ Dj. So the number of

non-trivial groups of the form H ∩ djGjd
−1
j as dj varies over Dj is just

|Dj| for n+ 1 ≤ j ≤ k.

By the Kurosh Subgroup Theorem, H is the free product of a free

group of rank
∑k

j=1(m − |Dj|) + 1 − m and the factors H ∩ (djGjd
−1
j )

where 1 ≤ j ≤ k and dj varies over Dj. By part (i) of Lemma 2.11, we

have d(H) ≥ N where

N =
k∑

j=1

(m− |Dj|) + 1−m+
n∑

j=1

∑
l|gj
l ̸=gj

|Dl
j|/l +

k∑
j=n+1

|Dj|

= (k − 1)m+ 1 +
n∑

j=1

(−|Dj|+
∑
l|gj
l ̸=gj

|Dl
j|/l).

Since Dl
j ⊆ R and |R| = m, we find for 1 ≤ j ≤ n that

−|Dj|+
∑
l|gj
l ̸=gj

|Dl
j|/l

(2.1)
= −g−1

j |D
gj
j | ≥ −g−1

j m.

Hence

N ≥ (k − 1−
n∑

j=1

g−1
j )m+ 1

as we have claimed.

With the above notation we have

k− 1−
n∑

j=1

g−1
j = (k− n) + n− 1−

n∑
j=1

g−1
j ≥ k− n− 1+

n∑
j=1

(
1− g−1

j

)
.

One easily verifies that this expression is positive whenever G is a free

product with at least two non-trivial factors such that G ̸∼= C2 ∗ C2.
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Indeed, we then have

k − n− 1 +
n∑

j=1

(
1− g−1

j

)
≥ 1

6
.

This leads to

Corollary 2.14. Let G be a free product of finitely generated groups with

at least two non-trivial factors such that G ̸∼= C2∗C2. Then there is some

c = c(G) ≥ 1/6 such that if H ≤ G is a subgroup of finite index m in G,

then d(H) ≥ cm+ 1.

Note that the group C2 ∗C2
∼= D∞ ∼= ZoZ/2Z, which is excluded in

the above result, indeed behaves differently: for m ∈ N, it contains the
subgroup mZ o Z/2Z of index m, generated by two elements.

For specific free products we can, of course, find a better bound. Using

the well-known fact that PSL2(Z) ∼= C2 ∗ C3, Proposition 2.13 yields

Example 2.15. If H is a subgroup of finite index m in PSL2(Z), then
d(H) ≥ m/5 + 1.

We can generalize Proposition 2.13 as follows.

Corollary 2.16. Let G be the free product as in Proposition 2.13. Sup-

pose that G̃ is a group such that there is an epimorphism of G̃ onto G

with finite kernel K. If H ≤ G̃ is a subgroup of finite index m in G̃, then

d(H) ≥ (k − 1−
∑n

j=1 g
−1
j )m/|K|+ 1.

Proof. Let ε : G̃→ G be an epimorphism with finite kernel K. Then we

have the following commutative diagram with exact rows.

1 // K // G̃
ε // G // 1

1 // H ∩K
?�

OO

// H
?�

OO

ε // ε(H) //
?�

OO

1

Let c := [K : H ∩ K]. Then clearly c ≤ |K|. By Lemma 2.9 we see

that [G : ε(H)] = m/c. By Proposition 2.13 it follows that the minimal

number of generators for ε(H) is at least (n − 1 −
∑n

j=1 g
−1
j )m/c + 1 ≥

(n− 1−
∑n

j=1 g
−1
j )m/|K|+ 1. Since H maps onto ε(H), the same lower

bound for the number of generators also holds for H.
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Here we give the following application.

Example 2.17. If H is a subgroup of finite index m in SL2(Z), then
d(H) ≥ m/10 + 1.

Corollary 2.18. For a fixed number of generators we cannot obtain sub-

groups of arbitrary large finite index in SL2(Z).

The above result also implies that for every n ∈ N the set

{H ≤ SL2(Z) | [SL2(Z) : H] <∞, d(H) ≤ n}

is finite.
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Congruence Subgroups of SLn(Z)

In this chapter we consider the congruence subgroups Γn(m1, . . . ,mn) of

SLn(Z) to be defined below and determine their indices in SLn(Z). In

the special case n = 2 we also determine their algebraic structure.

3.1 Introduction

Let n,m1, . . . ,mn ∈ N. Then we write

Γn(m1, . . . ,mn) := {(aij) ∈ SLn(Z) | aij ≡ δi,j mod mi}

where δi,j denotes the Kronecker symbol, i.e., δi,j = 1 if i = j and δi,j = 0

otherwise. It is an easy exercise to show that this defines a subgroup

of SLn(Z). For m ∈ N, the group Γn(m, . . . ,m) is called the principal

congruence subgroup of level m in SLn(Z). It is the kernel of the natural
epimorphism SLn(Z)→ SLn(Z/mZ).

In the case n = 2 we shall write Γ(m1,m2) instead of Γ2(m1,m2).

Moreover, it is common to use the following notation. For m ∈ N let

Γ0(m) := {A ∈ SL2(Z) | A ≡ ( ∗ 0
∗ ∗ ) mod m},

Γ1(m) := Γ(m, 1) ={A ∈ SL2(Z) | A ≡ ( 1 0
∗ ∗ ) mod m},

Γ(m) := Γ(m,m) ={A ∈ SL2(Z) | A ≡ ( 1 0
0 1 ) mod m}.

Note that actually

Γ1(m) = {A ∈ SL2(Z) | A ≡ ( 1 0
∗ 1 ) mod m}.

One also considers the congruence subgroups

Γ0(m) := {A ∈ SL2(Z) | A ≡ ( ∗ ∗
0 ∗ ) mod m},

Γ1(m) := Γ(1,m) ={A ∈ SL2(Z) | A ≡ ( ∗ ∗
0 1 ) mod m}
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which are conjugate to Γ0(m) and Γ1(m) in SL2(Z) via the matrix ( 0 1
−1 0 ),

respectively.

We shall write PΓ0(m), PΓ1(m), PΓ(m), PΓ0(m) and PΓ1(m) for

the images of Γ0(m), Γ1(m), Γ(m), Γ0(m) and Γ1(m), respectively, in

PSL2(Z) under the natural projection SL2(Z)→ PSL2(Z).

The above congruence subgroups are very useful for our purpose,

since, as one easily verifies, for the obvious epimorphism π : Fn →
Z/m1Z× · · · × Z/mnZ, we have

ρ(Γ+(Z/m1Z× · · · × Z/mnZ, π)) = Γn(m1, . . . ,mn)

where ρ : Aut(Fn) → GLn(Z) is the representation introduced in Sec-

tion 1.1. Conversely, since IAn ≤ Γ+(Z/m1Z × · · · × Z/mnZ, π), we

have

ρ−1(Γn(m1, . . . ,mn)) = Γ+(Z/m1Z× · · · × Z/mnZ, π).

3.2 The Index of Congruence Subgroups

It is our aim to prove the following formula.

Proposition 3.1. Let n,m1, . . . ,mn ∈ N such that mi+1 | mi for all

1 ≤ i ≤ n− 1. Then

[SLn(Z) : Γn(m1, . . . ,mn)] = mn
1 · · ·mn

n−1m
n−1
n

n−1∏
j=1

∏
p|mj

(
1− pj−n−1

)
where the second product runs over all primes p dividing mj.

Note that some of the mi in the above proposition may very well be

equal to 1. In Section 4.2 we will also give a formula for the index of

Γ(m1,m2) in SL2(Z) without assuming that m2 | m1.

Before we prove this result, we need to show the following.
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Lemma 3.2. Let n,m ∈ N. Then

|GLn(Z/mZ)| = mn2
∏
p|m

p prime

n∏
j=1

(
1− p−j

)

and | SLn(Z/mZ)| = mn2−1
∏
p|m

p prime

n∏
j=2

(
1− p−j

)
.

Proof. If m = pe11 · · · p
ek
k is the prime factorization of m, we have

GLn(Z/mZ) ∼= GLn(Z/pe11 Z)× · · · ×GLn(Z/pekk Z)

and the analogous result also holds for SLn(Z/mZ). Hence is suffices to

consider the case where m = pe is a prime power. We first prove the

result for GLn(Z/peZ), using induction on e.

Since Z/pZ is a field, we easily see

|GLn(Z/pZ)| =
n∏

j=1

(pn − pn−j) = pn
2

n∏
j=1

(
1− p−j

)
.

Now suppose we already know that

|GLn(Z/peZ)| = pen
2

n∏
j=1

(
1− p−j

)
.

Consider the exact sequence

1 −→ Ke −→ GLn(Z/pe+1Z) −→ GLn(Z/peZ) −→ 1

induced by the natural projection Z/pe+1Z→ Z/peZ. We claim that

Ke = {In + pe(aij) | (aij) ∈ Matn(Z/pe+1Z)}.

The inclusion ⊆ is clear. Conversely, let A = In + pe(aij) with some

matrix (aij) ∈ Matn(Z/pe+1Z). Then A ≡ In mod p so that detA ≡ 1

mod p. Hence detA is a unit modulo pe. It follows that A is invertible,

i.e., A ∈ GLn(Z/pe+1Z). This proves the inclusion ⊇. In particular,

we now see that Ke has exactly pn
2
elements, namely In + pe(aij) with

aij ∈ {0, 1, . . . , p− 1}. So we find that

|GLn(Z/pe+1Z)| = pn
2 |GLn(Z/peZ)| = p(e+1)n2

n∏
j=1

(
1− p−j

)
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and the proof for GLn(Z/peZ) is complete.

By the exact sequence

1 −→ SLn(Z/peZ) −→ GLn(Z/peZ)
det−→ (Z/peZ)∗ −→ 1

we find that |GLn(Z/peZ)|/| SLn(Z/peZ)| = |(Z/peZ)∗|, that is,

| SLn(Z/peZ)| =
|GLn(Z/peZ)|
pe(1− p−1)

= pe(n
2−1)

n∏
j=2

(
1− p−j

)
which completes the proof.

For the proof of Proposition 3.1 the following notation will be useful.

Let k,m, n ∈ N such that k ≤ n. Then we write

∆n,k(m) :=

{
A ∈ SLn(Z/mZ)

∣∣∣∣∣ A =

(
Ik 0

∗ ∗

)}
.

By considering determinants, one easily sees that for 1 ≤ k ≤ n − 1 we

have

∆n,k(m) =

{
A ∈ SLn(Z/mZ)

∣∣∣∣∣ A =

(
Ik 0

∗ A′

)
, A′ ∈ SLn−k(Z/mZ)

}
.

Hence for 1 ≤ k ≤ n− 1 we find

|∆n,k(m)| = mk(n−k)| SLn−k(Z/mZ)|

= mn2−nk−1
∏
p|m

p prime

n−k∏
j=2

(
1− p−j

)
, by Lem. 3.2.

Moreover ∆n,n(m) = {In}. Let us write

ϕm : SLn(Z) −→ SLn(Z/mZ)

for the natural epimorphism. Then

Γn(m, . . . ,m︸ ︷︷ ︸
k times

, 1, . . . , 1) = ϕ−1
m (∆n,k(m)).

We are now ready to prove the proposition.
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Proof of Proposition 3.1. We prove this result by induction, i.e., we first

determine the index of Γn(m1, 1, . . . , 1) in SLn(Z) and then the index

of Γn(m1, . . . ,mk,mk+1, 1, . . . , 1) in Γn(m1, . . . ,mk, 1, . . . , 1) for 1 ≤ k ≤
n− 1. Accordingly, we shall start by showing that

[SLn(Z) : Γn(m1, 1, . . . , 1)] = mn
1

∏
p|m1

(
1− p−n

)
. (3.1)

To this end, consider the following commutative diagram

1 // Γn(m1) // SLn(Z)
ϕm1 // SLn(Z/m1Z) // 1

1 // Γn(m1) // Γn(m1, 1, . . . , 1)
?�

OO

// ∆n,1(m1) //
?�

OO

1

From Lemma 2.9 we obtain

[SLn(Z) : Γn(m1, 1, . . . , 1)] = [SLn(Z/m1Z) : ∆n,1(m1)].

By Lemma 3.2 and the above remarks, the right hand side is given by

mn2−1
1

∏
p|m1

∏n
j=2 (1− p−j)

mn2−n−1
1

∏
p|m1

∏n−1
j=2 (1− p−j)

= mn
1

∏
p|m1

(
1− p−n

)
which proves (3.1).

Let us now suppose we already know that

[SLn(Z) : Γn(m1, . . . ,mk, 1, . . . , 1)] = mn
1 · · ·mn

k

k∏
j=1

∏
p|mj

(
1− pj−n−1

)
for some 1 ≤ k ≤ n−2. Again we consider a commutative diagram. Here

we abbreviate Γn(m1, . . . ,mk) := Γn(m1, . . . ,mk, 1, . . . , 1) and similarly

Γn(m1, . . . ,mk+1) := Γn(m1, . . . ,mk,mk+1, 1, . . . , 1).

1 // Kk+1
// Γn(m1, . . . ,mk)

ϕmk+1 // ∆n,k(mk+1) // 1

1 // Kk+1
// Γn(m1, . . . ,mk+1)

?�

OO

// ∆n,k+1(mk+1) //
?�

OO

1

We have

Kk+1 = Γn(m1, . . . ,mk,mk+1,mk+1, . . . ,mk+1).
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By Lemmas 2.9 and 3.2 we find that

[Γn(m1, . . . ,mk, 1, . . . , 1) : Γn(m1, . . . ,mk,mk+11, . . . , 1)]

=
|∆n,k(mk+1)|
|∆n,k+1(mk+1)|

=
mn2−nk−1

k+1

∏
p|mk+1

∏n−k
j=2 (1− p−j)

m
n2−n(k+1)−1
k+1

∏
p|mk+1

∏n−k−1
j=2 (1− p−j)

= mn
k+1

∏
p|mk+1

(
1− pk−n

)
.

By induction we obtain

[SLn(Z) : Γn(m1, . . . ,mn−1, 1)] = mn
1 · · ·mn

n−1

n−1∏
j=1

∏
p|mj

(
1− pj−n−1

)
.

Finally the exact sequence

1 −→ Γn(m1, . . . ,mn) −→ Γn(m1, . . . ,mn−1, 1)
ϕmn−→ ∆n,n−1(mn) −→ 1

yields

[Γn(m1, . . . ,mn−1, 1) : Γn(m1, . . . ,mn−1,mn)] = |∆n,n−1(mn)| = mn−1
n .

This completes the proof.

3.3 Free Congruence Subgroups of SL2(Z)

We wish to describe the algebraic structure of the congruence subgroups

PΓ(m,n) ≤ PSL2(Z) and also of Γ(m,n) ≤ SL2(Z) for n | m. It is

well-known that PSL2(Z) is the free product

PSL2(Z) =

⟨(
0 1

−1 0

)⟩
∗

⟨(
0 −1
1 1

)⟩

where the first factor has order 2 and the second one has order 3. From

the Kurosh Subgroup Theorem, see Section 2.5, it follows that every

subgroup of PSL2(Z) is the free product of a (possibly trivial) free group,

and certain numbers of copies of the cyclic groups C2 and C3. As we
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shall see, up to a few special cases, the groups PΓ(m,n) and Γ(m,n) are

actually free.

In [10] Frasch gives the following description of the groups PΓ(p) for

p prime.

Theorem 3.3 (Frasch). Let p ≥ 3 be a prime. Then PΓ(p) is free of

rank 1 + p3(1− p−2)/12. Moreover, PΓ(2) is free of rank 2.

We shall now generalize his result to

Proposition 3.4. Let m,n ∈ N such that m ≥ 3, n | m and (m,n) ̸=
(3, 1). Then Γ(m,n) and PΓ(m,n) are free of rank

1 +
nm2

12

∏
p|m

p prime

(
1− p−2

)
.

In particular, for primes p ≥ 5, the groups Γ(p, 1) are free of rank

1 + p2(1 − p−2)/12 so that the rank of Γ(p, 1) grows quadratically in p.

In contrast, for r ≥ 3 one can show that the corresponding subgroups

Γr(p, 1, . . . , 1) in SLr(Z) can always be generated by r(r − 1) matrices.

See also [12, Lem. 6.1] or [1, Prop. 2.15].

Let us now prove the above proposition. Consider the natural pro-

jection SL2(Z) → PSL2(Z). By definition, it maps Γ(m) onto PΓ(m).

For m ≥ 3 the kernel ⟨
( −1 0

0 −1

)
⟩ of this projection has trivial intersection

with Γ(m). Hence we obtain an isomorphism

Γ(m)
∼−→ PΓ(m).

Note that this argument does not work in the case m = 2. Indeed,

applying Proposition 2.1 to the exact sequence

1 −→ ⟨
( −1 0

0 −1

)
⟩ −→ Γ(2) −→ PΓ(2) −→ 1

one finds that, in contrast to PΓ(2), the group Γ(2) is not free but the di-

rect product of a rank two free group and a cyclic group of order two. Fur-

thermore, in [22] Rademacher considers the groups PΓ0(p) for primes p.

In particular, he shows that

PΓ0(2) ∼= Z ∗ Z/2Z
PΓ0(3) ∼= Z ∗ Z/3Z.
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Noting that PΓ1(2) = PΓ0(2) and PΓ1(3) = PΓ0(3), we see that PΓ1(2)

and PΓ1(3) are not free. So the cases which are excluded in the propo-

sition indeed behave differently.

Lemma 3.5. Let m ≥ 3. Then Γ(m) ∼= PΓ(m) is free of rank

1 +
m3

12

∏
p|m

(
1− p−2

)
where the product runs over all primes p dividing m.

Proof. Observe that for m1,m2 ∈ N such that m1 | m2 we have Γ(m2) ≤
Γ(m1). Accordingly the main point in our proof is that subgroups of free

groups are again free and the rank is given by the Schreier formula [19,

Thm. 2.10]. Since Γ(2) is not free, we consider two cases.

Case 1: We have m = 2a for some a ≥ 2. One can verify that PΓ(4) has

index 4 in PΓ(2). Since the latter group is free of rank 2, we find that

PΓ(4) is free of rank 5. From Proposition 3.1 we know that Γ(2a) has

index 23a−6 in Γ(4). We thus find that the group Γ(2a) is free of rank

1 + 23a(1− 2−2)/12, as claimed.

Case 2: We have p0 | m for some prime p0 > 2. Again by Proposition 3.1,

we see that

[Γ(p0) : Γ(m)] =
m3

p30

∏
p|m
p̸=p0

(
1− p−2

)
.

Since, by Proposition 3.3, the group Γ(p0) is free of rank 1+p
3
0(1−p−2

0 )/12,

we obtain the desired result.

We next wish to generalize this result to the groups Γ(m,n) and

PΓ(m,n) where m ≥ 3, n | m and (m,n) ̸= (3, 1). The first step is, of

course, to show that these groups are free. Observe that in this case, the

natural projection SL2(Z)→ PSL2(Z) again leads to an isomorphism

Γ(m,n)
∼−→ PΓ(m,n).

Lemma 3.6. Let m ≥ 4, then Γ1(m) ∼= PΓ1(m) is a free group.

Proof. Let us first consider the case that m has a prime factor p ≥ 5.

We show that PΓ1(p) does not contain a non-trivial element of finite
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order. Then the Kurosh Subgroup Theorem yields that PΓ1(p) is free.

To this end assume that A ∈ PΓ1(p) is a non-trivial element of finite

order. Observe that, again by the Kurosh Subgroup Theorem, A has

either order 2 or 3. By definition of PΓ1(p) we have

A ≡

(
1 0

k 1

)
mod p

for some 0 ≤ k ≤ p− 1. It follows that

Ap ≡

(
1 0

0 1

)
mod p.

Now we consider two cases.

Case 1: Ap = 1. Then the order of A divides p and we have a contradic-

tion, since A has either order 2 or 3.

Case 2: Ap ̸= 1. Then Ap is a non-trivial element of PΓ(p), which is,

by Theorem 3.3, a free group. Hence Ap does not have finite order,

contradiction.

For the remaining cases, that is, for the cases m = 2i3j with suit-

able i, j ∈ N ∪ {0}, one verifies by an explicit computation using the

Reidemeister-Schreier method that PΓ1(m) is also free for m = 4, 6, 9.

Hence the lemma follows.

From the above lemma together with Lemma 3.5, the formulas in

Proposition 3.1 and the Schreier formula, we now obtain Proposition 3.4.

