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ABSTRACT

Let n > 2 and F}, be the free group of rank n. Its automorphism group
Aut(F,) has a well-known surjective linear representation

p: Aut(F,) — Aut(F,/F)) = GL,(Z)

where F! denotes the commutator subgroup of F,. By Aut(F,) :=
p~1(SL,(Z)) we denote the special automorphism group of F,.

For an epimorphism 7 : F,, — G of F}, onto a finite group G we call
(G, 7)) :={p e Aut™(F,) | rp =7}

the standard congruence subgroup of Aut™(F,) associated to G and T.
These groups are the objects of our study, where we mainly focus on the
case n = 2. Our most important results are the following.

We fully describe the abelianization of T'"(G,7) < Aut™(F) for
abelian and dihedral groups (G. We also show that standard congruence
subgroups of Aut™(F,) associated to dihedral groups provide a family of
subgroups of Aut™(F;) of increasing finite index while each is generated
by four elements. This implies that finite index subgroups of Aut(F%)
cannot be written as free products. Furthermore, we prove that stan-
dard congruence subgroups of Aut™(F}) associated to finite non-perfect

groups have infinite abelianization.

We are also interested in the images of standard congruence sub-
groups of Aut™(Fy) under the representation p. For these we show that
p(TT (G, 7)) < SLy(Z) is a congruence subgroup, i.e., it contains a group
of the form ker(SLy(Z) — SLa(Z/mZ)), whenever G is a finite metacyclic
group.

In the last chapter we discuss some open problems on standard con-
gruence subgroups of Aut™(Fy) and give suggestions for further research.
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CHAPTER 1

INTRODUCTION

In this chapter we introduce standard congruence subgroups of the au-
tomorphism group of a free group, which are the main objects of our
interest. We also briefly describe their connection to congruence sub-
groups of the special linear group. Then we state our main results and

point out connections to results by other authors.

1.1 THE NOTION OF CONGRUENCE SUBGROUPS
OF Aut(F),)

Let F, = (z1,...,x,) be the free group on n > 2 generators and 7 :
F,, — G be an epimorphism of F}, onto a finite group GG. Let R be the
kernel of © and

['(R) :={p € Aut(F,) | ¢(R) = R}

be the subgroup of Aut(F},) consisting of those automorphisms that send
the kernel of 7 onto itself. Every ¢ € I'(R) induces an automorphism of
F,/R = G. We set
I['(G,7) :={p € T'(R) | ¢ induces the identity on F,/R}
=ker(I'(R) — Aut(G)).
This is a finite index subgroup of Aut(F},). (See Section 4.1.2.) Groups of
the form I'(G, ) are called standard congruence subgroups of Aut(F,).

A subgroup of Aut(F),) containing a standard congruence subgroup is
called a congruence subgroup of Aut(F},).

Note that, by definition, I'(G, 7) only depends on the kernel of = but
not on the particular choice of the epimorphism. It is easily verified that

D(G,m) ={p € Aut(F,) | o7 = 7}.

8



CHAPTER 1. INTRODUCTION

Let F be the commutator subgroup of F,,. The automorphism group
Aut(F,) has a well-known representation

p: Aut(F,) = Aut(F,/F)) = GL,(Z).

See for example [19, Sec. 3.5]. We remark that p is onto. The kernel
of this representation is denoted by IA,, and called the group of IA,-
automorphisms or sometimes also the classical Torelli group. (For an
interesting generalization see [24].) By a famous result of Nielsen, IA,, is
a finitely generated group. Moreover, in the special case n = 2, we have

[Ay = Inn(F3).

For n > 3, however, Inn(F},) is properly contained in IA,,.

By Aut™(F,) := p~'(SL,(Z)) we denote the special automorphism
group of F,. This is a subgroup of index 2 in Aut(F,,). We also set

'Y(G,n) :=T(G,7) N Aut™(F),).

Groups of this form are called standard congruence subgroups of Aut™ (F},).
Accordingly, a subgroup of Aut*(F},) containing a standard congruence

subgroup is called a congruence subgroup of Aut™(F,).

If K < F, is a characteristic subgroup of F,, and = : F,, — F,,/K the

natural projection, we call
ker(Aut(F,) — Aut(F,/K)) =T(F,/K,n)

a principal congruence subgroup of Aut(F,). If we consider Aut™(F},)
instead of Aut(F},), we only assume that K is fixed by Aut™(F,). One
easily sees that every (standard) congruence subgroup of Aut(F},), re-
spectively Aut*(F},), contains a principal congruence subgroup. (See
also the discussion in Chapter 5.)