Remark 3.7. There is a nice alternative argument to show that the

groups PΓ1(m) are free for m ≥ 4 which works as follows. Let p ≥ 5

be a prime. In [22] Rademacher gives a very concrete description of the

group PΓ0(p). He shows that PΓ0(p) is the free product of a non-trivial

free group and

• ⟨Vx1 | V 2
x1

= 1⟩ ∗ ⟨Vx2 | V 2
x2

= 1⟩ if p ≡ 1 mod 4

• ⟨Vλ1 | V 3
λ1

= 1⟩ ∗ ⟨Vλ2 | V 3
λ2

= 1⟩ if p ≡ 1 mod 3

where xi, λi are defined by x2 ≡ −1 and (2λ− 1)2 ≡ −3 mod p, respec-

tively, and

Vk =
(
k −kk∗−1
1 −k∗

)
with 1 ≤ k∗ ≤ p− 1, kk∗ ≡ −1 mod p.
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One can easily verify that a non-trivial element of PΓ1(p) can neither be

conjugated into ⟨Vxi
⟩ nor ⟨Vλi

⟩. Hence the Kurosh Subgroup Theorem

(and again checking m = 4, 6, 9 separately) implies that for m ≥ 4 the

group PΓ1(m) is free. ⋄
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Chapter 4

Congruence Subgroups of Aut(Fn)

This chapter is the main part of the thesis. We first make a few observa-

tions on congruence subgroups of Aut+(Fn) and then consider standard

congruence subgroups associated to certain families of finite groups, i.e.,

finite abelian groups, dihedral groups, semidirect products of finite cyclic

groups and some wreath products of finite cyclic groups. For all these

finite groups we also describe the product replacement graph in terms of

the number and the sizes of its connected components. Finally, we show

that the abelianization of a standard congruence subgroup of Aut+(F2)

associated to a finite non-perfect group is infinite.

4.1 Preliminary Results on Congruence

Subgroups of Aut(Fn)

Let us briefly recall our notation from Section 1.1, which we will need

throughout the whole chapter.

By Fn = ⟨x1, . . . , xn⟩ we denote the free group on n ≥ 2 generators.

For n = 2 we usually write F2 = ⟨x, y⟩. For an epimorphism π : Fn → G

of Fn onto a finite group G we define

Γ(G, π) :={φ ∈ Aut(Fn) | φ(ker(π)) = ker(π), φ induces idFn/ ker(π)}
={φ ∈ Aut(Fn) | πφ = π}.

We have a surjective representation

ρ : Aut(Fn)→ Aut(Fn/F
′
n) = GLn(Z)

and define Aut+(Fn) := ρ−1(SLn(Z)). Moreover, we set Γ+(G, π) :=

Γ(G, π) ∩ Aut+(Fn).
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4.1.1 A Reduction Step

As before, let G be a finite group and π : Fn → G an epimorphism.

Suppose that Ḡ is a group such that there is an epimorphism G → Ḡ.

Observe that we naturally obtain an epimorphism π̄ : Fn
π→ G → Ḡ. If

we have πφ = π for some φ ∈ Aut(Fn), then clearly π̄φ = π̄. Hence

Γ(G, π) ≤ Γ(Ḡ, π̄).

In particular, we may choose Ḡ = Gab, the abelianization of G. With

the above notation we have

ρ(Γ(G, π)) ≤ ρ(Γ(Gab, π̄)).

This will be helpful, since the image ρ(Γ(G, π)) is easy to understand if

G is abelian: as mentioned before if π : Fn → Z/m1Z× · · · × Z/mnZ is

the obvious epimorphism, then

ρ(Γ+(Z/m1Z× · · · × Z/mnZ, π)) = Γn(m1, . . . ,mn).

A similar observation is given by the following result.

Lemma 4.1. Let π : Fn → G be an epimorphism of Fn onto a finite

group. Moreover, let πi : G → Gi, 1 ≤ i ≤ m, be epimorphisms with∩
1≤i≤m ker(πi) = 1. Then

Γ+(G, π) =
∩

1≤i≤m

Γ+(Gi, πiπ).

Proof. By the above discussion, we have Γ+(G, π) ≤ Γ+(Gi, πiπ) for

1 ≤ i ≤ m. Hence the inclusion ≤ is already clear.

Now let φ ∈
∩

Γ+(Gi, πiπ). Then we have φ(ker(πiπ)) = ker(πiπ)

and φ(w) ≡ w mod ker(πiπ) for all 1 ≤ i ≤ m and w ∈ Fn. Hence

φ(
∩

ker(πiπ)) =
∩

ker(πiπ)

and also

φ(w) ≡ w mod
∩

ker(πiπ)

for all w ∈ Fn. It thus suffices to show that
∩

ker(πiπ) = ker(π). Here the

inclusion ≥ is obvious. Conversely, if w ∈
∩

ker(πiπ), then πi(π(w)) = 1

for 1 ≤ i ≤ m so that π(w) ∈
∩
ker(πi) = 1, that is, w ∈ ker(π).
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4.1.2 Connection to the Product Replacement Graph and

Dependence on the Presentation

For a finite group G with d(G) ≤ n we set

En(G) := {π : Fn → G | π is an epimorphism}.

Note that En(G) is a finite set. The automorphism group Aut(Fn) acts

on En(G) from the right by

π · φ := πφ, φ ∈ Aut(Fn), π ∈ En(G).

If we fix an epimorphism π ∈ En(G), then Γ(G, π) is exactly the stabilizer

of π under this action. By the orbit-stabilizer theorem we have

[Aut(Fn) : Γ(G, π)] = |π · Aut(Fn)|.

In particular, Γ(G, π) has finite index in Aut(Fn). Note that

Γ(G, π · φ) = φ−1Γ(G, π)φ, φ ∈ Aut(Fn). (4.1)

Hence, up to conjugation, Γ(G, π) only depends on the orbit of π under

the action of Aut(Fn). The automorphism group Aut(G) acts on En(G)

from the left by

α · π := απ, α ∈ Aut(G), π ∈ En(G).

Obviously, we have

Γ(G, π) = Γ(G,α · π).

We may naturally identify En(G) with the set Vn(G) of generating

n-tuples of G, which we have considered in Section 2.3, through the

correspondence

En(G) ∋ π ←→ (π(x1), . . . , π(xn)) ∈ Vn(G).

Now the action of Aut+(Fn) on En(G) leads to the Nielsen moves that

define the product replacement graph of G.

Under this identification, the orbit π · Aut+(Fn) corresponds to the

connected component of Vn(G) containing (π(x1), . . . , π(xn)) and the
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orbit Aut(G) ·π ·Aut+(Fn) corresponds to the Tn-system containing this

tuple.

In particular, the index of Γ+(G, π) in Aut+(Fn) is the size of the

connected component of Vn(G) containing the tuple (π(x1), . . . , π(xn)).

Moreover, up to conjugation, Γ+(G, π) only depends on the connected

component of (π(x1), . . . , π(xn)) and, more generally, only on the Tn-

system of this tuple. Hence, if G has only one Tn-system, then, up to

conjugation, Γ+(G, π) does not depend on the particular choice of the

epimorphism π. In particular, we have

Lemma 4.2. If the finite group G has only one T2-system, then, up to

conjugation, Γ+(G, π) does not depend on the choice of π.

4.1.3 First Remarks on the Index

Let us consider the following commutative diagram.

1 // IAn
// Aut+(Fn)

ρ // SLn(Z) // 1

1 // IAn ∩Γ+(G, π)
?�

OO

// Γ+(G, π)
?�

OO

ρ // ρ(Γ+(G, π)) //
?�

OO

1

The rows of this diagram are exact and the homomorphisms from the

second row to the first one are simply the inclusions. Before we apply

Lemma 2.9 to this diagram, we note the following result for the special

case n = 2. Recall that, in this case, IA2 = Inn(F2). Moreover, for

z ∈ F2, we write αz ∈ IA2 for the inner automorphism given by αz(w) =

zwz−1. Similarly, for g ∈ G we define cg ∈ Inn(G) by cg(h) := ghg−1 for

all h ∈ G.

Lemma 4.3. The homomorphism Φ : IA2 → Inn(G) given by Φ(αz) :=

cπ(z) leads to an exact sequence

1 −→ IA2 ∩Γ+(G, π) −→ IA2
Φ−→ Inn(G) −→ 1.

In particular [IA2 : IA2 ∩Γ+(G, π)] = | Inn(G)| = [G : Z(G)].

Proof. Since π : F2 → G is onto, it follows that Φ is onto. We now show

that kerΦ = IA2 ∩Γ+(G, π).
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Let αz ∈ kerΦ. Then cπ(z) = idG, i.e., π(z)gπ(z)
−1 = g for all g ∈ G.

Hence παz(w) = π(z)π(w)π(z)−1 = π(w) for all w ∈ F2 so that παz = π.

This shows that αz ∈ IA2 ∩Γ+(G, π).

Conversely, suppose that αz ∈ IA2 ∩Γ+(G, π). Then παz = π so that

π(z)π(w)π(z)−1 = π(w) for all w ∈ F2. Since π is onto, it follows that

π(z) ∈ Z(G). Hence cπ(z) = idG, i.e., αz ∈ kerΦ.

Now we apply Lemma 2.9 to the above diagram to obtain

Corollary 4.4. We have

[Aut+(Fn) : Γ
+(G, π)] = [SLn(Z) : ρ(Γ+(G, π))] · [IAn : IAn ∩Γ+(G, π)].

For n = 2 this implies

[Aut+(F2) : Γ
+(G, π)] = [SL2(Z) : ρ(Γ+(G, π))] · | Inn(G)|.

Note that if π : Fn → G is an epimorphism onto an abelian group,

we have IAn ≤ Γ+(G, π). Hence, in this case

[Aut+(Fn) : Γ
+(G, π)] = [SLn(Z) : ρ(Γ+(G, π))].

This observation will be used in the next section.

4.2 Congruence Subgroups associated to

Abelian Groups

In this section we consider congruence subgroups of Aut+(Fn) associated

to finite abelian groups. Our aim is to prove Theorem B. We first deter-

mine their indices in Aut+(Fn). Using this, we obtain a nice description

of the product replacement graphs of finite abelian groups. Using our

results on congruence subgroups of SL2(Z) in Section 3.3, we also deter-

mine the abelianizations of congruence subgroups of Aut+(F2) associated

to finite abelian groups.

4.2.1 The Index of Congruence Subgroups associated to

Abelian Groups

Our aim in this section is to prove
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Theorem 4.5. Let G be a finite abelian group. Then, up to conjugation,

Γ+(G, π) only depends on G but not on the particular epimorphism π :

Fn → G. We have

[Aut+(Fn) : Γ
+(G, π)] = [SLn(Z) : ρ(Γ+(G, π))].

Writing G ∼= Z/m1Z × · · · × Z/mnZ with mi+1 | mi for 1 ≤ i ≤ n − 1,

the index of Γ+(G, π) in Aut+(Fn) is given by

mn
1 · · ·mn

n−1m
n−1
n

n−1∏
j=1

∏
p|mj

(
1− pj−n−1

)
where the second product runs over all primes p dividing mj.

We note that this result for the special case n = 2 can be found in

the joint paper [3] of Ribnere and the author.

Before we prove this, let us state a consequence of this theorem which

can also be found in [3].

Corollary 4.6. Let m1,m2 ∈ N (where not necessarily m2 | m1). Then

[SL2(Z) : Γ(m1,m2)] = lcm(m1,m2)
2 gcd(m1,m2)

∏
(1− p−2).

where the product runs over all primes p dividing lcm(m1,m2).

Proof. We have Γ(m1,m2) = ρ(Γ+(Z/m1Z×Z/m2Z, π)) where π : F2 →
Z/m1Z × Z/m2Z is the obvious epimorphism. Observe that there is an

isomorphism

α : Z/m1Z× Z/m2Z
∼−→ Z/ lcm(m1,m2)Z× Z/ gcd(m1,m2)Z.

Now

Γ+(Z/m1Z×Z/m2Z, π) = Γ+(Z/ lcm(m1,m2)Z×Z/ gcd(m1,m2)Z, απ).

Since, up to conjugation, Γ+(Z/ lcm(m1,m2)Z × Z/ gcd(m1,m2)Z, απ)
does not depend on απ, we find that

ρ(Γ+(Z/ lcm(m1,m2)Z× Z/ gcd(m1,m2)Z, απ)) = Γ(m1,m2)

is conjugate to Γ(lcm(m1,m2), gcd(m1,m2)). By Proposition 3.1, the

result follows.
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Our first step towards proving the theorem is

Lemma 4.7. Let m,n ∈ N and a1, . . . , an ∈ (Z/mZ)n. Then, writing

the ai as column vectors, we have

⟨a1, . . . , an⟩ = (Z/mZ)n ⇐⇒ (a1 · · · an) ∈ GLn(Z/mZ).

In particular |Vn((Z/mZ)n)| = |GLn(Z/mZ)|.

Proof. We have

⟨a1, . . . , an⟩ = (Z/mZ)n.

⇔ There are λij ∈ Z/mZ, 1 ≤ i, j ≤ n, such that

λ11a1 + · · ·+ λn1an = (1 0 · · · 0 0)t, . . . ,

λ1na1 + · · ·+ λnnan = (0 0 · · · 0 1)t.

⇔ There are λij ∈ Z/mZ, 1 ≤ i, j ≤ n, such that

(a1 · · · an)
( λ11 ··· λ1n

...
...

...
λn1 ··· λnn

)
=

(
1 ··· 0
...
...

...
0 ··· 1

)
.

⇔ (a1 · · · an) ∈ GLn(Z/mZ).

This proves the lemma.

By the above lemma, we can identifyVn((Z/mZ)n) with GLn(Z/mZ)
in a natural way. We shall use this identification in the proof of the

following lemma. By ϕ we denote the Euler ϕ-function.

Lemma 4.8. The product replacement graph Vn((Z/mZ)n) has exactly

ϕ(m) connected components. Identifying Vn((Z/mZ)n) with GLn(Z/mZ),
the connected components are characterized by the determinant.

Proof. Observe that, under our identification of the graph Vn((Z/mZ)n)
with GLn(Z/mZ), the Nielsen moves correspond to certain column op-

erations. To be precise, an elementary Nielsen move corresponds to the

addition of a column to another one. Hence it is clear that the determi-

nant is an invariant for the connected components so that Vn((Z/mZ)n)
has at least ϕ(m) components.
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Suppose that det(a1 · · · an) = ε. We shall now show that (a1, . . . , an)

is in the same connected component as


1
0
...
0
0
0

 , . . . ,


0
0
...
0
1
0

 ,


0
0
...
0
0
ε


 (4.2)

thereby proving that Vn((Z/mZ)n) has exactly ϕ(m) connected compo-

nents and that these are characterized by the determinant. Observe that,

since the determinant of (a1 · · · an) is a unit modulo m, so must be the

greatest common divisor of the entries in the first row. Using Nielsen

moves, we can apply an Euclidean algorithm to the first row to obtain a

matrix of the form 
1 0 · · · 0

∗ a22 · · · a2n
...

...
. . .

...

∗ an2 · · · ann

 .

Now the determinant of the (n − 1) × (n − 1)-submatrix at the bottom

right must again be a unit. So we can apply a Euclidean algorithm to its

first row (a22 · · · a2n) to obtain (1 0 · · · 0). Adding a suitable multiple of

the second column of the n× n-matrix to its first column, we obtain
1 0 0 · · · 0

0 1 0 · · · 0

∗ ∗ ∗ · · · ∗
...

...
...

. . .
...

∗ ∗ ∗ · · · ∗

 .

Proceeding inductively we get a matrix of the form

(
In−1 0

∗ a

)
.

Now a has to be a unit. Indeed, we must have a = ε. So, by adding

suitable multiples of the last column to the others, we obtain the desired

matrix corresponding to (4.2).

Lemma 4.9. Let G := Z/m1Z×· · ·×Z/mnZ with mi+1 | mi for 1 ≤ i ≤
n− 1. Then Vn(G) has exactly ϕ(mn) connected components. Moreover,

G has only one Tn-system.
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Proof. Let us first consider the case that mn > 1. Observe that for every

ε ∈ (Z/mnZ)∗ we have a generating n-tuple of G of the form (4.2). We

show that these ϕ(mn) tuples represent the connected components. To

this end let

A =

(( a11
...

an1

)
, . . . ,

( a1n
...

ann

))
be an arbitrary generating n-tuple of G. We shall assign two matri-

ces to this tuple as follows. On the one hand, via the natural pro-

jection G � (Z/mnZ)n, we can map A onto a generating n-tuple of

(Z/mnZ)n. By Lemma 4.7, we can identify this tuple with a matrix

An ∈ GLn(Z/mnZ). On the other hand, by Lemma 2.6 of Gaschütz, the

tuple A lifts via (Z/m1Z)n � G to a generating n-tuple of (Z/m1Z)n

which we can identify with a matrix A1 ∈ GLn(Z/m1Z). Now, if we

apply a Nielsen move to A, the matrix we obtain maps onto the matrix

obtained from An by applying the same move. Since det(An) ∈ (Z/mnZ)∗

is invariant under Nielsen moves, we find that the generating tuples (4.2)

lie in distinct connected components of Vn(G). It now remains to verify

that A lies in the same connected component as


1
0
...
0
0
0

 , · · · ,


0
0
...
0
1
0

 ,


0
0
...
0
0

det(An)


 .

From Lemma 4.8 we know that we can apply a Nielsen move to A1 such

that we obtain 
1

. . .

1

det(A1)

 ∈ GLn(Z/m1Z). (4.3)

Since det(A1) ≡ det(An) mod mn, we now just have to apply the same

Nielsen move to A to obtain the desired result.

To see that G has only one Tn-system, we note that each of the

generating tuples (4.2) can be mapped onto the canonical one by an

automorphism of G.

Let us now consider the case mn = 1. Suppose that m1, . . . ,mk−1 ̸= 1

and mk, . . . ,mn = 1. As before we can lift an arbitrary generating tuple
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A ∈ Vn(G) to some A1 ∈ Vn((Z/m1Z)n). By applying Nielsen moves

such that A1 is transformed to a matrix as in (4.3), we get that, by the

same moves, A is transformed to(
Ik 0

0 0

)
.

Hence, in the case mn = 1, the graph Vn(G) is connected. In particular,

G has only one Tn-system.

Now we complete the proof of the main result.

Proof of Theorem 4.5. The fact that

[Aut+(Fn) : Γ
+(G, π)] = [SLn(Z) : ρ(Γ+(G, π))]. (4.4)

follows from Corollary 4.4. We know by Lemma 4.9 that the index of

Γ+(G, π), with G as in the theorem, does not depend on the choice

of π. If one thus chooses the canonical epimorphism π : Fn → G, then

ρ(Γ+(G, π)) = Γ(m1, . . . ,mn). The index of this group in SLn(Z) is given
in Proposition 3.1.

4.2.2 Product Replacement Graphs of Abelian Groups

The above results enable us to prove some facts about the product re-

placement graph of a finite abelian group. Indeed, we can find the number

of its vertices and the number and the sizes of its connected components.

Note that formulas for these numbers are also given by Diaconis and Gra-

ham in [7]. However, they use a very different method to find a formula

for the size of the product replacement graph. To be concrete, they use

abstract Möbius inversion, which was introduced by Hall [13]. We note

that our formula for the number of generating n-tuples seems to be much

easier to evaluate.

Proposition 4.10. Let G := Z/m1Z×· · ·×Z/mnZ wheremi+1 | mi. The

number of connected components of Vn(G) is ϕ(mn) and each component

has exactly

mn
1 · · ·mn

n−1m
n−1
n

n−1∏
j=1

∏
p|mj

p prime

(1− pj−n−1)
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vertices. Moreover, G has only one Tn-system.

In particular, G has exactly

mn
1 · · ·mn

n

n∏
j=1

∏
p|mj

p prime

(1− pj−n−1)

generating n-tuples and if mn ≤ 2, then Vn(G) is connected.

Proof. Since, by Lemma 4.9, the group G has only one Tn-system, we see

that all connected components of Vn(G) have the same size. Now the

size of such a component is just the index of Γ+(G, π) in Aut+(Fn) and,

by Lemma 4.9, the number of connected components is ϕ(mn). We thus

obtain the desired result.

4.2.3 The Abelianization of Congruence Subgroups associ-

ated to Abelian Groups

Using the results of the preceding sections and the facts we know about

congruence subgroups of SL2(Z), we can determine the abelianization of

Γ+(G, π) for an abelian group G in the case n = 2. Note that our result

covers all possible choices for G abelian.

Theorem 4.11. Let m,n ∈ N such that m ≥ 3, n | m and (m,n) ̸=
(3, 1). Moreover, let G := Z/mZ× Z/nZ and π : F2 → G be an epimor-

phism. Then

Γ+(G, π)ab ∼= G× Z1+12−1nm2
∏

p|m(1−p−2)

where the product runs over all primes p dividing m.

Furthermore, we have

Γ+(Z/2Z, π)ab ∼= Z/2Z× Z/4Z× Z,
Γ+(Z/3Z, π)ab ∼= Z/3Z× Z/3Z× Z,

Γ+(Z/2Z× Z/2Z, π)ab ∼= Z/2Z× Z/2Z× Z/2Z× Z2.

Proof. By Theorem 4.5, up to conjugation, the group Γ+(G, π) only de-

pends on G but not on the particular choice of the epimorphism π :

F2 → G. We may thus suppose that π(x) = (1, 0) and π(y) = (0, 1).
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Note that, since G is abelian, we have IA2 ≤ Γ+(G, π). Hence there is

an exact sequence

1 −→ IA2 −→ Γ+(G, π)
ρ−→ Γ(m,n) −→ 1.

By Proposition 3.4, the group Γ(m,n) is free of rank

r := 1 +
nm2

12

∏
p|m

(
1− p−2

)
.

Let {Mi =
(
ai bi
ci di

)
| 1 ≤ i ≤ r} be a set of free generators of Γ(m,n).

Moreover, let φi ∈ Aut+(F2) such that ρ(φi) =Mi, that is,

φi(x) ≡ aix+ ciy, φi(y) ≡ bix+ diy mod F ′
2 (4.5)

where F ′
2 denotes the commutator subgroup of F2. Recall that the group

IA2 is free on αx, αy, the inner automorphisms given by conjugation with

x and y, respectively (see Section 2.2). Now Proposition 2.1 of Hall yields

that Γ+(G, π) admits a presentation

⟨αx, αy, φ1, . . . , φr | φiαxφ
−1
i = wi, φiαyφ

−1
i = vi for 1 ≤ i ≤ r⟩

where the wi and vi are suitable words in αx, αy. We have

φiαxφ
−1
i = αφi(x), φiαyφ

−1
i = αφi(y)

for all i. Hence, from (4.5) it follows that

αx = aiαx + ciαy, αy = biαx + diαy (4.6)

in the abelianization of Γ+(G, π). This yields that Γ+(G, π)ab is the

abelian group generated by αx, αy and φi, 1 ≤ i ≤ r, subject to the

relations (4.6). Observe that ( 1 0
n 1 ) ∈ Γ(m,n). Hence this matrix is a

product of the Mi and one consequence of the relations (4.6) is

αx = αx + nαy.

We thus find that nαy = 0. Similarly we find that mαx = 0. Obviously

we can rewrite the defining relations (4.6) as

(ai − 1)αx = ciαy, (1− di)αy = biαx. (4.7)
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By definition of Γ(m,n), we have

(ai − 1) ≡ bi ≡ 0 mod m, (1− di) ≡ ci ≡ 0 mod n

for all i so that all relations in (4.7) are consequences of mαx = 0 and

nαy = 0. Hence we obtain a presentation

Γ+(G, π)ab = ⟨αx, αy, φ1, . . . , φr | abelian, mαx = 0, nαy = 0⟩.

This proves Γ+(G, π)ab ∼= G×Zr. The three special cases can be obtained

by an explicit computation. One can also refer to Table 1.1 in Section 1.3:

by Theorem 4.5 one sees that the groups ∆ obtained in the computation,

are actually equal to Γ+(G, π) in these cases, since they have the same

index in Aut+(F2).

4.3 Congruence Subgroups associated to

Dihedral Groups

In this section we prove Theorem D on standard congruence subgroups of

Aut+(F2) associated to dihedral groups. Again, we determine the indices

of these groups in Aut+(F2). We also determine, up to conjugation,

their images in SL2(Z) under the standard representation. Using this,

we obtain the somewhat surprising fact that congruence subgroups of

Aut+(F2) associated to dihedral groups are always generated by four

elements. From this we draw some interesting conclusions about finite-

index subgroups of Aut+(F2).

4.3.1 Index and Generation of Congruence Subgroups as-

sociated to Dihedral Groups

Our aim in this section is to prove

Theorem 4.12. Let n ≥ 3 and Dn be the dihedral group of order 2n.

(i) Up to conjugation, Γ+(Dn, π) only depends on n, but not on the

epimorphism π : F2 → Dn.

(ii) The index of Γ+(Dn, π) in Aut+(F2) is 6n.
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(iii) The image ρ(Γ+(Dn, π)) ≤ SL2(Z) is conjugate to Γ1(2) if n is odd

and to Γ(2) if n is even.

(iv) The group Γ+(Dn, π) is generated by four elements.

This result is also contained in the joint work [3] of Ribnere and the

author. There one also finds the following interesting observation.

Corollary 4.13. The special automorphism group Aut+(F2), and hence

also Aut(F2), has subgroups of arbitrary large index, generated by four

elements.

Comparing this to Corollary 2.18, we see that Aut+(F2) behaves in

this respect very different than SL2(Z). Furthermore, SL2(Z) contains

free finite index subgroups, e.g., Γ(5). In contrast to that, we have

Corollary 4.14. (i) Let U ≤ Aut(F2) be a subgroup of finite index m

in Aut(F2). Then U has subgroups of arbitrary large finite index,

generated by 3m+ 1 elements.

(ii) Finite index subgroups of Aut(F2) cannot be written as non-trivial

free products.

(iii) The special automorphism group Aut+(F2) does not have an epi-

morphism with finite kernel onto a non-trivial free product.

Proof. For part (i) we observe that, as n increases, the subgroups U ∩
Γ+(Dn, π) ≤ U have arbitrary large finite index in U . Since U has index

m in Aut(F2), we find that [Γ+(Dn, π) : U∩Γ+(Dn, π)] ≤ m. The Schreier

formula and the fact that Γ+(Dn, π) is generated by four elements yield

part (i).

Now we consider part (ii). Let U ≤ Aut(F2) be a subgroup of finite

index m in Aut(F2). Assume that U can be written as a free product,

say U ∼= G1 ∗ · · · ∗ Gk, k ≥ 2, with non-trivial groups Gi. Since U is

finitely generated, so are all the Gi, by Lemma 2.11. By part (i), U

has a subgroup V of arbitrary large index n such that d(V ) ≤ 3m + 1.

However, unless U ∼= C2 ∗ C2, Corollary 2.14 yields that d(V ) ≥ cn + 1

with c > 0. Hence we only need to show that U ̸∼= C2 ∗ C2. To this end,

assume U ∼= C2 ∗ C2. Note that in this case U ∼= D∞ is solvable. Since
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U has finite index in Aut(F2), it follows that U ∩ IA2 is non-trivial. Now

on the one hand U ∩ IA2 is solvable, but on the other hand U ∩ IA2 is

also free, contradiction. This proves part (ii).

For part (iii) we first recall that Aut+(F2) is finitely generated. There-

fore, by part (ii) of Lemma 2.11, it suffices to show that Aut+(F2) does

not have an epimorphism with finite kernel onto a non-trivial free prod-

uct of finitely generated groups. Moreover, by Corollary 2.16, it suffices

to show that there is no epimorphism Aut+(F2) → C2 ∗ C2 with finite

kernel. Suppose there is such an epimorphism. From the presentation of

Aut+(F2) given in Section 2.2, we obtain (Aut+(F2))
ab ∼= C12. So this epi-

morphism induces an epimorphism C12
∼= (Aut+(F2))

ab → (C2 ∗C2)
ab ∼=

C2 × C2, which is clearly impossible.

Let us now prove Theorem 4.12. A presentation of the dihedral group

Dn is given by

Dn = ⟨r, s | rn = 1, s2 = 1, rs = sr−1⟩.

The group contains exactly 2n elements, namely

1, r, r2, . . . , rn−1, s, sr, sr2, . . . , srn−1.

If n is odd, the center Z(Dn) of Dn is trivial. For even n its center has

order 2 and we have Z(Dn) = ⟨r
n
2 ⟩.

Statement (i) of Theorem 4.12 follows from

Lemma 4.15. Let n ≥ 3 and Dn be the dihedral group of order 2n.

The group Dn has only one T2-system. Moreover, Dn has exactly 3ϕ(n)n

generating pairs.

Proof. First we show that the elements sra, rb ∈ Dn, a, b ∈ Z, generate
Dn if and only if ⟨rb⟩ = ⟨r⟩, i.e., gcd(n, b) = 1.

Suppose that ⟨sra, rb⟩ = Dn. Observe that sra has order 2 and rb has

order dividing n. Moreover, since sra · rb · (sra)−1 = r−b, the subgroup

⟨rb⟩ ≤ Dn is normal. Hence every element of Dn can be written as

(sra)c(rb)d with suitable 0 ≤ c ≤ 1 and 0 ≤ d ≤ ord(rb) − 1. It follows

that ord(rb) = n, that is, ⟨rb⟩ = ⟨r⟩. The converse implication is clear.
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Now consider the exact sequence

1 −→ ⟨r⟩ −→ Dn −→ Z/2Z −→ 1.

By Proposition 4.10, the graph V2(Z/2Z) is connected. Therefore, every
connected component of V2(Dn) contains a lift of the generating pair

(1, 0) of Z/2Z, that is, a pair of the form (sra, rb) with gcd(n, b) = 1.

The same orbit also contains (s, rb). One easily verifies that the map

induced by s 7→ s, r 7→ rb yields an automorphism of Dn. Hence Dn has

only one T2-system.

Since V2(Z/2Z) is connected, we know, by Lemma 2.7, that each

generating pair of Z/2Z has the same number of lifts to Dn. Finally,

since the generating pair (1, 0) has exactly ϕ(n)n lifts, namely (sra, rb)

with 1 ≤ a, b ≤ n, gcd(b, n) = 1, and Z/2Z has exactly 3 generating

pairs, the proof is complete.

Next we show that the image ρ(Γ+(Dn, π)) is conjugate to Γ1(2) if

n is odd and to Γ(2) if n is even. Since we already know that, up to

conjugation, Γ+(Dn, π) does not depend on π, it suffices to consider the

epimorphism π0 : F2 → Dn given by π0(x) = r and π0(y) = s.

We know from Subsection 4.1.1 that ρ(Γ+(Dn, π0)) is a subgroup of

ρ(Γ+(Dab
n , π̄0)), where π̄0 is the epimorphism π0 followed by the natural

projection onto the abelian quotient Dab
n = Dn/D

′
n. We have

Dab
n = ⟨s̄ | 2s̄ = 0⟩ ∼= Z/2Z, for n odd,

Dab
n = ⟨r̄, s̄ | 2r̄ = 0, 2s̄ = 0, r̄ + s̄ = s̄+ r̄⟩ ∼= (Z/2Z)2 for n even

where r̄ and s̄ are the images of r and s in Dab
n , respectively. Hence

ρ(Γ+(Dn, π0)) ≤

Γ1(2) if n is odd

Γ(2) if n is even.
(4.8)
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Observe that the following automorphisms are in Γ+(Dn, π0).

γ1 =

x 7→ yx−1y

y 7→ y−1
γ2 =

x 7→ x

y 7→ xyx

γ3 =

x 7→ y2x

y 7→ y
γ4 =

x 7→ x

y 7→ xny

For the reader’s convenience we include their inverses.

γ−1
1 =

x 7→ y−1x−1y−1

y 7→ y−1
γ−1
2 =

x 7→ x

y 7→ x−1yx−1

γ−1
3 =

x 7→ y−2x

y 7→ y
γ−1
4 =

x 7→ x

y 7→ x−ny

The images of the automorphisms γ1, . . . , γ4 under ρ are given by
( −1 0

2 −1

)
,

( 1 2
0 1 ), (

1 0
2 1 ) and ( 1 n

0 1 ), respectively. For odd n these matrices generate

Γ1(2) and for even n they generate Γ(2). Therefore equality holds in (4.8),

which proves statement (iii) of Theorem 4.12.

By Proposition 3.1, we know that [SL2(Z) : Γ1(2)] = 3 and that

[SL2(Z) : Γ(2)] = 6. Hence Corollary 4.4 yields that the index of

Γ+(Dn, π) in Aut+(F2) is given by

[SL2(Z) : ρ(Γ+(Dn, π))] · | Inn(Dn)| =

3 · 2n = 6n, for n odd

6 · n = 6n, for n even.

So statement (ii) of Theorem 4.12 is proved.

To prove statement (iv), we show that the automorphisms γ1, . . . , γ4
introduced above generate Γ+(Dn, π0). Considering the sequence

1 −→ IA2 ∩Γ+(Dn, π0) −→ Γ+(Dn, π0)
ρ−→ ρ(Γ+(Dn, π0)) −→ 1

we see that Γ+(Dn, π0) is generated by the generators of IA2 ∩Γ+(Dn, π0)

together with preimages of the generators of ρ(Γ+(Dn, π0)). Therefore we

compute generators of IA2 ∩Γ+(Dn, π0) and of ρ(Γ+(Dn, π0)), using the
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Reidemeister method [19, Thm. 2.7], and then show that each generator

can be written as a product of γ±1
1 , . . . , γ±1

4 .

We first focus on the case that n is odd. In this case the center of Dn

is trivial. So Lemma 4.3 yields an isomorphism

IA2 ∩Γ+(Dn, π0)\ IA2
∼→ Dn, [αw] 7→ π0(w).

Hence a set of right coset representatives of IA2 ∩Γ+(Dn, π0) in IA2 is

given by

idF2 , αx, αx2 , . . . , αxn−1 , αy, αyx, . . . , αyxn−1 .

For an automorphism αw ∈ IA2 = Inn(F2), we write αw for its represen-

tative, taken from the above list. The Reidemeister method says that

IA2 ∩Γ+(Dn, π0) is generated by

KαxKαx
−1

and KαyKαy
−1

where K runs through the above list of representatives. We first compute

the elements that are given by KαxKαx
−1
. For 0 ≤ k ≤ n− 2 we have

αxkαxαxkαx
−1 = αxk+1α−1

xk+1 = idF2 .

For k = n− 1 we find

αxn−1αxαxn−1αx
−1 = αxn idF2 = αxn .

Again for 0 ≤ k ≤ n− 2 we have

αyxkαxαyxkαx
−1 = αyxk+1α−1

yxk+1 = idF2 .

For k = n− 1 we have

αyxn−1αxαyxn−1αx
−1 = αyxnα−1

y = αyxny−1 .

Let us now consider KαyKαy
−1
. Clearly we have

idF2 αyidF2 αy
−1

= idF2 .

For 1 ≤ k ≤ n− 1 we find

αxkαyαxkαy
−1 = αxkyα

−1
yxn−k = αxkyxk−ny−1 .
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Next we find

αyαyαyαy
−1 = αy2 idF2 = αy2 .

Finally, for 1 ≤ k ≤ n− 1 we have

αyxkαyαyxkαy
−1 = αyxkyα

−1
xn−k = αyxkyxk−n .

We collect and rewrite the set of generators that we have found as

αxn , αy2 , αyxny−1 , αxkyxk−ny, αyxkyxk−n (1 ≤ k ≤ n− 1).

Since IA2 is free of rank 2 and IA2 ∩Γ+(Dn, π0) is a subgroup of index 2n,

the Schreier formula yields that IA2 ∩Γ+(Dn, π0) is free of rank 2n + 1.

The above set of generators contains exactly 2n + 1 elements so that

IA2 ∩Γ+(Dn, π0) is freely generated by these. We have

ρ(Γ+(Dn, π0)) = Γ1(2) = ⟨( 1 0
2 1 ) , (

1 1
0 1 )⟩.

Let

φ1 =

x 7→ xy2

y 7→ y
and φ2 =

x 7→ x

y 7→ x
1−n
2 yx

n+1
2

so that ρ(φ1) = ( 1 0
2 1 ) and ρ(φ2) = ( 1 1

0 1 ). An easy computation shows

that these are elements of Γ+(Dn, π0). Hence Γ
+(Dn, π0) is generated by

φ1, φ2, αxn , αy2 , αyxny−1 ,

αxkyxk−ny, αyxkyxk−n (1 ≤ k ≤ n− 1).

The following formulas can be verified by elementary computations.

Lemma 4.16. The following identities hold.

φ1 = γ−2
3 γ−2

1 γ3

φ2 = γn+1
2 γ−1

4 γ
−n+1

2
2

αxn = γ24γ
−n
2

αy2 = γ21γ
2
3

αyxny−1 = γ−1
1 γ−1

3 γ−2
4 γn2 γ

−1
1 γ−1

3

αyxkyxk−n = γ3γ1γ
−1
4 γk2γ

−1
3 γ−1

1 γ4γ
n−k
2 γ−2

4

αxkyxk−ny = γ24γ
−n
2 γ−1

4 γk2γ3γ1γ4γ
−k
2 γ−1

3 γ−1
1

for 1 ≤ k ≤ n− 1.
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Now we consider the case where n is even. Note that, in this case, Dn

has center ⟨r n
2 ⟩ and Inn(Dn) ∼= Dn

2
. By a similar computation as above,

we find that IA2 ∩Γ+(Dn, π0) is free on

α
x
n
2
, αy2 , αyx

n
2 y−1 , αyxkyxk−n

2
, α

xkyxk−n
2 y

(1 ≤ k ≤ n/2− 1).

Furthermore,

ρ(Γ+(Dn, π0)) = Γ(2) = ⟨( 1 0
2 1 ) , (

1 2
0 1 ) ,

( −1 0
0 −1

)
⟩.

The automorphisms

ψ1 =

x 7→ xy2

y 7→ y
, ψ2 =

x 7→ x

y 7→ xyx
and ψ3 =

x 7→ y−1x−1y

y 7→ y−1

are in Γ+(Dn, π0) and also preimages of the generators of Γ(2). So

Γ+(Dn, π0) is generated by

ψ1, ψ2, ψ3, αx
n
2
, αy2 , αyx

n
2 y−1 ,

α
xkyxk−n

2 y
, α

yxkyxk−n
2
(1 ≤ k ≤ n/2− 1).

As before, we show that all generators of Γ+(Dn, π0) can be expressed as

products of γ±1
1 , . . . , γ±1

4 .

Lemma 4.17. We have

ψ1 = γ−2
3 γ−2

1 γ3

ψ2 = γ2

ψ3 = γ−1
1 γ3γ

2
1

α
x
n
2
= γ4γ

−n
2

2

αy2 = γ21γ
2
3

α
yx

n
2 y−1 = γ−1

1 γ−1
3 γ−1

4 γ
n
2
2 γ

−1
1 γ−1

3

α
yxkyxk−n

2
= γ3γ1γ

k
2γ

−2
3 γ−2

1 γ3γ1γ
n
2
−k

2 γ−1
4

α
xkyxk−n

2 y
= γk2γ

−2
3 γ−2

1 γ3γ1γ
−2
3 γ−2

1 γ4γ
−n

2
−k

2 γ−2
3 γ−2

1 γ3γ1

for 1 ≤ k ≤ n/2− 1.

This completes the proof of statement (iv) of Theorem 4.12.

We remark that our proof of Theorem 4.12 (iv) is a very direct one.

It would be interesting to see if there is also a more conceptual way to

prove this statement. (See also the remarks after Theorem 4.24 about a

generalization of this result.)
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4.3.2 Product Replacement Graphs of Dihedral Groups

From our results in the previous section we obtain the following descrip-

tion of the product replacement graph of a dihedral group.

Corollary 4.18. Let n ≥ 3 and Dn be the dihedral group of order 2n.

Then Dn has exactly 3ϕ(n)n generating pairs and V2(Dn) has exactly

ϕ(n)/2 connected components, each of size 6n. Moreover, Dn has only

one T2-system.

Proof. The number of generating pairs of Dn and the fact that Dn has

only one T2-system was already shown in Lemma 4.15. Since the size

of the components is just the index of Γ+(Dn, π) in Aut+(F2) for the

corresponding π, part (ii) of Theorem 4.12 completes the proof.

4.3.3 The Abelianization of Congruence Subgroups associ-

ated to Dihedral Groups

The aim of this section is to prove

Theorem 4.19. Let n ≥ 3 and π : F2 → Dn be an epimorphism. Then

Γ+(Dn, π)
ab ∼=

Z/2Z× Z2, n odd

Z/2Z× Z3, n even.

Our first step to prove this result is to use the exact sequence

1 −→ IA2 ∩Γ+(Dn, π0) −→ Γ+(Dn, π0)
ρ−→ ρ(Γ+(Dn, π0)) −→ 1

to determine a presentation of Γ+(Dn, π0). We point out that we do not

intend to simplify this presentation. We only use it as a tool to prove

the desired result.