Now we see the analogy to SL,(Z): a principal congruence subgroup
of SL,(Z) is a subgroup of the form

ker(SL,(Z) — SL,(Z/mZ))

and a congruence subgroup of SL,(Z) is a subgroup containing a principal
congruence subgroup. Observe that congruence subgroups of SL,,(Z) are
of finite index.



CHAPTER 1. INTRODUCTION

A classical question is whether every finite index subgroup of SL,,(Z)
is a congruence subgroup. In the 1890’s Fricke-Klein [11] showed that
the answer is no for n = 2. In the 1960’s it was proved by Bass-Lazard-
Serre [5] and independently by Mennicke [18] that for n > 3 the answer
is yes. More recently it has been shown that every finite index subgroup of
Aut(F;) is a congruence subgroup, see [4] and [6]. The question whether
for n > 3 every finite index subgroup of Aut(F},) is a congruence subgroup

is still open.

1.2 MAaAIN RESULTS

Let us now state the main results of this thesis. It is our aim to un-
derstand the algebraic structure of the standard congruence subgroups
of Aut™(F,) and also their images in SL,(Z) under the representation
p : Aut(F,) — GL,(Z). Although we prove some results for gen-
eral n € N, we mainly focus on the case n = 2.

A quite general result that we prove (see Section 4.6) is
Theorem A. ! Let G be a finite non-perfect group, i.e., G has non-trivial

abelianization and 7 : Fo — G be an epimorphism. Then I't(G,m) has
infinite abelianization.

For certain families of standard congruence subgroups we can, of
course, prove more detailed results.

The first family of standard congruence subgroups we consider con-
sists of the ones associated to finite abelian groups, see Section 4.2. For
these we prove

Theorem B. ? Let G be a finite abelian group.

(i) Up to conjugation, I't(G,m) only depends on G but not on the
particular epimorphism w : F, — G.

(ii) [Aut*(F,) : T*(G, 7)) = [SLo(Z) : p(T(G, ))].

IThis is Theorem 4.55 in Section 4.6.
ZParts (i), (ii), (iii) correspond to Theorem 4.5 in Section 4.2.1. Part (iv) is given
by Theorem 4.11 in Section 4.2.3.

10



CHAPTER 1. INTRODUCTION

(iii) Writing G = Z/maZx- - - XZ/m,Z withm;q | m; for1 <1 <n-—1,
the index of TT(G,7) in Aut™(F),) is given by

n—1
my ey ma T (-9

3=1 plm;
where the second product runs over all primes p dividing m;.

(iv) Suppose that n =2 and let my, mg € N such that my; > 3, mg | my
and (my,mg) # (3,1). Moreover, let G = Z/m\Z x Z/msZ and
m: Fy — G be an epimorphism. Then

F+(G, ﬂ_)ab ~ G % Z1+12*1m2m% Hp‘m1(1,p72)

where the product runs over all primes p dividing ms.

Furthermore, we have

I(Z/27, ) = 7./27 x 7.JAZ x Z,
I(Z/3Z, 7)™ = 7./37 x 7./37 x Z,
[7(Z)2Z x Z./2Z, 7)™ = 7./27 x 7.)27 x 7.]27 x 7.

For mq, ms € N let
L(my,ma) :=={(28) € SLy(Z) | a =, 1,b =, 0, ¢ =, 0,d =, 1}

This is a finite index subgroup of SLy(Z). In fact, it is a congruence
subgroup.
A very important tool in the proof of part (iv) is the following gen-

eralization of a result of Frasch [10], which we prove in Section 3.3.

Proposition C. ? Let my,my € N such that m; > 3, my | m; and
(my,mq) # (3,1). Then I'(my, ma) is free of rank

mom? B
1+ i21 H (l—p 2).

plma
p prime

3This is Proposition 3.4 in Section 3.3.

11



CHAPTER 1. INTRODUCTION

In part (iv) of Theorem B we only consider the case that n = 2.
Besides the fact that we use Proposition C to prove part (iv), one reason
is that, in this case, IAs = Inn(F3y) = F; so that it is very convenient to

use the exact sequence
1 — IA, NTH(G, 1) — TH(G, 1) — p(TT (G, 7)) —> 1

for our computations. For the same reason, in what follows, we restrict
ourselves to considering standard congruence subgroups of Aut™ (F}).

As a generalization of abelian groups, one might wish to consider
solvable groups. As a first step in this direction, in Section 4.3, we
consider dihedral groups.