Let us first focus on the case that n is odd. We have already seen

that, in this case, Γ+(Dn, π0) is generated by

φ1, φ2, αxn , αy2 , αyxny−1 , αxkyxk−ny, αyxkyxk−n (1 ≤ k ≤ n− 1)

where

φ1 =

x 7→ xy2

y 7→ y
and φ2 =

x 7→ x

y 7→ x
1−n
2 yx

n+1
2 .
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Using the Reidemeister-Schreier method [19, Sec. 2.3] one can compute

a presentation of ρ(Γ+(Dn, π0)) = Γ1(2). We have

Γ1(2) = ⟨M1 = ( 1 0
2 1 ) ,M2 = ( 1 1

0 1 ) | (M1M
−1
2 )4,M1M

−1
2 M2

1M
−1
2 M1M

−2
2 ⟩.

Observe that ρ(φ1) = M1 and ρ(φ2) = M2. To ease notation a bit we

write

a1 := αxn , a2 := αy2 , a3 := αyxny−1 ,

bk := αyxkyxk−n , ck := αxkyxk−ny, 1 ≤ k ≤ n− 1.

By Proposition 2.1, in order to obtain a presentation of Γ+(Dn, π0), we

have to express the elements (φ1φ
−1
2 )4, φ1φ

−1
2 φ2

1φ
−1
2 φ1φ

−2
2 and φiajφ

−1
i ,

φibjφ
−1
i , φicjφ

−1
i as words in a1, a2, a3, bk, ck. It is an elementary (though

rather long) computation to verify the following result. To avoid case

distinctions, we omit the cases n = 3 or 5. In these cases, one can refer

to Table 1.1 in Section 1.3.

Proposition 4.20. For odd n ≥ 7, the group Γ+(Dn, π0) is generated by

the elements φ1, φ2, a1, a2, a3 and bk, ck (1 ≤ k ≤ n − 1) subject to the

following relations.

(A)

φ1a1φ
−1
1 = c1a

−1
2 bn−1 · · · cla−1

2 bn−l · · · cn−1a
−1
2 b1 · a1a2

φ2a1φ
−1
2 = a1

φ1a2φ
−1
1 = a2

φ2a2φ
−1
2 = a−1

1 cn+1
2
a−1
2 bn+1

2
a1

φ1a3φ
−1
1 = b1cn−1a

−1
2 · · · blcn−la

−1
2 · · · bn−1c1a

−1
2 · a3a2

φ2a3φ
−1
2 = a−1

1 cn+1
2
a−1
2 a3a2c

−1
n+1
2

a1

(B)

φ1bkφ
−1
1 = b1cn−1a

−1
2 · · · blcn−la

−1
2 · · · bk−1cn−k+1a

−1
2

· bk · b−1
k+1a2c

−1
n−k−1 · · · b

−1
l a2c

−1
n−l · · · b

−1
n−1a2c

−1
1

φ2bkφ
−1
2 =


a−1
1 cn+1

2
a−1
2 bn+1

2
+k, 1 ≤ k ≤ n−3

2

a−1
1 cn+1

2
a−1
2 a3a2, k = n−1

2

a−1
1 cn+1

2
a−1
2 a3bk−n−1

2
a1,

n+1
2
≤ k ≤ n− 1
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(C)

φ1ckφ
−1
1 = c1 · a−1

2 bn−1c2 · · · a−1
2 blcn−l+1 · · · a−1

2 bn−k+1ck

· c−1
k+1b

−1
n−k−1a2 · · · c

−1
l b−1

n−la2 · · · c
−1
n−1b

−1
1 a2

φ2ckφ
−1
2 =


a−1
1 cn+1

2
+ka

−1
2 a−1

3 bn+1
2
a1, 1 ≤ k ≤ n−3

2

a−1
3 bn+1

2
a1, k = n−1

2

ck−n−1
2
a−1
2 bn+1

2
a1,

n+1
2
≤ k ≤ n− 1

(D)

(φ1φ
−1
2 )4 = c1a

−1
2 bn−1 · · · cla−1

2 bn−l · · · cn−1
2
a−1
2 bn+1

2

· cn+1
2
a−1
2 a−1

3

· a2c−1
1 b−1

n−1 · · · a2c−1
l b−1

n−l · · · a2c
−1
n−1
2

b−1
n+1
2

· a2c−1
n+1
2

a1

φ1φ
−1
2 φ2

1φ
−1
2 φ1φ

−2
2 = c1a

−1
2 bn−1 · · · cla−1

2 bn−l · · · cn−1
2
a−1
2 bn+1

2

· cn+1
2

· c−1
n+3
2

b−1
n−1
2

a2 · · · c−1
l b−1

n−l+1a2 · · · c
−1
n−2b

−1
3 a2

· c−1
n−1b

−1
2 a−1

1 b−1
1 a−1

3 a2c
−1
1 a1

Recall that, in Section 4.3.1, we have introduced the following ele-

ments of Γ+(Dn, π0).

γ1 =

x 7→ yx−1y

y 7→ y−1
γ2 =

x 7→ x

y 7→ xyx

γ3 =

x 7→ y2x

y 7→ y
γ4 =

x 7→ x

y 7→ xny

In Lemma 4.16 we have written the elements φ1, φ2, a1, a2, a3, bk
and ck as words in γ±1

1 , . . . , γ±1
4 . Conversely, we have
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Lemma 4.21. The following identities hold.

γ1 = φ−1
2 φ1φ

−1
2 a−1

1 cn+1
2
· a−1

2 bn+1
2
cn−1

2
· a−1

2 bn+3
2
cn−3

2
· · · a−1

2 bn−1c1 · a−1
2 a3a2

γ2 = a1φ
2
2

γ3 = a2φ1

γ4 = (a1φ
2
2)

−n+1
2 φ−1

2 (a1φ
2
2)

n+1

We now turn to the case that n is even. We already know that, in

this case, Γ+(Dn, π0) is generated by

ψ1, ψ2, ψ3, αx
n
2
, αy2 , αyx

n
2 y−1 , αyxkyxk−n

2
, α

xkyxk−n
2 y

(1 ≤ k ≤ n/2− 1)

where

ψ1 =

x 7→ xy2

y 7→ y
, ψ2 =

x 7→ x

y 7→ xyx
and ψ3 =

x 7→ y−1x−1y

y 7→ y−1.

In order not to get confused with the above notation, we shall use other

names in this computation, even if some automorphisms coincide with

some from the case that n is odd. We therefore write

d1 := α
x
n
2
, d2 := αy2 , d3 := α

yx
n
2 y−1 ,

ek := α
yxkyxk−n

2
, fk := α

xkyxk−n
2 y

(1 ≤ k ≤ n/2− 1).

The image ρ(Γ+(Dn, π0)) = Γ(2) is generated by N1 := ρ(ψ1) = ( 1 0
2 1 ),

N2 := ρ(ψ2) = ( 1 2
0 1 ) and N3 := ρ(ψ3) =

( −1 0
0 −1

)
and admits the presen-

tation

Γ(2) = ⟨N1, N2, N3 | N2
3 = 1, N1N3N

−1
1 N−1

3 = 1, N2N3N
−1
2 N−1

3 = 1⟩.

This leads us to the following result.

Proposition 4.22. For even n ≥ 4, the group Γ+(Dn, π0) is generated

by the elements ψ1, ψ2, ψ3, d1, d2, d3 and ek, fk (1 ≤ k ≤ n/2− 1), subject

to the following relations.
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(A)

ψ1d1ψ
−1
1 = f1d

−1
2 en

2
−1 · · · fld−1

2 en
2
−l · · · fn

2
−1d

−1
2 e1 · d1d2

ψ2d1ψ
−1
2 = d1

ψ3d1ψ
−1
3 = d−1

2 d−1
3 d2

ψ1d2ψ
−1
1 = d2

ψ2d2ψ
−1
2 = f1d

−1
2 d3e1d1

ψ3d2ψ
−1
3 = d−1

2

ψ1d3ψ
−1
1 = e1fn

2
−1d

−1
2 · · · elfn

2
−ld

−1
2 · · · en

2
−1f1d

−1
2 · d3d2

ψ2d3ψ
−1
2 = f1d

−1
2 d3d2f

−1
1

ψ3d3ψ
−1
3 = d−1

2 d−1
1 d2

(B)

ψ1ekψ
−1
1 = e1 · fn

2
−1d

−1
2 e2 · · · fld−1

2 en
2
+1−l · · · fn

2
+1−kd

−1
2 ek

· e−1
k+1d2f

−1
n
2
−1−k · · · e

−1
l d2f

−1
n
2
−l · · · e

−1
n
2
−1d2f

−1
1

ψ2ekψ
−1
2 =

f1d−1
2 d3ek+1, 1 ≤ k ≤ n

2
− 2

f1d
−1
2 d23d2, k = n

2
− 1

ψ3ekψ
−1
3 = d−1

2 d−1
1 e−1

k d3d2

(C)

ψ1fkψ
−1
1 = f1 · d−1

2 en
2
−1f2 · · · d−1

2 en
2
−l+1fl · · · d−1

2 en
2
−k+1fk

· f−1
k+1e

−1
n
2
−k−1d2 · · · f

−1
n
2
−le

−1
l d2 · · · f−1

n
2
−1e

−1
1 d2

ψ2fkψ
−1
2 =

fk+1d
−1
2 e1d1, 1 ≤ k ≤ n

2
− 2

d1e1d1, k = n
2
− 1

ψ3fkψ
−1
3 = d−1

2 d−1
3 d2f

−1
k d1
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(D)

ψ1ψ3ψ
−1
1 ψ−1

3 = d−1
2

ψ2ψ3ψ
−1
2 ψ−1

3 = d−1
1 e−1

1 d2

ψ2
3 = 1

In Lemma 4.17 we have expressed the above generators of the group

Γ+(Dn, π0) as words in γ±1
1 , . . . , γ±1

4 . Again, we also give the converse

result.

Lemma 4.23. The following holds.

γ1 = ψ−1
1 ψ3 γ2 = ψ2

γ3 = d2ψ1 γ4 = d1ψ
n
2
2

Let us give an outline of our strategy for the remaining computa-

tions. For brevity we only describe it for the case that n is odd. In

Proposition 4.20 we have found a presentation of Γ+(Dn, π0) in terms

of the generators φi, and aj, bk, ck where 1 ≤ i ≤ 2, 1 ≤ j ≤ 3 and

1 ≤ k ≤ n− 1, say

Γ+(Dn, π0) = ⟨φi, aj, bk, ck | R(φi, aj, bk, ck) = 1⟩.

Moreover, in Lemma 4.16 we have written these generators as words in

γ±1
1 , . . . , γ±1

4 , say

φi = wφi
(γ), aj = waj(γ), bk = wbk(γ), ck = wck(γ).

Conversely, Lemma 4.21 gives us the elements γ1, . . . , γ4 as words in the

original generators, i.e.,

γl = vl(φi, aj, bk, ck).

By Lemma 2.2 we can thus obtain a new presentation of Γ+(Dn, π0) by

Γ+(Dn, π0) = ⟨γ1, . . . , γ4 |R(wφi
(γ), waj(γ), wbk(γ), wck(γ)) = 1,

γl = vl(wφi
(γ), waj(γ), wbk(γ), wck(γ))⟩.

We shall use this presentation to obtain one of Γ+(Dn, π0)
ab. However,

we will not immediately plug in the words wφi
(γ), waj(γ), wbk(γ) and

wck(γ) in the relationsR. Instead, we first try to simplify these relations,

that is, we proceed as follows.
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(1) We compute the images of wφi
(γ), waj(γ), wbk(γ) and wck(γ) in

Γ+(Dn, π0)
ab to find some additional relations between the genera-

tors φi, aj, bk and ck in the abelianization and to thus ease notation.

(As we shall see a lot will cancel out, if we proceed this way.)

(2) We consider the relations in Γ+(Dn, π0)
ab imposed byR(φi, aj, bk, ck)

and simplify them by using our results from step 1. After that

we replace the generators φi, aj, bk, and ck by wφi
(γ), waj(γ) and

wbk(γ), wck(γ), respectively.

(3) We consider the relations imposed by

γl = vl(wφi
(γ), waj(γ), wbk(γ), wck(γ)).

Computation for the Odd Case

The relations in Lemma 4.16 say that, in the abelianization of Γ+(Dn, π0),

we have

φ1 = −2γ1 − γ3,

φ2 =
n+ 1

2
γ2 − γ4,

a1 = −nγ2 + 2γ4,

a2 = 2γ1 + 2γ3,

a3 = −2γ1 + nγ2 − 2γ3 − 2γ4,

bk = nγ2 − 2γ4,

ck = −nγ2 + 2γ4.

We can thus ease our computation by noting that a1 = ck = −bk for

1 ≤ k ≤ n − 1 and a3 = −a1 − a2. Next we consider the relations in

Proposition 4.20. From the ones in part (A), we find

a1 = a1 + (2− n)a2 ⇔ (2− n)a2 = 0

a2 = −a2 ⇔ 2a2 = 0

from which we obtain a2 = 0. Considering the above relations once more,

this also implies a3 = −a1. One easily sees that all relations imposed by

(B) and (C) are now already redundant, that is, they are consequences
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of a2 = 0, a3 = −a1 and a1 = ck = −bk. The only additional relation we

get comes from (D) and says 4φ1− 4φ2 = 2a1. Hence steps 1 and 2 have

led to the relations

a2 = 0 ⇔ 2γ1 + 2γ3 = 0

4φ1 − 4φ2 = 2a1 ⇔ 8γ1 + 2(n+ 1)γ2 + 4γ3 − 4γ4 = 2nγ2 − 4γ4

which we can simplify to

2γ1 + 2γ3 = 0

4γ1 + 2γ2 = 0.

Now we consider the relations γl = vl(wφi
(γ), waj(γ), wbk(γ), wck(γ)),

where the vl can be found in Lemma 4.21. One easily sees that the

only new relation comes from the expression for γ1. We obtain γ1 =

−2γ1 − γ2 − γ3, which means

3γ1 + γ2 + γ3 = 0.

Hence Γ+(Dn, π0)
ab is the abelian group, generated by γ1, . . . , γ4, subject

to the relations

2γ1 + 2γ3 = 0

4γ1 + 2γ2 = 0

3γ1 + γ2 + γ3 = 0.

By the last relation we can eliminate γ3. We thus have the generators

γ1, γ2 and γ4 and the defining relations reduce to

4γ1 + 2γ2 = 0.

If we set δ := 2γ1 + γ2, we finally obtain a presentation

Γ+(Dn, π0)
ab = ⟨γ1, γ4, δ | 2δ = 0⟩ ∼= Z/2Z× Z2.
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Computation for the Even Case

Here the relations in Lemma 4.17 say

ψ1 = −2γ1 − γ3
ψ2 = γ2

ψ3 = γ1 + γ3

d1 = −
n

2
γ2 + γ4

d2 = 2γ1 + 2γ3

d3 = −2γ1 +
n

2
γ2 − 2γ3 − γ4

ek =
n

2
γ2 − γ4

fk = −4γ1 −
n

2
γ2 − 4γ3 + γ4

for 1 ≤ k ≤ n/2 − 1. In particular d1 = fk − 2d2 = −ek for all k and

d3 = ek − d2, d2 = 2ψ3. This simplifies the relations we obtain from

Proposition 4.22 very much. From (D) we obtain d2 = 0. Indeed, one

can now verify, that all relations from (A), (B) and (C) are redundant,

that is, they are consequences of d2 = 0 and the ones we have found

above. Hence we only obtain the single relation

2γ1 + 2γ3 = 0.

In the next step, we have to consider the relations that come from

Lemma 4.23. But also these relations are easily seen to be redundant.

Hence we have

Γ+(Dn, π0)
ab = ⟨γ1, γ2, γ3, γ4 | 2γ1 + 2γ3 = 0⟩

= ⟨γ1, γ2, γ4, δ | 2δ = 0⟩, where δ = γ1 + γ3
∼= Z/2Z× Z3.

4.4 Congruence Subgroups associated to

Semidirect Products of Cyclic Groups

As a generalization of congruence subgroups of Aut+(F2) associated to

abelian or dihedral groups, we consider in this section congruence sub-

groups associated to semidirect products of two finite cyclic groups and
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prove Theorem F.

Even more generally, one might consider congruence subgroups asso-

ciated to finite metacyclic groups. The class of finite metacyclic groups,

however, is very large and semidirect products of two finite cyclic groups

can be considered as the easiest examples of finite metacyclic groups.

Anyway, we also have an interesting result on congruence subgroups as-

sociated to finite metacyclic groups, see Corollary 4.26.

4.4.1 Index in Aut+(F2) and Image in SL2(Z)

Let G be a semidirect product of two finite cyclic groups, that is, we can

write G as

G = Z/aZ o ⟨g⟩

where the action of ⟨g⟩ on Z/aZ is induced by a homomorphism ⟨g⟩ →
Aut(Z/aZ) ∼= (Z/aZ)∗. Hence g acts on Z/aZ by multiplication with

an element α ∈ (Z/aZ)∗, that is, the multiplication in G is given by

(r, gk) · (s, gl) = (r + αks, gk+l) for all (r, gk), (s, gl) ∈ G. We shall

keep this notation throughout the whole section. Our main result in this

section is

Theorem 4.24. Let a ∈ N and α ∈ (Z/aZ)∗. Consider the group G :=

Z/aZo ⟨g⟩ where the finite cyclic group ⟨g⟩ acts on Z/aZ via ⟨g⟩ → ⟨α⟩,
g 7→ α. Let a =

∏
pnp be the prime factorization of a and let kp such that

α ∈ 1 +
∏
pkp(Z/aZ)∗. Moreover, let π : F2 → G be an epimorphism.

Then the following holds.

(i) Up to conjugation, Γ+(G, π) only depends on G, but not on the

choice of the epimorphism π : F2 → G.

(ii) The index of Γ+(G, π) in Aut+(F2) is

a · ord(α) · ord(g)2 ·
∏
pkp

gcd(ord(g),
∏
pkp)

·
∏

(1− q−2)

where the very last product runs over all prime numbers q dividing

lcm(ord(g),
∏
pkp).

(iii) The image ρ(Γ+(G, π)) ≤ SL2(Z) is conjugate to Γ(ord(g),
∏
pkp).

In particular, it is a congruence subgroup.
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Remark 4.25. Choosing ⟨g⟩ of order 2 and α := −1, one obtains again

parts (i), (ii) and (iii) of Theorem 4.12. We note, however, that in the

proof of the above theorem (to be precise, in the proof of Lemma 4.39),

we make use of our results on dihedral groups. Therefore parts (i), (ii)

and (iii) of Theorem 4.12 are not logical consequences of the above result.

⋄

Recall that Theorem 4.12 (iv) says that d(Γ+(Dn, π)) ≤ 4 for every

epimorphism π : F2 → Dn. At this point it is not clear to us how this

generalizes to congruence subgroups associated to semidirect products of

two finite cyclic groups. By Theorem 4.24 (iii), the congruence subgroup

Γ+(Z/aZo⟨g⟩, π) maps onto a conjugate of Γ(ord(g),
∏
pkp), which is, in

almost all cases, a free group whose rank depends on ord(g) and
∏
pkp ,

see Proposition 3.4. It is thus clear that d(Γ+(Z/aZ o ⟨g⟩, π)) is not

bounded by a constant. However, it is possible that d(Γ+(Z/aZo⟨g⟩, π))
only depends on the (rank of the) image ρ(Γ+(Z/aZo ⟨g⟩, π)). It seems

unlikely that, in this case, one can use the same method that we have

used in the case of dihedral groups to prove the statement. Using, for

instance, the results of Rademacher [22] and the Reidemeister method,

one can find a set of generators of Γ(ord(g),
∏
pkp) for given values of

ord(g) and
∏
pkp . But it seems impossible to write down a generating

set of Γ(ord(g),
∏
pkp) for the general case in a closed form, let alone to

find the corresponding elements in Aut+(F2).

A nice consequence of Theorem 4.24 is given by

Corollary 4.26. Let G be a finite metacyclic group and π : F2 → G be

an epimorphism. Then ρ(Γ+(G, π)) is a congruence subgroup.

This result follows easily from the above theorem using

Lemma 4.27. Let G be a finite metacyclic group. Then G is a homo-

morphic image of a semidirect product of two finite cyclic groups.

Proof. Since G is a finite metacyclic group, it fits into an exact sequence

of the form

1 −→ Cl −→ G −→ Cm −→ 1
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with suitable l,m ∈ N. By Proposition 2.1, the group G thus admits a

presentation

G = ⟨g, h | hl = 1, gm = hx, ghg−1 = hy⟩

where gcd(y, l) = 1. Let us write x = x1 · x2 such that gcd(x2, l) = 1.

Then G is generated by g, hx2 and one easily verifies that G admits the

following presentation.

G = ⟨g, hx2 | (hx2)l = 1, gm = (hx2)x1 , ghx2g−1 = (hx2)y⟩

Therefore we may, without loss of generality, assume that every prime

divisor of x is also one of l. Let k := lcm(x, l). Observe that gcd(y, k) = 1

and define

G̃ := ⟨g, h | hk = 1, gm = hx, ghg−1 = hy⟩.

Clearly G̃ maps onto G. Now we define

Ĝ := ⟨g, h | hk = 1, gmk/x = 1, ghg−1 = hy⟩ ∼= Ck o Cmk/x.

Now the group Ĝ maps onto

⟨g, h | hk = 1, gmk/x = 1, ghg−1 = hy, gm = hx⟩.

From the relation gm = hx we obtain gmk/x = hk = 1. Therefore the

relation gmk/x = 1 is redundant so that Ĝ maps onto

⟨g, h | hk = 1, gm = hx, ghg−1 = hy⟩ = G̃.

Altogether we find that Ĝ maps onto G, as desired.

Proof of Cor. 4.26. By the above lemma, there exists a semidirect prod-

uct H of two finite cyclic groups having an epimorphism ε : H → G.

Now the Gaschütz-Lemma 2.6 yields that there is an epimorphism π′ :

F2 → H such that π = επ′. By our discussion in Section 4.1.1, we have

ρ(Γ+(H, π′)) ≤ ρ(Γ+(G, π)). Theorem 4.24 (iii) says that ρ(Γ+(H, π′)) is

a congruence subgroup and hence so is ρ(Γ+(G, π)).

Let us now turn to the proof of Theorem 4.24.
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Lemma 4.28. Let p be a prime, n ∈ N and α ∈ (Z/pnZ)∗. Then the

following statements are equivalent.

(i) The order ord(α) of α in (Z/pnZ)∗ is a power of p.

(ii) α ≡ 1 mod p.

In particular, if α ≡ 1 mod p and α ̸= 1, then p | ord(α).

Proof. From the natural epimorphism we obtain an exact sequence

1 −→ K −→ (Z/pnZ)∗ −→ (Z/pZ)∗ −→ 1.

Observe that K consists exactly of those elements in (Z/pnZ)∗ that are

congruent to 1 modulo p.

Since |(Z/pnZ)∗| = (p− 1)pn−1 and |(Z/pZ)∗| = (p− 1), we see that

|K| = pn−1. In particular, K is a p-group and the implication (ii) ⇒ (i)

is clear. To prove that (i) implies (ii) let us suppose that α ̸≡ 1 mod p.

Then αK is a non-trivial element of (Z/pnZ)∗/K, a group of order (p−1).
Now, if ord(α) is a power of p, say ord(α) = pe, then also (αK)p

e
= K

so that ord(αK) | pe. Hence ord(αK) is also a power of p. But since

ord(αK) | (p− 1) this is impossible.

We now describe the order of an element 1 ̸= α ∈ (Z/pnZ)∗ in the

case α ≡ 1 mod p more precisely, depending on the maximal k such that

α ≡ 1 mod pk.

Lemma 4.29. Let a ∈ Z and p be an odd prime. If a ≡ 1+pkb mod pk+1

for some b ∈ Z and k ≥ 1, then

ap
e ≡ 1 + pk+eb mod pk+e+1

for all e ∈ N. Moreover, if n ≥ k and p - b, then the smallest e ∈ N with

ap
e ≡ 1 mod pn is given by e = n− k.

Proof. Since a ≡ 1 + pkb mod pk+1, we have a = 1 + pkb + pk+1c =
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1 + pk(b+ pc) with some c ∈ Z. Hence

ap = (1 + pk(b+ pc))p

=

p∑
i=0

(
p

i

)
pki(b+ pc)i

= 1 + p · pk(b+ pc) + pkp(b+ pc)p +

p−1∑
i=2

(
p

i

)
pki(b+ pc)i.

For 2 ≤ i ≤ p− 1 we have p |
(
p
i

)
and therefore

p−1∑
i=2

(
p

i

)
pki(b+ pc)i ≡ 0 mod p2k+1.

Observe that 2k+1 ≥ k+2 so that this sum also vanishes modulo pk+2.

Moreover, we also have kp ≥ k + 2 so that pkp(b + pc)p ≡ 0 mod pk+2.

Hence

ap ≡ 1 + pk+1(b+ pc) ≡ 1 + pk+1b mod pk+2.

The first part of the lemma now follows by induction.

The rest follows, since if p - b, then the greatest power of p dividing

ap
e − 1 is given by pk+e.

The case p = 2 needs some special consideration.

Lemma 4.30. Let a ∈ Z.

(i) If a ≡ 1 + 2kb mod 2k+1 for some b ∈ Z and k ≥ 2, then

a2
e ≡ 1 + 2k+eb mod 2k+e+1

for all e ∈ N. Moreover, if n ≥ k and 2 - b, then the smallest e ∈ N
with a2

e ≡ 1 mod 2n is given by e = n− k.

(ii) If a ≡ −1 + 2mc mod 2m+1 for some c ∈ Z and m ≥ 2, then

a2
e ≡ 1− 2m+ec mod 2m+e+1

for all e ∈ N. Moreover, if n ≥ m + 1 and 2 - c, then the smallest

e ∈ N with a2
e ≡ 1 mod 2n is given by e = n−m. If n = m, then

the smallest such e is given by e = 2.
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(iii) The following two statements are equivalent

(a) a = 1 + 2b with 2 - b.

(b) a = −1 + 2mc with 2 - c and m ≥ 2.

Proof. Part (i) can be proved in the same way as Lemma 4.29.

Consider part (ii). We write a = −1 + 2mc + 2m+1c′ with suitable

c′ ∈ Z. Then

a2 = 1− 2m+1c− 2m+2c′ + 22m(c+ 2c′)2.

Since m ≥ 2, we have

a2 ≡ 1− 2m+1c mod 2m+2.

Using (i), we easily obtain the rest of part (ii).

Let us now verify part (iii). Suppose that (a) holds. Then we find

a = −1 + 2(b + 1). Since 2 - b we have 2 | (b + 1) so that (b) holds.

Conversely, suppose that (b) holds. Then a = 1 + 2(2m−1c − 1) where

2 - (2m−1c− 1). Hence (a) holds.

Corollary 4.31. Let p be a prime, n ∈ N and α ∈ (Z/pnZ)∗ such that

α ≡ 1 mod p.

(i) Suppose that p is odd. Then for 1 ≤ k ≤ n the following two

statements are equivalent

(a) α ∈ 1 + pk(Z/pnZ)∗.

(b) ord(α) = pn−k.

(ii) Suppose that p = 2.

If α ∈ 1 + 2k(Z/2nZ)∗ with 2 ≤ k ≤ n, then ord(α) = 2n−k.

If α ∈ −1+ 2m(Z/2nZ)∗ with 2 ≤ m ≤ n− 1, then ord(α) = 2n−m.

If α = −1, then ord(α) = 2.

Proof. Since α ≡ 1 mod p, we know, by Lemma 4.28 that the order of α

is a power of p. The result thus follows from Lemmas 4.29 and 4.30.

Observe that, by Lemma 4.30 (iii), part (ii) of the above corollary

covers all possible cases.

75



Chapter 4. Congruence Subgroups of Aut(Fn)

Lemma 4.32. Let a =
∏
pnp be the prime factorization of a ∈ N. More-

over, let 0 ≤ kp ≤ np such that α ∈ 1 +
∏
pkp(Z/aZ)∗. Then

| Inn(Z/aZ o ⟨g⟩)| = ord(α) ·
∏

pnp−kp .

Proof. An element (r, gm) ∈ Z/aZo ⟨g⟩ is in the center of Z/aZo ⟨g⟩ if
and only if

(r, gm) = (1, 1)(r, gm)(1, 1)−1 = (1 + r − αm, gm)

and

(r, gm) = (0, g)(r, gm)(0, g)−1 = (αr, gm).

The first equation is equivalent to αm = 1, that is, ord(α) | m and the

second one is equivalent to αr = r. Therefore the center of Z/aZ o ⟨g⟩
is given by

Z(Z/aZ o ⟨g⟩) = {(r, gm) ∈ Z/aZ o ⟨g⟩ | αr = r, ord(α) | m}.

Consider the (additive) subgroup

{r ∈ Z/aZ | rα = r}

of Z/aZ. Clearly rα = r ⇔ r(α−1) = 0. We have α−1 ∈
∏
pkp(Z/aZ)∗.

Hence rα = r ⇔ r
∏
pkp = 0⇔ r ∈ ⟨

∏
pnp−kp⟩. So the above subgroup is

generated by
∏
pnp−kp . In particular, it contains exactly

∏
pkp elements.

It follows that the center of Z/aZo⟨g⟩ has exactly
∏
pkp · ord(g)

ord(α)
elements,

which completes the proof.

Let us consider the sets of generating pairs of Z/pnZo ⟨g⟩ and then,

more generally, of Z/aZ o ⟨g⟩.

Lemma 4.33. Let p be a prime. Then for r, s ∈ Z/pnZ the following

two statements are equivalent.

(a) ⟨(r, g), (s, 1)⟩ = Z/pnZ o ⟨g⟩.

(b) s ∈ (Z/pnZ)∗.
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Proof. For brevity we write H := Z/pnZo⟨α⟩. Then we have an obvious

epimorphism Z/pnZ o ⟨g⟩ → H.

Assume that (a) holds. From the above epimorphism we obtain that

(r, α) and (s, 1) generate H.

Let us first consider the case that α ≡ 1 mod p. We have a natural

epimorphism

H → Z/pZ o ⟨α⟩, (z, αk) 7→ (z, αk).

Since α ≡ 1 mod p, the action of ⟨α⟩ on Z/pZ is trivial. Hence

Z/pZ o ⟨α⟩ = Z/pZ× ⟨α⟩

is a direct product. Moreover, by Lemma 4.28, the element α has p-power

order so that we obtain an epimorphism

⟨α⟩ → Z/pZ, αk 7→ k.

This leads to an epimorphism

H → Z/pZ× Z/pZ, (z, αk) 7→ (z, k).

Now Z/pZ× Z/pZ is generated by the images of (r, α) and (s, 1), which

are given by (r, 1) and (s, 0), respectively. Since Z/pZ × Z/pZ is not

cyclic, it follows that s ̸≡ 0 mod p, i.e., s ∈ (Z/pnZ)∗.

Now we consider the case α ̸≡ 1 mod p, that is, α − 1 ∈ (Z/pnZ)∗.
Clearly we have ord((r, α)) ≥ ord(α). We show that equality holds. To

this end, let m := ord(α). Then

(r, α)m = (r(1 + α + · · ·+ αm−1), 1).

Moreover

0 = αm − 1 = (1 + α + · · ·+ αm−1)(α− 1).

Since α − 1 ∈ (Z/pnZ)∗ this implies (1 + α + · · · + αm−1) = 0. Hence

(r, α)m = (0, 1) so that ord((r, α)) = ord(α). Now observe that, since

H = ⟨(r, α), (s, 1)⟩ and (r, α)(s, 1)(r, α)−1 = (αs, 1), the subgroup of H

generated by (s, 1) is normal. We can thus write every element of H as

(r, α)i(s, 1)j with 1 ≤ i ≤ ord(α) and 1 ≤ j ≤ ord((s, 1)). In particular,

pn · ord(α) = |H| = ord((s, 1)) · ord((α))
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so that ord((s, 1)) = pn. This shows that ord(s) = pn, i.e., s ∈ (Z/pnZ)∗,
as desired.

The fact that (b) implies (a) easily follows from the exact sequence

1 −→ Z/pnZ −→ H −→ ⟨g⟩ −→ 1.

Hence the lemma follows.

We now generalize the above result on Z/pnZ o ⟨g⟩ to the group

Z/aZ o ⟨g⟩.

Corollary 4.34. Let ã | a be the greatest divisor of a satisfying α ≡ 1

mod ã and gcd(ord(g), ã) = 1. Moreover let r, s ∈ Z/aZ such that s is a

unit modulo ã. Then the following two statements are equivalent.

(a) ⟨(r, g), (s, 1)⟩ = Z/aZ o ⟨g⟩.

(b) s ∈ (Z/aZ)∗.

Proof. Let us write G = Z/aZ o ⟨g⟩.

Suppose that (a) holds. It suffices to show that s ̸≡ 0 mod p for

every prime p dividing a. Let a =
∏
pnp be the prime factorization of a.

We consider two cases.

Case 1: We have α ≡ 1 mod pnp . If p - ord(g), then, by definition of ã,

we have p | ã. Since s is a unit modulo ã, it then follows that it is also

a unit modulo p so that s ̸≡ 0 mod p. If p | ord(g), we have a natural

epimorphism

G→ Z/pZ× ⟨g⟩ → Z/pZ× Z/pZ

mapping (r, g) onto (r, 1) and (s, 1) onto (s, 0). Since Z/pZ × Z/pZ is

not cyclic, it now follows that s ̸≡ 0 mod p.

Case 2: We have α ̸≡ 1 mod pnp . Then we obtain an epimorphism

G→ Z/pnpZ o ⟨g⟩

with ⟨g⟩ acting non-trivially on Z/pnpZ. Now Lemma 4.33 yields that s

is a unit modulo pnp .

The fact that (b) implies (a) follows from the exact sequence

1 −→ Z/aZ −→ G −→ ⟨g⟩ −→ 1.

This completes the proof.
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We now use Lemma 2.6 to determine the number of generating pairs

of Z/aZ o ⟨g⟩. As usual, we write ϕ for the Euler ϕ-function.

Corollary 4.35. Let ã | a be the greatest divisor of a satisfying α ≡
1 mod ã and gcd(ord(g), ã) = 1. The number of generating pairs of

Z/aZ o ⟨g⟩ is
ϕ(a) · a
ϕ(ã)

· ã · ord(g)2 ·
∏

(1− q−2)

where the product runs over all primes q dividing ã·ord(g). In particular,

the group Z/pnZ o ⟨g⟩ with p prime and ⟨g⟩ acting non-trivially has

exactly

ϕ(pn) · pn · ord(g)2 ·
∏

q|ord(g)
q prime

(1− q−2) = ϕ(pn) · pn · [SL2(Z) : Γ1(ord(g))]

generating pairs.

Proof. We write G = Z/aZ o ⟨g⟩ and consider the natural epimorphism

G→ Z/ãZ×⟨g⟩. Observe that Z/ãZ×⟨g⟩ is cyclic. Therefore, by Propo-

sition 4.10, the product replacement graph V2(Z/ãZ×⟨g⟩) is connected.
By Lemma 2.7, it follows that all generating pairs of Z/ãZ × ⟨g⟩ have
the same number of lifts to G.

Consider the generating pair ((0, g), (1, 1)) of Z/ãZ× ⟨g⟩. By Corol-

lary 4.34, the lifts of this pair are precisely the pairs ((r, g), (s, 1)) with

r ∈ ker(Z/aZ → Z/ãZ) and s ∈ ker((Z/aZ)∗ → (Z/ãZ)∗). Hence we

have a/ã choices for r and ϕ(a)/ϕ(ã) choices for s so that this pair has

exactly ϕ(a)·a
ϕ(ã)·ã lifts to Z/aZ o ⟨g⟩.

Since Z/ãZ× ⟨g⟩ is cyclic of order ã · ord(g), we know from Proposi-

tion 4.10 that the number of generating pairs of Z/ãZ× ⟨g⟩ is exactly

ã2 · ord(g)2 ·
∏

(1− q−2)

where the product runs over all primes q dividing ã · ord(g). This leads

to the desired number of generating pairs of Z/aZ o ⟨g⟩.

Now suppose that a = pn is a prime power and g acts by α ̸= 1. We

claim that ã = 1. Assume that ã ̸= 1, i.e., ã is a non-trivial power of p.

Since α ≡ 1 mod ã, we have α ≡ 1 mod p so that, by Lemma 4.28,

we obtain p | ord(α) and hence p | ord(g). But gcd(ord(g), ã) = 1,
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contradiction. This proves the second formula. The last equality holds

by Proposition 3.1.

Lemma 4.36. Let G = Z/aZo ⟨g⟩ be a semidirect product of two finite

cyclic groups. Then G has only one T2-system.

Proof. As above, let ã | a be the greatest divisor of a satisfying α ≡ 1

mod ã and gcd(ord(g), ã) = 1. Recall that we have an epimorphism G→
Z/ãZ×⟨g⟩ and thatV2(Z/ãZ×⟨g⟩) is connected. Therefore we can move

every generating pair of G to a lift of ((0, g), (1, 1)) ∈ V2(Z/ãZ o ⟨g⟩),
that is, by Corollary 4.34, a pair ((r, g), (s, 1)) ∈ V2(Z/aZ o ⟨g⟩) with

r ∈ ker(Z/aZ → Z/ãZ) and s ∈ ker((Z/aZ)∗ → (Z/ãZ)∗). Since s ∈
(Z/aZ)∗, we find some k ∈ Z such that k ≡ −rs−1α−1 mod a. We now

obtain

((r, g)(s, 1)k, (s, 1)) = ((0, g), (s, 1)).

Finally, we have an automorphism of G induced by (0, g) 7→ (0, g) and

(s, 1) 7→ (1, 1), which shows that G indeed has only one T2-system.

Lemma 4.37. Consider the semidirect product Z/pnZo⟨g⟩ with p prime

and g acting by α ∈ (Z/pnZ)∗. If α ̸≡ 1 mod p, then V2(Z/pnZ o ⟨g⟩)
has exactly ϕ(pn) · ord(α)−1 connected components, each of size

| Inn(Z/pnZ o ⟨g⟩)| · [SL2(Z) : Γ1(ord(g))].

Proof. As seen in the proof of Lemma 4.36, each connected component

of V2(Z/pnZ o ⟨g⟩) contains a pair of the form

((0, g), (s, 1)).

For every 0 ≤ e ≤ ord(α)− 1, this pair is in the same component as

((0, g), (0, g)e(s, 1)(0, g)−e) = ((0, g), (αes, 1)).

Hence V2(Z/pnZ o ⟨g⟩) has at most ϕ(pn) · ord(α)−1 connected compo-

nents.

To determine a lower bound for the number of connected components

consider the commutator

[(0, g), (s, 1)] = ((α− 1)s, 1)
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whose conjugates are (αe(α − 1)s, 1), 0 ≤ e ≤ ord(α) − 1. Hence, if

((0, g), (s′, 1)) is in the same connected component as ((0, g), (s, 1)), then

αe(α− 1)s = (α− 1)s′ for some e. Furthermore, since α ̸≡ 1 mod p this

implies αes = s′. So we see that the number of connected components is

exactly ϕ(pn) · ord(α)−1.

Since, as a consequence of Lemma 4.36, all components have the same

size, each of them must have exactly

|V2(Z/pnZ o ⟨g⟩)| · ϕ(pn)−1 · ord(α)
=pn · ord(α) · [SL2(Z) : Γ1(ord(g))], by Cor. 4.35

=| Inn(Z/pnZ o ⟨g⟩)| · [SL2(Z) : Γ1(ord(g))], by Lem. 4.32

vertices. This completes the proof.

By similar computations one can also determine upper and lower

bounds for the number of connected components of V2(Z/pnZ o ⟨g⟩) in
the case α ≡ 1 mod p. However, the following computation is more

convenient.

We note that we first determine a lower bound for the number of

connected components of V2(Z/pnZ o ⟨g⟩) in the case α ≡ 1 mod p.

Later on we will get the exact number.

Lemma 4.38. Suppose that α ∈ 1 + pk(Z/pnZ)∗ for some 1 ≤ k ≤
n − 1. Then V2(Z/pnZ o ⟨g⟩) has at least ϕ(gcd(pk, ord(g))) connected

components. Moreover, all components have the same size and this size

is less than or equal to

p2n

gcd(pk, ord(g))
· [SL2(Z) : Γ1(ord(g))].

Proof. Since the action of ⟨g⟩ on Z/pkZ is trivial, we have an epimor-

phism

Z/pnZ o ⟨g⟩ → Z/pkZ× ⟨g⟩.

Observe that

Z/pkZ× ⟨g⟩ ∼= Z/ lcm(pk, ord(g))Z× Z/ gcd(pk, ord(g))Z.

From Proposition 4.10 we thus know that V2(Z/pkZ × ⟨g⟩) has exactly
ϕ(gcd(pk, ord(g))) connected components. By Theorem 2.5, this proves
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the first result. We know from Lemma 4.36 that all connected compo-

nents ofV2(Z/pnZo⟨g⟩) have the same size. Furthermore, Corollary 4.35

yields thatV2(Z/pnZo⟨g⟩) has exactly p2n(1−p−1)·[SL2(Z) : Γ1(ord(g))]

elements. Note that, by Lemma 4.28, we have p | ord(α) and hence also

p | ord(g). This shows that gcd(pk, ord(g)) = pe for some 1 ≤ e ≤ k and

therefore

ϕ(gcd(pk, ord(g))) = gcd(pk, ord(g)) · (1− p−1).