Theorem D. * Let n > 3 and D,, be the dihedral group of order 2n.

(i) Up to conjugation, Tt (D,,m) only depends on n, but not on the
epimorphism w : Fy — D,,.

(ii) The index of T (D,, ) in Aut™(Fy) is 6n.

(i1i) The image p(T'*(D,,m)) < SLy(Z) is conjugate to I'(2,1) if n is
odd and to 1'(2,2) if n is even.

(iv) The group T (D,,, ) is generated by four elements.

Z)27 x 7%, n odd
Z)27. x 73, n even.

1%

(v) TH(Dy, )™

An interesting consequence is

Corollary E. ® The special automorphism group Aut™(Fy), and hence
also Aut(Fy), has subgroups of arbitrarily large index, generated by four
elements. This implies that finite-index subgroups of Aut(Fy) cannot be

written as free products.

A more general family of finite groups is the one of semidirect products
of finite cyclic groups. This is the next class of groups we are going to

consider.

4Parts (i), (ii), (iii), (iv) correspond to Theorem 4.12 in Section 4.3.1. Part (v) is
given by Theorem 4.19 in Section 4.3.3.
SThis corresponds to Corollary 4.13 and part (ii) of Corollary 4.14 in Section 4.3.1.

12



CHAPTER 1. INTRODUCTION

We remark that an important ingredient in the proof of parts (iv) and
(v) of Theorem D is that, essentially, the image p(I'" (D, 7)) in SLo(Z)
does not depend on n, so that we can determine a presentation for it.
When we try to generalize our results to standard congruence subgroups
of Autt(F},) associated to semidirect products of finite cyclic groups, we
see that, in this case, the image in SLy(Z) can have arbitrarily large index.
For this reason the method that we use in the proof of Theorem D does

not apply in this case.

Theorem F. 6 Let a € N and a € (Z/aZ)*. Consider the group G :=
Z]aZ % {g) where the finite cyclic group (g) acts on Z/aZ via (g) — (),
g a. Leta =[] p"™ be the prime factorization of a and let k, such that
a € 1+ []p*(Z/aZ)*. Moreover, let ™ : Fy — G be an epimorphism.
Then the following holds.

(i) Up to conjugation, T'T(G,m) only depends on G, but not on the
choice of the epimorphism 7 : Fy — G.

(ii) The index of TT(G, ) in Aut™ (Fy) is

a-ord(a) -ord(g)* - TTp™ L
edlordi) [T 11007

where the very last product runs over all prime numbers q dividing
lem(ord(g), [Tp"™).

(iii) The image p(TT(G, 7)) < SLo(Z) is conjugate to T'(ord(g), []p"™).
In particular, it is a congruence subgroup.

A nice consequence is given by

Corollary G. 7 Let G be a finite metacyclic group and m : Fy — G be

an epimorphism. Then p(TT (G, 7)) is a congruence subgroup.

This is the most general situation for which we know that the image
of a standard congruence subgroup in SLy(Z) is congruence. One might
wish to generalize this result to metabelian groups. Indeed, computer

experiments indicate that it also holds for standard congruence subgroups

6This is Theorem 4.24 in Section 4.4.1.
"This is Corollary 4.26 in Section 4.4.1

13



CHAPTER 1. INTRODUCTION

associated to these. As an example, in Section 4.5, we consider certain
wreath products of finite cyclic groups. We shall see, however, that, so
far, it is not always clear, whether the image in SLy(Z) is a congruence
subgroup.

Theorem H. 8 Let m be odd and m = [[p* be its prime factorization.

(i) Up to conjugation, It (Z/mZ1Z /27, ) only depends on m, but not
on the particular epimorphism 7 : Fy — Z/mZ U Z/27.

(ii) The index of TH(Z/mZZL/2Z, ) in Aut™ (Fy) is 6m® [, (1—p~?).

(i1i) The image p(TT(Z/mZZ )27, 7)) < SLa(Z) is conjugate to T'(m,2).

In particular, it 1s a congruence subgroup.

The case that m is even is excluded in the above theorem. However,
we will show the following.

Theorem 1. ? Let k > 2. Then the following holds.

(i) Up to conjugation, T (Z/287217,/27., 7) only depends on k, but not
on the particular epimorphism m : Fy — 7271 7./ 27.
(ii) The index of TV (Z)2*Z1 7. /27, ) in Aut™ (Fy) is 3 - 23KFL,
(iii) The image p(TT(Z)2Z27)27, 7)) < SLo(Z) is conjugate to a sub-
group of index 2 in T'(2F,2).