We now see that each connected component has at most

|V2(Z/pnZ o ⟨g⟩)|
ϕ(gcd(pk, ord(g)))

=
p2n(1− p−1) · [SL2(Z) : Γ1(ord(g))]

gcd(pk, ord(g)) · (1− p−1)

vertices, which proves the rest of the lemma.

If p = 2 and α ∈ 1 + 2(Z/2nZ)∗, n ≥ 2, the above lemma only yields

that V2(Z/2nZ o ⟨g⟩) has at least one connected component, which is

obvious. To prove our main result we need a better bound in this very

special case and we provide it in the next lemma. Recall that, in this

case, α ∈ −1 + 2m(Z/2nZ)∗ for some 2 ≤ m ≤ n.

Lemma 4.39. Suppose that p = 2 and α ∈ 1 + 2(Z/2nZ)∗, n ≥ 2.

(i) If α ∈ −1 + 2m(Z/2nZ)∗, 2 ≤ m ≤ n− 1, then the product replace-

ment graph V2(Z/2nZ o ⟨g⟩) has at least 2m−1 connected compo-

nents. Moreover, each component has size less than or equal to

22n−m · [SL2(Z) : Γ1(ord(g))].

(ii) If α = −1, then V2(Z/2nZo ⟨g⟩) has at least 2n−2 connected com-

ponents, each of size less than or equal to

2n+1 · [SL2(Z) : Γ1(ord(g))].

Proof. Note that, by Corollary 4.35, the graph V2(Z/2nZ o ⟨g⟩) has

exactly

ϕ(2n) · 2n · [SL2(Z) : Γ1(ord(g))] = 22n−1 · [SL2(Z) : Γ1(ord(g))]

vertices.
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To prove part (i) we make use of the Higman invariant. As we already

know, for s ∈ (Z/2nZ)∗, the pair ((0, g), (s, 1)) generates Z/2nZ o ⟨g⟩.
Observe that the conjugacy class of [(0, g), (s, 1)] = (s(α− 1), 1) is

C(s) := {(s(α− 1)αe, 1) ∈ Z/2nZ o ⟨g⟩ | 0 ≤ e ≤ ord(α)− 1}.

We now show that, as s runs through (Z/2nZ)∗, we obtain at least 2m−1

distinct conjugacy classes C(s). Since for each conjugacy class there is

at least one connected component in V2(Z/2nZ o ⟨g⟩), this implies the

desired result.

Since α ∈ −1+2m(Z/2nZ)∗, Lemma 4.30 (iii) yields α−1 ∈ 2(Z/2nZ)∗.
Hence for s, s′ ∈ (Z/2nZ)∗, we find

C(s) = C(s′) ⇐⇒ 2s = 2s′αe for some 0 ≤ e ≤ ord(α)− 1.

Therefore we need to consider the action of ⟨α⟩ on the set 2(Z/2nZ)∗ by
multiplication. To be precise, we need to show that there are at least

2m−1 orbits under this action. The set 2(Z/2nZ)∗ contains exactly 2n−2

elements. Indeed, for s, s′ ∈ (Z/2nZ)∗ we have 2s = 2s′ if and only if s =

s′ or s′ = s+2n−1. For s ∈ (Z/2nZ)∗, the orbit length of 2s in 2(Z/2nZ)∗

is given by the index [⟨α⟩ : Stab(2s)]. By Lemma 4.30 we have α2n−m−1
=

1 − 2n−1β for some β ∈ (Z/2nZ)∗ so that 1 ̸= α2n−m−1 ∈ Stab(2s) and

| Stab(2s)| ≥ 2. Moreover, by Corollary 4.31 we have ord(α) = 2n−m.

Therefore

[⟨α⟩ : Stab(2s)] ≤ ord(α)

2
= 2n−m−1.

Since each orbit has length at most 2n−m−1, there must be at least

2n−2/2n−m−1 = 2m−1 orbits in 2(Z/2nZ)∗, as desired.

To prove part (ii) observe that we have an epimorphism

Z/2nZ o ⟨g⟩ → Z/2nZ o ⟨−1⟩ ∼= D2n .

By Corollary 4.18 we know that V2(D2n) has exactly ϕ(2n)/2 = 2n−2

connected components. By Theorem 2.5, the lemma follows.

Let us reformulate the above results as

Corollary 4.40. Suppose that α ̸= 1. Then the following holds.
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(i) If α ̸≡ 1 mod p, then

[SL2(Z) : ρ(Γ+(Z/pnZ o ⟨g⟩, π))] = [SL2(Z) : Γ1(ord(g)).]

(ii) If α ∈ 1 + pk(Z/pnZ)∗ where 1 ≤ k ≤ n − 1, then the index of

ρ(Γ+(Z/pnZ o ⟨g⟩, π)) in SL2(Z) is less than or equal to

p2k

gcd(pk, ord(g))
· [SL2(Z) : Γ1(ord(g))].

Proof. By Lemma 4.4, the index [Aut+(F2) : Γ
+(Z/pnZo⟨g⟩, π)] is equal

to

| Inn(Z/pnZ o ⟨g⟩)| · [SL2(Z) : ρ(Γ+(Z/pnZ o ⟨g⟩, π))].

Recall that [Aut+(F2) : Γ
+(Z/pnZ o ⟨g⟩, π)] also coincides with the size

of the connected component containing (π(x), π(y)) in V2(Z/pnZo ⟨g⟩).
Hence part (i) follows directly from Lemma 4.37.

Let us now consider part (ii). For p odd we can use the results on

the connected components of V2(Z/pnZ o ⟨g⟩) given by Lemma 4.38

together with the fact that, by Corollary 4.31 and Lemma 4.32, we have

| Inn(Z/pnZo ⟨g⟩)| = pn−k · ord(α) = p2(n−k). For p = 2 we consider two

cases.

If α ∈ 1 + 2k(Z/2nZ)∗, 2 ≤ k ≤ n− 1, we have | Inn(Z/2nZo ⟨g⟩)| =
2n−k · ord(α) = 22(n−k) and can argue as before.

If α ∈ 1 + 2(Z/2nZ)∗, then α ∈ −1 + 2m(Z/2nZ)∗ with 2 ≤ m ≤ n.

Note that we have to show that the index of ρ(Γ+(Z/2nZ o ⟨g⟩, π)) in

SL2(Z) is less than or equal to

2 · [SL2(Z) : Γ1(ord(g))].

For 2 ≤ m ≤ n − 1 we use Lemma 4.39 (i) and the fact that, by Corol-

lary 4.31 and Lemma 4.32, we have

Inn(Z/2nZ o ⟨g⟩) = 2n−1 · ord(α) = 22n−m−1.

For m = n, we have α = −1 and use Lemma 4.39 (ii) together with the

fact that, again by Corollary 4.31 and Lemma 4.32, we have

Inn(Z/2nZ o ⟨g⟩) = 2n−1 · ord(α) = 22n.

This completes the proof.
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With these results we now determine the image of Γ+(Z/pnZ o ⟨g⟩)
in SL2(Z) up to conjugation.

Lemma 4.41. Let π : F2 → Z/pnZ o ⟨g⟩ be the epimorphism given

by π(x) = (0, g) and π(y) = (1, 1). If 0 ≤ k ≤ n such that α ∈ 1 +

pk(Z/pnZ)∗, then

ρ(Γ+(Z/pnZ o ⟨g⟩, π)) = Γ(ord(g), pk).

Proof. We have a natural epimorphism Z/pnZ o ⟨g⟩ → Z/pkZ× ⟨g⟩, so
that, by our discussion in Section 4.1.1, we find

ρ(Γ+(Z/pnZ o ⟨g⟩, π)) ≤ Γ(ord(g), pk).

We show that equality holds by considering the indices of these two

groups in SL2(Z).

If α ̸≡ 1 mod p, we can use Corollary 4.40 (i) to obtain the desired

result.

Consider the case 1 ≤ k ≤ n− 1. We have

[SL2(Z) : Γ(ord(g), pk)]

= lcm(ord(g), pk)2 · gcd(ord(g), pk) ·
∏

(1− q−2), by Cor. 4.6

=
ord(g)2 · p2k

gcd(ord(g), pk)
·
∏

(1− q−2)

where the product runs over all primes q dividing lcm(ord(g), pk). Since,

by Lemma 4.28, we have p | ord(α) and hence also p | ord(g), this is

equivalent to saying that the product runs over all primes q dividing

ord(g). Therefore the above expression is equal to

p2k

gcd(ord(g), pk)
· [SL2(Z) : Γ1(ord(g)].

Now we apply part (ii) of Corollary 4.40.

Finally, if k = n, then Z/pnZ o ⟨g⟩ = Z/pnZ× ⟨g⟩ is abelian so that

the result follows immediately.

Note that, in particular, we now know the exact index of the image

ρ(Γ+(Z/pnZ o ⟨g⟩, π)) in SL2(Z).

Now we have all results we need to complete the proof of our theorem.
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Proof of Theorem 4.24. The fact that, up to conjugation, Γ+(G, π) does

not depend on the epimorphism follows from Lemma 4.36. For simplicity

we may thus assume that π(x) = (0, g) and π(y) = (1, 1).

Let a =
∏
pnp be the prime factorization of a. Then for each prime p

dividing a we have an obvious epimorphism

πp : Z/aZ o ⟨g⟩ −→ Z/pnpZ o ⟨g⟩

where the action of ⟨g⟩ on Z/pnpZ is given by g 7→ α with α denoting

the image of α in (Z/pnpZ)∗. Clearly we have
∩
ker(πp) = 1 so that

Lemma 4.1 yields

Γ+(Z/aZ o ⟨g⟩, π) =
∩

Γ+(Z/pnpZ o ⟨g⟩, πpπ).

If α ∈ 1 + pkp(Z/pnpZ)∗ with 0 ≤ kp ≤ np, Lemma 4.41 yields that

ρ(Γ+(Z/pnpZ o ⟨g⟩, πpπ)) = Γ(ord(g), pkp).

Hence we obtain

ρ(Γ+(Z/aZ o ⟨g⟩, π)) =
∩

Γ(ord(g), pkp) = Γ(ord(g),
∏

pkp).

Finally, we know by Lemma 4.4 that the index of Γ+(G, π) in Aut+(F2)

is given by

| Inn(G)| · [SL2(Z) : ρ(Γ+(G, π))].

By Lemma 4.32 we have | Inn(G)| =
∏
pnp−kp · ord(α) where the kp are

given by α ∈ 1 +
∏
pkp(Z/aZ)∗. Moreover, by Corollary 4.6 we have

[SL2(Z) : Γ(ord(g),
∏

pkp)]

= lcm(ord(g),
∏

pkp)2 · gcd(ord(g),
∏

pkp) ·
∏

(1− q−2)

=
ord(g)2 ·

∏
p2kp

gcd(ord(g),
∏
pkp)
·
∏

(1− q−2)

where q runs through all primes dividing lcm(ord(g),
∏
pkp).

4.4.2 Product Replacement Graphs of Semidirect Products

of Cyclic Groups

Using our above results, we find
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Theorem 4.42. Let a ∈ N and α ∈ (Z/aZ)∗. Consider the group G :=

Z/aZo ⟨g⟩ where the finite cyclic group ⟨g⟩ acts on Z/aZ via ⟨g⟩ → ⟨α⟩,
g 7→ α. Let a =

∏
pnp be the prime factorization of a and let kp such

that α ∈ 1 +
∏
pkp(Z/aZ)∗. Moreover, let ã | a be the greatest divisor

of a satisfying α ≡ 1 mod ã and gcd(ord(g), ã) = 1. Then the following

holds.

(i) The group G has only one T2-system.

(ii) The graph V2(G) has exactly

ϕ(a) · a · ϕ(ã)−1 · ã · ord(g)2
∏

(1− q−2)

vertices, where the product runs over all primes q dividing ã·ord(g).

(iii) The number of connected components of V2(G) is

ã · ord(g) · ϕ(a)
ϕ(ã) · ord(α) · lcm(ord(g),

∏
pkp)

.

(iv) The number of vertices of each connected component of V2(G) is

a · ord(α) · ord(g)2 ·
∏
pkp

gcd(ord(g),
∏
pkp)

·
∏

(1− q−2)

where the very last product runs over all prime numbers q dividing

lcm(ord(g),
∏
pkp).

Proof. Part (i) is given by Lemma 4.36, part (ii) is given by Corollary 4.35

and part (iv) follows from Theorem 4.24 (ii). So we only have to verify

part (iii). Using (ii) and (iv), we find that the size of each connected

component of V2(G) is

ϕ(a) · ã · gcd(ord(g),
∏
pkp)

ϕ(ã) · ord(α) ·
∏
pkp

·
∏

(1− q−2)

where the last product runs over all primes q dividing ã · ord(g), but
not lcm(ord(g),

∏
pkp). Since gcd(ord(g), ã) = 1, this is equivalent to

saying that q | ã, but q -
∏
pkp . However, if q | ã, then α ≡ 1 mod q so

that kq ≥ 1 and q |
∏
pkp . So such q does not exist. Therefore the last

product is empty and one can easily rewrite the above fraction to obtain

the desired result.
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4.5 Congruence Subgroups associated to

Certain Wreath Products

The last family of standard congruence subgroups of Aut+(F2) we con-

sider consists of congruence subgroups associated to certain wreath prod-

ucts of finite cyclic groups. We shall prove Theorems H, I and J in this

section. We note that this is the first family of congruence subgroups

whose image in SL2(Z) is not quite understood. In particular, it is not

yet clear if it is always a congruence subgroup.

4.5.1 Wreath Products of the Form Z/mZ ≀ Z/2Z

In this section we consider the case that

G = Z/mZ ≀ Z/2Z = (Z/mZ× Z/mZ)o Z/2Z.

Throughout the whole section we assume that m =
∏
pkp is the prime

factorization of m.

Our aim is to prove

Theorem 4.43. Let m be odd and m =
∏
pkp be its prime factorization.

(i) Up to conjugation, Γ+(Z/mZ ≀Z/2Z, π) only depends on m, but not

on the particular epimorphism π : F2 → Z/mZ ≀ Z/2Z.

(ii) The index of Γ+(Z/mZ≀Z/2Z, π) in Aut+(F2) is 6m
3
∏

p|m(1−p−2).

(iii) The image ρ(Γ+(Z/mZ≀Z/2Z, π)) ≤ SL2(Z) is conjugate to Γ(m, 2).

In particular, it is a congruence subgroup.

The case thatm is even is excluded from the above theorem. However,

we will show

Theorem 4.44. Let k ≥ 2. Then the following holds.

(i) Up to conjugation, Γ+(Z/2kZ ≀Z/2Z, π) only depends on k, but not

on the particular epimorphism π : F2 → Z/2kZ ≀ Z/2Z.

(ii) The index of Γ+(Z/2kZ ≀ Z/2Z, π) in Aut+(F2) is 3 · 23k+1.
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(iii) For k ≥ 2, the image ρ(Γ+(Z/2kZ≀Z/2Z, π)) ≤ SL2(Z) is conjugate
to a subgroup of index 2 in Γ(2k, 2).

Here the case k = 1 is excluded. Observe that, Z/2Z ≀ Z/2Z ∼= D4 so

that we can refer to Theorem 4.12. We thus see that part (i) is still true

in this case. However, we find that the index of Γ+(Z/2Z ≀ Z/2Z, π) in

Aut+(F2) is 24 = 3 · 23 and that ρ(Γ+(Z/2Z ≀ Z/2Z, π)) = Γ(2, 2).

Let us now prove the main results of this section. We start by deter-

mining the numbers of generating pairs of the groups Z/mZ ≀ Z/2Z and

Z/2kZ ≀ Z/2Z.

Lemma 4.45. Let m be odd and m =
∏
pkp be its prime factorization.

Then

|V2(Z/mZ ≀ Z/2Z)| = 3m4
∏
p|m

(1− p−1)(1− p−2).

Moreover, for k ∈ N, we have

|V2(Z/2kZ ≀ Z/2Z)| = 3 · 24k−1.

Proof. Let G := Z/mZ ≀ Z/2Z. We have an exact sequence

1 −→ [G,G] −→ G −→ Z/mZ× Z/2Z −→ 1 (4.9)

where the epimorphism G→ Z/mZ× Z/2Z of G onto its abelianization

is given by ((a, b), c) 7→ (a+ b, c). Accordingly, [G,G] = ⟨((b,−b), 0)⟩ for
any b ∈ (Z/mZ)∗. The group Z/mZ × Z/2Z is generated by (1, 1) and

this element lifts to ((0, 1), 1) ∈ G. Hence, every pair of the form

((b,−b), 0), ((0, 1), 1), b ∈ (Z/mZ)∗

generates G.

We know by Theorem 4.10 that V2(Z/mZ × Z/2Z) is connected.

Therefore, by Lemma 2.7, all generating pairs of Z/mZ×Z/2Z have the

same number of lifts. For simplicity, we consider

((1, 1), (0, 0)) ∈ V2(Z/mZ× Z/2Z).

Preimages of this pair have the form

(((a, 1− a), 1), ((b,−b), 0)). (4.10)
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For every prime p | m we have a natural epimorphism Z/mZ ≀ Z/2Z →
Z/pZ≀Z/2Z. Note that Z/pZ≀Z/2Z is not cyclic. Hence, if the pair (4.10)

generates G, we have b ̸≡ 0 mod p for all p | m so that b ∈ (Z/mZ)∗.
Conversely, if b ∈ (Z/mZ)∗, sequence (4.9) implies that the pair (4.10)

generates G. It follows that every generating pair of Z/mZ× Z/2Z has

exactly m · ϕ(m) lifts to G. By Proposition 4.10, we know that

|V2(Z/mZ× Z/2Z)| = 3m2
∏
p|m

(1− p−2)

which completes the proof for the first formula.

Let H := Z/2kZ ≀ Z/2Z. We use the fact that a subset of a group

generates the group if and only if it generates the group modulo its

Frattini subgroup, see [23, Sec. 5.2], and that the Frattini subgroup of

a finite p-group can easily be described. To be concrete, in our case,

the Frattini subgroup of H is given by Φ(H) = H2[H,H]. Consider the

natural projections

H −→ H/[H,H] −→ H/Φ(H).

If ⟨g, h⟩ = H, then, clearly, ⟨g, h mod [H,H]⟩ = H/[H,H]. Conversely,

suppose that ⟨g, h mod [H,H]⟩ = H/[H,H]. Then ⟨g, h mod Φ(H)⟩ =
H/Φ(H). So, by the above mentioned result, we find ⟨g, h⟩ = H for every

lift (g, h) of (g, h mod [H,H]). Since |[H,H]| = 2k, every generating pair

(g, h mod [H,H]) has exactly 22k lifts to H. Since, by Proposition 4.10,

we have |V2(Z/2kZ× Z/2Z)| = 3 · 22k−1, the proof is complete.

Lemma 4.46. For m odd, the number of connected components of the

graph V2(Z/mZ ≀ Z/2Z) is ϕ(m)/2. For k ≥ 2, the number of connected

components of V2(Z/2kZ ≀ Z/2Z) is 2k−2.

Proof. Let us write G := Z/mZ ≀ Z/2Z. As above, we use the epi-

morphism G → Z/mZ × Z/2Z given by ((a, b), c) 7→ (a + b, c). Since

V2(Z/mZ × Z/2Z) is connected, every connected component of V2(G)

contains a lift of the pair ((1, 1), (0, 0)), that is, as seen in the proof of

Lemma 4.45, a pair of the form

(((a, 1− a), 1), ((b,−b), 0)), b ∈ (Z/mZ)∗.
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Choose k ∈ N such that kb ≡ −a mod m. Then

((b,−b), 0)k · ((a, 1− a), 1) = ((0, 1), 1).

So every connected component contains a pair of the form

(((0, 1), 1), ((b,−b), 0)), b ∈ (Z/mZ)∗.

Conjugating this pair with ((0, 1), 1), we obtain the pair

(((0, 1), 1), ((−b, b), 0))

which is therefore contained in the same component. Hence there are at

most ϕ(m)/2 connected components in V2(G).

For a lower bound, consider the commutator

[((0, 1), 1), ((−b, b), 0)] = ((−2b, 2b), 0).

This element has itself and its inverse as only conjugates. So we see that

there must be at least ϕ(m)/2 connected components, which completes

the proof for m odd.

Let H := Z/2kZ ≀ Z/2Z with k ≥ 2. Again we consider the epi-

morphism H → Z/2kZ × Z/2Z onto the abelianization. Also the graph

V2(Z/2kZ×Z/2Z) is connected so that every component of V2(H) con-

tains a lift of the pair ((1, 0), (0, 1)), that is, a pair of the form

(((a, 1− a), 0), ((b,−b), 1)), b ∈ (Z/2kZ)∗.

Since gcd(2a − 1, 2) = 1, we can find l ∈ N such that l(2a − 1) ≡ −b
mod 2k. Now

((a, 1− a), 0)l · ((b,−b), 1) · ((a, 1− a), 0)−l = ((0, 0), 1)

so that every component of V2(H) contains a pair of the form

(((a, 1− a), 0), ((0, 0), 1)).

Conjugating this pair with ((0, 0), 1), we see that the same orbit also

contains

(((1− a, a), 0), ((0, 0), 1)).
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Applying the Nielsen move corresponding to the automorphism x 7→
x−1, y 7→ y−1, we see that, besides the two pairs we have already found,

also the pairs

(((−a, a− 1), 0), ((0, 0), 1)) and (((a− 1,−a), 0), ((0, 0), 1))

are in the same connected component. One easily verifies that for every

a ∈ Z/2kZ these four pairs are pairwise distinct. Hence there are at

most 2k−2 orbits.

For a lower bound, we consider the Higman invariant again. Also in

this case the commutator

[((a, 1− a), 0), ((0, 0), 1)] = ((2a− 1, 1− 2a), 0)

has itself and its inverse as only conjugates. Since we have 2k choices

for a, we have 2k−1 choices for 2a and so, finally, 2k−2 different Higman

invariants.

Lemma 4.47. For m odd the group Z/mZ ≀Z/2Z admits a presentation

⟨A,B | Am = B2m = 1, BAB−1 = A−1⟩

where A and B can be identified with ((1,−1), 0) and ((0, 1), 1), respec-

tively.

The group Z/2kZ ≀ Z/2Z admits a presentation

⟨C,D | C2k = D2 = [C,D]2
k

= 1, [C,DCD−1] = 1⟩

where C and D can be identified with ((1, 0), 0) and ((0, 0), 1), respec-

tively.

Proof. The first presentation can easily be obtained from the exact se-

quence

1 −→ ⟨((1,−1), 0)⟩ −→ Z/mZ ≀ Z/2Z −→ Z/mZ× Z/2Z −→ 1

together with Proposition 2.1.

We now consider the group Z/2kZ ≀Z/2Z. Also here we use the exact

sequence

1 −→ ⟨((1,−1), 0)⟩ −→ Z/2kZ ≀ Z/2Z −→ Z/2kZ× Z/2Z −→ 1
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together with Proposition 2.1. In this case, however, the group on the

right is not cyclic, but generated by (1, 0) and (0, 1). The first element

has order 2k and lifts to ((1, 0), 0) = C, the second element has order 2

and lifts to ((0, 0), 1) = D. Setting K := ((1,−1), 0) we now obtain the

following presentation.

⟨C,D,K | C2k = D2 = K2k = 1, CDC−1D−1 = K,

CKC−1 = K,DKD−1 = K−1⟩

We see that we can replace K by CDC−1D−1 = [C,D] and delete K

from the list of generators to obtain

⟨C,D | C2k = D2 = [C,D]2
k

= 1,

CDC−1D−1C−1 = DC−1D−1, DC−1D−2 = D−1C−1⟩.

The last relation is equivalent to D2CD−2 = C and thus redundant,

because D2 = 1. So, deleting this relation and rewriting the second last

relation as [C,DCD−1] = 1, we obtain the desired result.

Corollary 4.48. Let m be odd and k ≥ 2. The groups Z/mZ ≀Z/2Z and

Z/2kZ ≀Z/2Z both have only one T2-System. In particular, all connected

components of V2(Z/mZ ≀Z/2Z) and of V2(Z/2kZ ≀Z/2Z) have the same

size.

Proof. We have already seen that every connected component of the

graph V2(Z/mZ ≀ Z/2Z) contains a pair of the form

(((0, 1), 1), ((b,−b), 0)), b ∈ (Z/mZ)∗.

Using the presentation given in Lemma 4.47, one easily verifies that

((0, 1), 1) 7→ ((0, 1), 1), ((b,−b), 0) 7→ ((1,−1), 0)

induces an automorphism of Z/mZ ≀ Z/2Z.

Similarly, we know that every orbit of V2(Z/2kZ ≀ Z/2Z) contains a
pair of the form

(((1− a, a), 0), ((0, 0), 1)).

Here one can verify, using the above presentation, that

((1− a, a), 0) 7→ ((1, 0), 0), ((0, 0), 1) 7→ ((0, 0), 1)

induces an automorphism of Z/2kZ ≀ Z/2Z.
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Proof of Theorem 4.43. The fact that, up to conjugation, Γ+(Z/mZ ≀
Z/2Z, π) does not depend on π follows from Corollary 4.48. We may

thus assume that

π : F2 → Z/mZ ≀ Z/2Z, x 7→ ((1, 0), 0), y 7→ ((0, 0), 1).

Composing this epimorphism with the projection onto the abelianization

of Z/mZ ≀ Z/2Z, we obtain

π̄ : F2 → Z/mZ× Z/2Z, x 7→ (1, 0), y 7→ (0, 1).

This implies that ρ(Γ+(Z/mZ ≀ Z/2Z, π)) ≤ Γ(m, 2).

By Lemmas 4.45, 4.46 and Corollary 4.48, we find that each connected

component has exactly 6m3
∏
(1− p−2) vertices, which proves the result

on the index of Γ+(Z/mZ ≀ Z/2Z, π) in Aut+(F2).

We have

Z(Z/mZ ≀ Z/2Z) = {((a, a), 0) ∈ Z/mZ ≀ Z/2Z | a ∈ Z/mZ}

so that |Z(G)| = m and | Inn(Z/mZ ≀ Z/2Z)| = 2m. This shows, by

Corollary 4.4, that

[SL2(Z) : ρ(Γ+(Z/mZ ≀ Z/2Z, π))] = 3m2
∏
p|m

(1− p−2).

Since, by Proposition 3.1, this corresponds to the index of Γ(m, 2) in

SL2(Z), we obtain the desired result.

Proof of Theorem 4.44. The fact that, up to conjugation, Γ+(Z/2kZ ≀
Z/2Z, π) does not depend on π follows from Corollary 4.48. So we may

assume that

π : F2 → Z/2kZ ≀ Z/2Z, x 7→ ((1, 0), 0), y 7→ ((0, 0), 1).

We compose this epimorphism with the projection onto the abelianization

of Z/2kZ ≀ Z/2Z to obtain

π̄ : F2 → Z/2kZ× Z/2Z, x 7→ (1, 0), y 7→ (0, 1).

Hence ρ(Γ+(Z/2kZ ≀ Z/2Z, π)) ≤ Γ(2k, 2).
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Suppose that k ≥ 2. By Lemmas 4.45, 4.46 and Corollary 4.48, we

know that each connected component of V2(Z/2kZ ≀ Z/2Z) has exactly

3 · 23k+1 vertices. Moreover, we have | Inn(Z/2kZ ≀ Z/2Z)| = 2k+1, so

that the index of ρ(Γ+(Z/2kZ ≀ Z/2Z, π)) in SL2(Z) is 3 · 22k, while, by
Proposition 3.1, we have [SL2(Z) : Γ(2k, 2)] = 3 · 22k−1.

Let us point out the following observation. Suppose that k ≥ 2 and

consider the matrix (
1 + 2k −2k

2k 1− 2k

)
∈ Γ(2k).

One easily sees that

φ =

x 7→ (xy)2
k
x

y 7→ x−1(xy)1−2k .

induces an automorphism of F2, which is mapped onto the above matrix

by ρ. Now the preimages of this matrix under ρ are exactly the auto-

morphisms αφ with α ∈ Inn(F2). Following the notation in Lemma 4.47,

let π : F2 → Z/2kZ ≀ Z/2Z be the epimorphism given by π(x) := C and

π(y) := D. Now

π(φ(x)) = (CD)2
k

C = ((2k−1 + 1, 2k−1), 0).

The only conjugates of C = ((1, 0), 0) in Z/2kZ ≀ Z/2Z are C itself

and ((0, 1), 0). Hence, there exists no α ∈ Inn(F2) such that αφ ∈
Γ+(Z/2kZ ≀ Z/2Z, π). It follows that the above matrix is not contained

in ρ(Γ+(Z/2kZ ≀ Z/2Z, π)). Hence ρ(Γ+(Z/2kZ ≀ Z/2Z, π)) does not con-
tain the principal congruence subgroup Γ(2k). Computer experiments,

however, indicate that ρ(Γ+(Z/2kZ ≀ Z/2Z, π)) contains Γ(2k+1).

We will make a similar observation for the group Z/pZ ≀Z/pZ with p

prime at the end of the following section.

4.5.2 Wreath Products of the Form Z/pZ ≀ Z/pZ

Let us now consider the case that

G = (Z/pZ) ≀ (Z/pZ) = (Z/pZ)p o Z/pZ
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where p is an odd prime and Z/pZ acts on (Z/pZ)p by a cyclic shift of

the coordinates. For these groups, we prove

Theorem 4.49. Let p be an odd prime.

(i) Up to conjugation, Γ+(Z/pZ ≀ Z/pZ, π) only depends on p, but not

on the particular epimorphism π : F2 → Z/pZ ≀ Z/pZ.

(ii) The index of Γ+(Z/pZ ≀ Z/pZ, π) in Aut+(F2) is p
p+2(p2 + 1).

(iii) The image ρ(Γ+(Z/pZ ≀ Z/pZ, π)) ≤ SL2(Z) is a subgroup of index

p in Γ(p).

For the corresponding results for p = 2 see the remarks after Theo-

rem 4.44.

Throughout the whole section we shall assume that p is an odd prime.

Observe that G admits a presentation

⟨A1, . . . , Ap, B | AiAj = AjAi, A
p
i = Bp = 1, BAiB

−1 = Ai+1⟩ (4.11)

where the element B can be identified with ((0, . . . , 0), 1), the element A1

with ((1, 0, . . . , 0), 0) and, accordingly, Ai with ((0, . . . , 1, . . . , 0), 0) where

the 1 is on the i-th position. The indices in the presentation should be

read modulo p. We have

Gab = Z/pZ× Z/pZ

and the projection from G onto its abelianization is given by

((a1, . . . , ap), k) 7−→ (a1 + · · ·+ ap, k).

Note that |[G,G]| = pp−1.

For ((a1, . . . , ap), k), ((b1, . . . , bp), l) ∈ G we have

((a1, . . . , ap), k) · ((b1, . . . , bp), l) = ((a1 + b1−k, . . . , ap + bp−k), k + l)

and

[((ai), k), ((bi), l)] = ((ai − ai−l + bi−k − bi), 0).

Note that the entries (ai−ai−l+ bi−k− bi) sum up to 0 as i runs through

1, . . . , p. Therefore

[G,G] ≤ {((ai), 0) ∈ G | a1 + · · ·+ ap = 0}.
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Since the group on the right hand side has exactly pp−1 elements, we see

that [G,G] is actually equal to that group.

By the same argument on generating sets using the the Frattini sub-

group of finite p-groups as in the proof of Lemma 4.45, we see that every

generating pair (g, h mod [G,G]) of Gab has exactly p2p−2 lifts to V2(G).

Since Gab = Z/pZ× Z/pZ has exactly (p2 − 1)(p2 − p) generating pairs,

we obtain

Lemma 4.50. The group Z/pZ ≀ Z/pZ has exactly p2p−1(p2 − 1)(p − 1)

generating pairs.

The next result implies part (i) of Theorem 4.49.

Lemma 4.51. The group Z/pZ ≀ Z/pZ has only one T2-system.

Proof. By our discussion in Section 4.2.2, we find that every generating

pair of G = Z/pZ ≀ Z/pZ lies in the connected component of a lift of

((a, 0), (0, 1)) ∈ V2(Z/pZ× Z/pZ), where a ̸= 0, that is, in the compo-

nent of a pair

((ai), 0), ((bi), 1)), a1 + · · ·+ ap = a, b1 + · · ·+ bp = 0.

We are now going to verify that

((ai), 0) 7→ ((1, 0, . . . , 0), 0), ((bi), 1) 7→ ((0, 0, . . . , 0), 1) (4.12)

induces an automorphism of G. To this end, we only need to show that

the above map respects the defining relations of G. Since a1+· · ·+ap ̸= 0,

we find that not all ai are identical. Therefore ((ai), 0) has exactly p

conjugates in G, namely

((bi), 1)
k · ((ai), 0) · ((bi), 1)−k.

Observe that, since all these conjugates have a zero at the second position,

they commute with each other. Furthermore, they all have order p.

Hence

⟨((ai), 0)⟩G ∼= (Z/pZ)k, k ≤ p.

Since, by assumption, G is generated by ((ai), 0) and ((bi), 1), the quo-

tient G/⟨((ai), 0)⟩G is generated by the image of ((bi), 1) and thus has

order p. Considering

1 −→ ⟨((ai), 0)⟩G −→ G −→ G/⟨((ai), 0)⟩G −→ 1
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and counting elements, we find that ⟨((ai), 0)⟩G ∼= (Z/pZ)p. Applying

Proposition 2.1, we obtain the following presentation.

G = ⟨C0, . . . , Cp−1, D | CiCj = CjCi, C
p
i = 1, Dp = 1, DCiD

−1 = Ci+1⟩

where

Cj := ((bi), 1)
j · ((ai), 0) · ((bi), 1)−j, D := ((bi), 1).

Comparing this with the presentation given by (4.11), we see that (4.12)

indeed induces an automorphism of G. Hence the lemma follows.

Lemma 4.52. The group G = Z/pZ ≀ Z/pZ has exactly pp−3(p − 1)

Higman invariants.

Proof. As argued in the proof of Lemma 4.51, each connected component

of V2(G) contains a pair of the form

((ai), 0), ((bi), 1), a1 + · · ·+ ap ̸= 0, b1 + · · ·+ bp = 0.

Hence, the Higman invariants of G are the conjugacy classes of the com-

mutators

[((ai), 0), ((bi), 1)] = ((ai − ai−1), 0), a1 + · · ·+ ap ̸= 0.

We now verify that such a commutator has exactly p conjugates. To

see this, it suffices to show that the entries ai − ai−1 for 1 ≤ i ≤ p are

not all identical. For a contradiction, we thus assume that ai − ai−1 = λ

for 1 ≤ i ≤ p with some λ ∈ Z/pZ. This is equivalent to ai = λ + ai−1,

so that, inductively, we find ai = (i− 1)λ+ a1. Now we have

a1 + a2 + · · ·+ ap = a1 + (p− 1)a1 + (1 + 2 + · · ·+ (p− 1))λ

= p · a1 + 0 · λ
= 0,

contradiction. Hence the above commutator indeed has exactly p conju-

gates.

To complete the proof, it remains to verify that in (Z/pZ)p there are

exactly pp−2(p− 1) vectors of the form (ai− ai−1) with a1 + · · ·+ ap ̸= 0.
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To this end, let M be the circulant p× p-matrix over Z/pZ, given by

M :=


1 −1

1 −1
. . . . . .

1 −1
−1 1

 .

Then (ai − ai−1) =M · (ai). Setting

A := {(ai) ∈ (Z/pZ)p | a1 + · · ·+ ap = 0}

we thus have to determine |M · ((Z/pZ)p \ A)|.

We should point out that a priori it is not clear, if M · ((Z/pZ)p \A)
is equal to M · (Z/pZ)p \M ·A, since M does not have full rank so that

v 7→Mv is not bijective.

One easily sees that the rank of M is p− 1 and

ker(M) = (Z/pZ) ·

1
...

1

 .

Observe that ker(M) ≤ A. Moreover, M · (Z/pZ)p ≤ A. Since dim(A) =

p−1, we actually have A =M ·(Z/pZ)p. So the set that we are interested
in can be written as

M · ((Z/pZ)p \ A) =M · ((Z/pZ)p \M · (Z/pZ)p).

Observe that

M · (Z/pZ)p \M2 · (Z/pZ)p ⊆M · ((Z/pZ)p \M · (Z/pZ)p).

We want to show that equality holds. Let v ∈ M2 · (Z/pZ)p, say v =

M · (M · u), u ∈ (Z/pZ)p. If also w ∈ (Z/pZ)p with M · w = v, then

w ∈M · u+ ker(M)

⊆M · u+M · (Z/pZ)p, since ker(M) ≤M · (Z/pZ)p

=M · (Z/pZ)p.
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Hence we find that if M · w ∈M2 · (Z/pZ)p, then w ∈M · (Z/pZ)p. So

M · w ∈M2 · (Z/pZ)p ⇐⇒ w ∈M · (Z/pZ)p.

It follows that

M · (Z/pZ)p \M2 · (Z/pZ)p =M · ((Z/pZ)p \M · (Z/pZ)p).

Finally, one verifies that

M2 =



1 −2 1

1 −2 1

1 −2 1

1 −2 1
. . . . . . . . .

1 −2 1

1 1 −2
−2 1 1


has rank p− 2. So we find

|M · ((Z/pZ)p \ A)| = pp−1 − pp−2 = pp−2(p− 1).

This completes the proof.

Remark 4.53. As indicated in the above proof, generating sets of wreath

products of finite cyclic groups are connected to circulant matrices. Mo-

tivated by this, in [2], the author considers the groups of regular circulant

matrices over finite fields and integer residue class rings. More precisely,

he determines the orders of these groups and makes a first step towards

finding the algebraic structure of them. ⋄

From the above result, it follows that V2(G) has at least p
p−3(p− 1)

connected components. Since, as a consequence of Lemma 4.51, they all

have the same size, each component has at most |V2(G)|/(pp−3(p−1)) =

pp+2(p2 − 1) vertices. Hence

[Aut+(F2) : Γ
+(G, π)] ≤ pp+2(p2 − 1).

We have

Z(G) = {((a, . . . , a), 0) ∈ G | a ∈ Z/pZ}.
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So, in particular |Z(G)| = p and | Inn(G)| = pp. By Corollary 4.4, we

obtain

[SL2(Z) : ρ(Γ+(G, π))] ≤ pp+2(p2 − 1)/pp = p4(1− p−2).

Moreover, by our discussion in Section 4.1.1, we have

ρ(Γ+(G, π)) ≤ Γ(p).

By Proposition 3.1, the group Γ(p) has index p3(1 − p−2) in SL2(Z).
Hence, ρ(Γ+(G, π)) is either equal to Γ(p) or a subgroup of index p in

Γ(p). We claim that the latter holds. To prove this, it suffices to find

an element of Γ(p) which is not contained in ρ(Γ+(G, π)). Note that, by

Lemma 4.51, up to conjugation, ρ(Γ+(G, π)) does not depend on π. We

may thus assume that

π(x) = ((1, 0, . . . , 0), 0), π(y) = ((0, 0, . . . , 0), 1).

Consider the matrix (
1 + p −p
p 1− p

)
∈ Γ(p).

If φ ∈ Aut+(F2) is a preimage under ρ of this matrix, then φ = αφp with

some α ∈ Inn(F2) and

φp =

x 7→ (xy)px

y 7→ x−1(xy)1−p.

Assume, for a contradiction, that φ ∈ Γ+(G, π). Then, in particular,

π(x) = π(w) · π((xy)px) · π(w)−1 = π(w) · ((2, 1, . . . , 1), 0) · π(w)−1.

But π(x) = ((1, 0, . . . , 0), 0) and ((2, 1, . . . , 1), 0) are not conjugate in G,

contradiction. Hence φ ̸∈ Γ+(G, π) and ρ(Γ+(G, π)) is properly contained

in Γ(p). From this, we obtain parts (ii) and (iii) of Theorem 4.49.

4.5.3 Product Replacement Graphs of Certain Wreath Prod-

ucts

From our discussion in this section, we obtain
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Corollary 4.54. (i) Let m ∈ N be odd. Then the product replacement

graph V2(Z/mZ ≀Z/2Z) has exactly ϕ(m)/2 connected components,

each of which has exactly 6m3
∏

p|m(1− p−2) vertices.

(ii) Let k ≥ 2. Then the graph V2(Z/2kZ ≀ Z/2Z) has exactly 2k−2

connected components, each of which has exactly 3 · 23k+1 vertices.

(iii) Let p be an odd prime. Then the graph V2(Z/pZ ≀ Z/pZ) has ex-

actly pp−3(p − 1) connected components, each of which has exactly

pp+2(p2 − 1) vertices.

In each case, the Higman invariants characterize the connected com-

ponents. Furthermore, all considered groups have only one T2-system.

4.6 The Abelianization of Congruence

Subgroups associated to

Non-Perfect Groups

In this section we show

Theorem 4.55. Let G be a finite non-perfect group, i.e., G has non-

trivial abelianization. Then Γ+(G, π) has infinite abelianization.

Proof. First we consider the case thatG/G′ ∼= Z/2Z whereG′ denotes the

commutator subgroup of G. Then we naturally obtain an epimorphism

π̄ : F2
π−→ G −→ Z/2Z.

By our discussion in Section 4.1.1, we have

Γ+(G, π) ≤ Γ+(Z/2Z, π̄). (4.13)

By Theorem 4.5, we may assume that π̄(x) = 1 and π̄(y) = 0. We set

ρ̄ : Aut+(F2)
ρ−→ SL2(Z) −→ PSL2(Z)

where the second epimorphism is the natural projection. Note that ρ̄ is

onto. Since ρ̄ induces an epimorphism Γ+(G, π)ab → ρ̄(Γ+(G, π))ab, it

suffices to show that ρ̄(Γ+(G, π)) has infinite abelianization. By (4.13)

we have

ρ̄(Γ+(G, π)) ≤ ρ̄(Γ+(Z/2Z, π̄)) = PΓ1(2).
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Hence ρ̄(Γ+(G, π)) is a finite index subgroup of PΓ1(2). Note that

PΓ1(2) = PΓ0(2). By an example of Rademacher [22, Sec. 8], we have

PΓ0(2) =

⟨(
1 0

−1 1

)⟩
∗

⟨(
1 −2
1 −1

)⟩

where the first factor is infinite cyclic and the second one has order 2. The

Kurosh Subgroup Theorem yields that ρ̄(Γ+(G, π)) is the free product of

(i) a possibly trivial free group,

(ii) certain subgroups of conjugates of ⟨( 1 0
−1 1 )⟩,

(iii) certain conjugates of
⟨(

1 −2
1 −1

)⟩
.

We shall prove that a factor of type (i) or (ii) actually appears. To this

end let us assume that ρ̄(Γ+(G, π)) is the free product of factors of type

(iii) only. Then ρ̄(Γ+(G, π)) is generated by elements of order 2 and

ρ̄(Γ+(G, π))ab ∼= (Z/2Z)m for some m ∈ N. Let k be the order of G.

Then the automorphism φ ∈ Aut+(F2) given by

φ(x) = xyk, φ(y) = y

is an element of Γ+(G, π). Hence

M :=

(
1 0

k 1

)
∈ ρ̄(Γ+(G, π)).

Since M ∈ ⟨( 1 0
−1 1 )⟩, one easily sees that the image of M in PΓ0(2)ab

has infinite order. On the other hand, the image of M in ρ̄(Γ+(G, π))ab

must have finite order. Observe that the inclusion ρ̄(Γ+(G, π)) ↩→ PΓ0(2)

induces a homomorphism ρ̄(Γ+(G, π))ab → PΓ0(2)ab such that the fol-

lowing diagram commutes.

ρ̄(Γ+(G, π)) //

��

PΓ0(2)

��
ρ̄(Γ+(G, π))ab // PΓ0(2)ab

This implies that the image of M in PΓ0(2)ab has finite order, contradic-

tion.
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The proof for Gab = Z/3Z is almost the same. In the remaining cases,

we find, by Proposition 3.4, that ρ̄(Γ+(G, π)) is a finite index subgroup of

a free subgroup of PSL2(Z). In particular, it has infinite abelianization

and so must have Γ+(G, π).
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Motivated by Theorem 4.55, the first open problem we mention is

Problem 1. Does Γ+(G, π) have infinite abelianization for all epimor-

phisms π : F2 → G of F2 onto a non-trivial finite group?

We have seen in Theorem 4.55 that this problem is, in fact, only open

for perfect groups G. One can reduce it further to finite simple groups

using the following observation.

Suppose that π : F2 → G is an epimorphism of F2 onto a finite group.

Further suppose that α : G→ H is an epimorphism such that Γ+(H,απ)

has infinite abelianization, that is, it maps onto Z. Now Γ+(G, π) is a

finite index subgroup of Γ+(H,απ) so that it maps onto a finite index

subgroup of Z, that is, it maps onto Z. Hence also Γ+(G, π) has infinite

abelianization.

Instead of considering standard congruence subgroups of Aut+(F2)

and their abelianizations, it might be easier to consider principal congru-

ence subgroups. Let us recall the definition.

Let K ≤ F2 be a finite index subgroup of F2, fixed by all automor-

phisms in Aut+(F2). Note that, since Inn(F2) ≤ Aut+(F2), the sub-

group K is then normal in F2. We call

ker(Aut+(F2)→ Aut(F2/K))

the principal congruence subgroup of Aut+(F2) associated to K. Observe

that if π : F2 → F2/K is the natural projection, then

ker(Aut+(F2)→ Aut(F2/K)) = Γ+(F2/K, π).

Given an arbitrary epimorphism π : F2 → G of F2 onto a finite group G,

one can associate a principal congruence subgroup as follows. Let R :=
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ker(π). For φ ∈ Aut+(F2) we have ker(πφ−1) = φ(R). Let

R̃ :=
∩

φ∈Aut+(F2)

ker(πφ−1) =
∩

φ∈Aut+(F2)

φ(R).

Then R̃ ≤ F2 is invariant under Aut+(F2). Moreover, since R has finite

index in F2 and π has finite orbit in E2(G), the subgroup R̃ has finite

index in F2. Define

π̃ : F2 −→ F2/R̃

as the natural projection. Then

Γ+(F2/R̃, π̃) = ker(Aut+(F2)→ Aut(F2/R̃))

is a principal congruence subgroup. It is contained in Γ+(G, π), as one

easily verifies.

Recall that if B ≤ A are groups, then the core of B in A is defined

as the intersection of all conjugates of B in A, that is, core(B,A) =∩
a∈A aBa

−1. It is the largest normal subgroup of A, contained in B.

The following is easily verified.

Lemma 5.1. Given an epimorphism π : F2 → G of F2 onto a finite

group G, let R̃ :=
∩

φ∈Aut+(F2)
ker(πφ−1) and π̃ : F2 → F2/R̃ be the

natural projection. Then Γ+(F2/R̃, π̃) = core(Γ+(G, π),Aut+(F2)).

In the above situation, we shall call Γ+(F2/R̃, π̃) the principal con-

gruence subgroup of Aut+(F2) associated to π.

In what follows let

ρ̄ : Aut+(F2)→ PSL2(Z)

be the standard representation of Aut+(F2) followed by the natural pro-

jection of SL2(Z) onto PSL2(Z).

Lemma 5.2. Let π : F2 → G be an epimorphism onto a finite group

such that π(x) is not conjugate to π(y)±1 in G, that is, π(x) is neither

conjugate to π(y) nor to π(y)−1. Then ρ̄(Γ+(G, π)) does not contain the

elements ( 0 −1
1 0 ) and ( 0 −1

1 1 ).

106



Chapter 5. Suggestions for Further Research

Proof. One has to verify that ± ( 0 −1
1 0 ) and ± ( 0 −1

1 1 ) ∈ SL2(Z) are not

contained in ρ(Γ+(G, π)). Assume that ( 0 −1
1 0 ) ∈ ρ(Γ+(G, π)). Since

ker(ρ) = Inn(F2), there is some w ∈ F2 such that the automorphism φ ∈
Aut+(F2) induced by φ(x) = wyw−1, φ(y) = wx−1w−1 is in Γ+(G, π).

Hence π(x) = π(w)π(y)π(w)−1, contradiction. The other cases are simi-

lar.

Recall that PSL2(Z) = ⟨( 0 −1
1 0 )⟩∗⟨( 0 −1

1 1 )⟩. An immediate consequence

of the Kurosh Subgroup Theorem is that if H ≤ PSL2(Z) is a subgroup,

not containing any conjugate of ( 0 −1
1 0 ) and ( 0 −1

1 1 ), then H is free. This

leads to

Corollary 5.3. Let π : F2 → G be an epimorphism onto a finite group G

such that π(x) is not conjugate to π(y)±1 in G. Then the principal con-

gruence subgroup associated to π maps onto a free group. In particular,

it has infinite abelianization.

Proof. Recall that the principal congruence subgroup associated to π is

given by core(Γ+(G, π),Aut+(F2)). We show that the image

H := ρ̄(core(Γ+(G, π),Aut+(F2)))

is free. Assume that H contains a conjugate of ( 0 −1
1 0 ). Since H is normal

in PSL2(Z), it also contains ( 0 −1
1 0 ) itself. But since H ≤ ρ̄(Γ+(G, π)) we

know from Lemma 5.2 that this cannot be true. Similarly, H does not

contain any conjugate of ( 0 −1
1 1 ) and we thus see that H is free.

Corollary 5.4. For every finite group G there is some π : F2 → G such

that the associated principal congruence subgroup maps onto a free group

and thus has infinite abelianization.

Proof. As a consequence of the classification of finite simple groups, every

finite simple group H can be generated by two elements h1, h2 where

ord(h1) ̸= ord(h2). So, in particular, h1 is not conjugate to h±1
2 in H.

Now let H be a simple quotient of G and h1, h2 as above. Define an

epimorphism π′ : F2 → H by π′(x) := h1 and π
′(y) := h2. By Lemma 2.6

there are lifts g1, g2 ∈ G of h1, h2, respectively, such that ⟨g1, g2⟩ = G.
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Set π(x) := g1 and π(y) := g2. Then Γ+(G, π) ≤ Γ+(H, π′). As seen

above, ρ̄(core(Γ+(H, π′),Aut+(F2))) is free and hence so is

ρ̄(core(Γ+(G, π),Aut+(F2))) ≤ ρ̄(core(Γ+(H, π′),Aut+(F2))).

This completes the proof.

Since, by construction, the principal congruence subgroup associated

to an epimorphism π : F2 → G only depends on the connected component

of (π(x), π(y)) in V2(G), we also get

Corollary 5.5. Let G be a finite group with the property that every

connected component of V2(G) contains a pair (g, h) such that g is not

conjugate to h±1 in G. Then for every epimorphism π : F2 → G, the

associated principal congruence subgroup maps onto a free group and thus

has infinite abelianization.

This leads to

Problem 2. For which finite (non-abelian) groups G does the following

hold? Every connected component of V2(G) contains a pair (g, h) such

that g is not conjugate to h±1.

We formulate the problem in this way, since Proposition 5.8 below

gives an interesting example for a group G which does not satisfy the

property in question. To understand this, we need two lemmas.

Lemma 5.6. Let G = ⟨g, h⟩ be a finite group. Suppose that each of the

pairs (g, hg) and (gh, h) is conjugate to (g, h). Then every pair (g′, h′) ∈
V2(G) in the connected component of (g, h) is conjugate to (g, h).

Proof. Inductively one finds that the pairs (g, hgk) and (ghk, h) are con-

jugate to (g, h) for k ∈ N. Since g and h have finite order, the same is still

true for k ∈ Z. In particular, (g, hg−1) and (gh−1, h) are also conjugate

to (g, h). By conjugation with g and h we now find that all pairs

(gh±1, h), (h±1g, h), (g, g±1h), (g, hg±1)

which are obtained from (g, h) by an elementary Nielsen move are con-

jugate to (g, h). Since every pair in the connected component of (g, h) is

obtained from (g, h) by a Nielsen move, the lemma follows.
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Lemma 5.7. Let G = ⟨g, h⟩ be a finite group.

(a) The following two properties are equivalent.

(1) There exist a, b ∈ G such that

g = aha−1, g = bhb−1,

h = ag−1a−1, h = bg−1hb−1.

(2) For π : F2 → G, with π(x) = g and π(y) = h, we have

ρ(Γ+(G, π)) = SL2(Z),

that is, Inn(F2) · Γ+(G, π) = Aut+(F2).

(b) If one (and thus both) of the properties (1), (2) is satisfied, then

for every pair (g′, h′) ∈ V2(G) in the connected component of (g, h)

we have that g′ and h′ are conjugate.

(c) If one (and thus both) of the properties (1), (2) is satisfied, then

ker(π) ≤ F2 is fixed by all elements of Aut+(F2), that is, Γ
+(G, π)

is a principal congruence subgroup.

Proof. Let us first assume that (1) holds. Let w ∈ π−1(a) and φ ∈
Aut+(F2) be the automorphism induced by φ(x) = wyw−1, φ(y) =

wx−1w−1. Then one verifies that π(φ(x)) = g = π(x) and π(φ(y)) =

h = π(y). Hence φ ∈ Γ+(G, π). It follows that ( 0 −1
1 0 ) ∈ ρ(Γ+(G, π)).

Similarly, one also shows that ( 0 −1
1 1 ) ∈ ρ(Γ+(G, π)). This implies (2).

The argument for (2) ⇒ (1) is very similar.

Now assume that (1) and (2) hold. Suppose that (g′, h′) ∈ V2(G) is

in the connected component of (g, h). Then Γ+(G, π) and Γ+(G, π′) with

π′(x) = g′, π′(y) = h′ are conjugate. Hence so are their images under

the representation ρ. It follows that ρ(Γ+(G, π′)) = SL2(Z). Now the

equivalence of (1) and (2) yields that, in particular, there is some a′ ∈ G
such that g′ = a′h′a′−1. So g′ and h′ are conjugate and (b) is proved.

To prove (c), suppose that w ∈ ker(π) and φ ∈ Aut+(F2). By (2) we

have φ = αu · γ with αu ∈ Inn(F2) and γ ∈ Γ+(G, π). Now

π(αu(γ(w))) = π(u) · π(γ(w)) · π(u)−1 = π(u) · π(w) · π(u−1) = 1.

So φ(w) = αuγ(w) ∈ ker(π). This completes the proof.
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The above result leads to

Problem 3. If for every pair (g′, h′) ∈ V2(G) in the connected compo-

nent of (g, h) we have that g′ and h′ are conjugate, does it follow that

there exist a and b as in (1)?

A priori it is not clear if there exist finite groups satisfying the prop-

erties considered above. The following result gives an example. It is

interesting that, in this example, ker(π) is not only fixed by Aut+(F2)

but also by Aut(F2), i.e., it is a characteristic subgroup of F2.

Proposition 5.8. Let π : F2 → SL3(11) be the epimorphism given by

π(x) = g, π(y) = h with

g :=

1 0 0

0 6 0

0 0 2

 and h :=

9 0 1

8 0 2

0 1 0

 .

Then every pair (g′, h′) ∈ V2(SL3(11)) in the connected component of

(g, h) has the property that g′ is conjugate to h′. Moreover

ρ(Γ+(SL3(11), π)) = SL2(Z)

and ker(π) ≤ F2 is a characteristic subgroup.

Proof. Let

c :=

8 0 0

0 8 0

0 0 5

 , d :=

6 10 5

7 3 9

3 3 3

 .

Then c(g, hg)c−1 = (g, h) and d(gh, h)d−1 = (g, h). By Lemma 5.6, it

follows that every pair (g′, h′) in the connected component of (g, h) is

conjugate to (g, h). Since2 9 9

2 2 1

8 4 8

h

2 9 9

2 2 1

8 4 8


−1

= g

the first part of the proposition follows.
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For the second part, let

a :=

8 3 3

2 2 1

2 1 2

 and b :=

 9 2 2

5 5 8

10 5 10

 .

Then property (1) in Lemma 5.7 is satisfied, so that ρ(Γ+(SL3(11), π)) =

SL2(Z). To see that ker(π) ≤ F2 is a characteristic subgroup, we recall

that Aut+(F2) is a subgroup of index 2 in Aut(F2). Since we already know

that ker(π) is fixed by Aut+(F2), it thus suffices to show that ker(π) is

also fixed by one specific automorphism of F2 which is not contained in

Aut+(F2). We choose the one induced by x 7→ x and y 7→ y−1. Let

e :=

8 0 0

0 0 9

0 9 0

 .

Then

eg−tre−1 = g and eh−tre−1 = h−1.

Note that the map from SL3(11) onto itself which sends an element to

the transpose of its inverse is an automorphism of SL3(11). Composing

it with the inner automorphism given by conjugation with e, we see that

g 7→ g, h 7→ h−1 induces an automorphism of SL3(11). In particular, if

a word w(x, y) ∈ F2 lies in the kernel of π, then so does w(x, y−1). In

other words, ker(π) is fixed by x 7→ x, y 7→ y−1, as desired.

We note that this is just the first example in an infinite family found

by B. Klopsch in an unpublished work.

The example given in Proposition 5.8 leads to the following very con-

crete question

Problem 4. Does Γ+(SL3(11), π) with π(x) = g, π(y) = h have infinite

abelianization?

It also leads to

Problem 5. For which epimorphisms π : F2 → G of F2 onto a finite

group G do we have ρ(Γ+(G, π)) = SL2(Z)?
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The following problem is not directly connected to congruence sub-

groups of Aut+(F2), but, noting that PSL3(11) = SL3(11), also motivated

by Proposition 5.8.

Problem 6. For which prime powers q is there an epimorphism π : F2 →
PSL3(q) such that ker(π) ≤ F2 is a characteristic subgroup?

Of course, one can generalize the question by considering PSLn(q),

n ≥ 3, instead of PSL3(q). Even more general, one might also consider

epimorphisms Fr → PSLn(q), r ≥ 2. This leads to an interesting con-

nection to Wiegold’s conjecture, which says that for every r ≥ 3 and

every non-abelian finite group G, there is only one Tr-system. (See for

example [21, Conj. 2.5.4].) Indeed, if Wiegold’s conjecture holds, then,

for every r ≥ 3, there exists no epimorphism from Fr onto a non-abelian

finite simple group G such that its kernel is characteristic in Fr. This

can be seen as follows.

Suppose that Wiegold’s conjecture holds and that we have an epimor-

phism π : Fr → G, r ≥ 3, onto a non-abelian finite simple group such

that ker(π) is characteristic in Fr. Now, since G has only one Tr-system,

every epimorphism from Fr onto G is of the form απφ with α ∈ Aut(G)

and φ ∈ Aut+(Fr). Observe that

ker(απφ) = ker(πφ) = φ−1(ker(π)) = ker(π)

where the last equality holds, since ker(π) is characteristic in Fr. It

follows that ker(π) is the only normal subgroup of Fr such that the cor-

responding quotient is isomorphic to G. By the classification of finite

simple groups, G is generated by two elements. Therefore, for every

1 ≤ i ≤ r, there is some epimorphism πi : Fr → G such that xi ∈ ker(πi).

Since ker(πi) = ker(π), it follows that ker(π) = Fr, contradiction.

Another, very natural question is

Problem 7. For which epimorphisms π : F2 → G of F2 onto a finite

group G is the image ρ(Γ+(G, π)) a congruence subgroup of SL2(Z)?

The most general result, we have obtained so far is that for metacyclic

groups G it always is, see Corollary 4.26. Also for G = Z/mZ ≀ Z/2Z
with m odd this is true, see Theorem 4.43. A counterexample is given by
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G = A5, the alternating group of degree 5. Moreover, A5 is the smallest

group with this property.

As a generalization, one might expect that ρ(Γ+(G, π)) is always a

congruence subgroup, if G is solvable. This turns out to be false. There

is a solvable group G of order 128 for which ρ(Γ+(G, π)) is not a congru-

ence subgroup of SL2(Z), see [3, Section 5] for details. Computational

results indicate that ρ(Γ+(G, π)) is always a congruence subgroup if G is

metabelian.

Part (iii) of Theorem 4.49 leads us to a concrete case of the above

problem, namely:

Problem 8. Is the the image ρ(Γ+(Z/pZ ≀ Z/pZ, π)) ≤ SL2(Z) a con-

gruence subgroup?

We have

Example 5.9. The image ρ(Γ+(Z/5Z ≀ Z/5Z, π)) ≤ SL2(Z) contains

Γ(25) and thus is a congruence subgroup.

We have verified this example by using a Reidemeister rewriting pro-

cess to obtain generators of Γ(25) from the ones of Γ(5) which are pro-

vided by Frasch [10]. One can, basically, do the same for any given p,

but it seems unlikely that this procedure can be used to show that

ρ(Γ+(Z/pZ ≀ Z/pZ, π)) always contains Γ(p2): using Frasch’s results, it

is easy to write down generators of Γ(p) for a concrete prime p, but the

arithmetic modulo p used in the computation of these generators and the

Reidemeister rewriting process seems to make it impossible to extend this

method to a general proof.

Finally, we have the popular congruence subgroup problem.

Problem 9. Is every finite index subgroup of Aut+(Fn) a congruence

subgroup?

For SLn(Z) this problem is already solved. The answer is yes for

n ≥ 3 (see [5], [18]) and no for n = 2 (see [11]). More recently it has been

shown that, in the case n = 2, every finite index subgroup of Aut(F2) is

a congruence subgroup. See [4] and [6]. For n ≥ 3 this problem is still

open.
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