Here the case £ = 1 is excluded. However, in this case, we have
Z]27.27./27 = D, so that we can refer to Theorem D.

Moreover, we show

Theorem J. '° Let p be an odd prime.

(i) Up to conjugation, U (Z/pZ 1 Z/pZ, ) only depends on p, but not
on the particular epimorphism m : Fy — Z/pZ VL] pZ.

(ii) The index of UH(Z/pZ 2 Z.)pZ, ) in Aut™t(Fy) is pPT2(p? + 1).

8This is Theorem 4.43 in Section 4.5.1.
9This is Theorem 4.44 in Section 4.5.1.
10This is Theorem 4.49 in Section 4.5.2.

14



CHAPTER 1. INTRODUCTION

(i11) The image p(TY(Z/pZ7Z ) pZ, 7)) < SLa(Z) is a subgroup of index p
in T'(p).

For all families of finite groups that we consider we also describe the
product replacement graphs in terms of the numbers of their connected
components and the sizes of these. We remark that for finite abelian
groups this is also done by Diaconis and Graham in [7]. However, they
use a very different method to find a formula for the size of the product
replacement graph. To be concrete, they use abstract Mobius inversion,
which was introduced by Hall [13]. We note that our formula for the
number of generating n-tuples seems to be much easier to evaluate.

We also prove
Theorem K. The following classes of finite groups have a unique Ts-

system.

e Semidirect products of two finite cyclic groups.
o Wreath products of the form Z/mZ Z/2Z with m € N odd.
o Wreath products of the form Z/27.2 7./27. with k > 2.

e Wreath products of the form Z/pZ Z/pZ with p an odd prime.

For details we refer to Sections 4.2.2, 4.3.2, 4.4.2 and 4.5.3. These
results imply the uniqueness of I't (G, ) up to conjugation for the con-
sidered classes of finite groups. See Lemma 4.2 in Section 4.1.2.

1.3 MOTIVATION AND RELATED RESULTS

The automorphism group of the free group is a much studied group.
For example, the question whether Aut(F},) is linear is a very classical

problem, which was finally solved in 2002.

The automorphism group Aut(F:) is linear. This is, however, not
easy to see. In [8] Dyer, Formanek and Grossmann prove that Aut(F})
has a faithful representation over C if and only if the braid group B,
on four strings does. Krammer shows in [15] that the braid groups B,
indeed have faithful representations over C. In contrast to that, we have

the following famous result of Formanek and Procesi, see [9].

15



CHAPTER 1. INTRODUCTION

G [Autt(EB): A A

s 3 72 x Cy x Cy
Cs 8 Z x Cy x Cy
C, 12 7% x C,4

Cy x Oy 6 72 x Cy x Cy x Cy

Cs 24 73 x Cs
Cs 24 73 x Cg
C; 48 7° x C
Dy 18 72 x Cy
Dy 24 73 x O,
Dy 30 72 x Oy

Table 1.1: Computational Results by Grunewald and Lubotzky.

Theorem (Formanek, Procesi). Let F,, be the free group of rank n > 3
and let Aut(F,) be its automorphism group. Then there is no faithful
linear representation Aut(F,) — GL,,(k) for any m € Z over any field k.

The groups I'(G, w) have been studied by various authors. For in-
stance, in [12] Grunewald and Lubotzky use the groups I'(G, ) to con-
struct linear representations of the automorphism group Aut(F},). An
interesting result they obtain is that for any two natural numbers n > 2,
k > 1, there is a finite index subgroup I' < Aut(F},) and a representation
I' — Hle SL(n-1)i(Z) whose image has finite index in Hle SL(n-1)i(Z).

In [12, Sec. 9.4] Grunewald and Lubotzky present, for some explicit G
of small order and 2 < n < 4, the indices of the groups I'"(G,7) in
Aut™(F,) and also the abelianizations of the groups I'" (G, 7) which they
obtain by MAGMA [17] computations. To be precise, they do the follow-
ing. By a random process they generate elements of I'* (G, ) and collect
these in a set until it generates a finite index subgroup A of Aut™(F,).
The group A < T't(G,7) can be seen as an approximation of ' (G, 7).
See Table 1.1 for some of their results in the case n = 2. By Theorems B
and D we fully explain their experimental results for finite abelian and
dihedral groups.

Actually, Grunewald and Lubotzky present computational results for
some more finite groups G, e.g., G = As. In all considered cases I'T (G, )

16



CHAPTER 1. INTRODUCTION

has infinite abelianization if n = 2. For G non-perfect we now know by
Theorem A that I't (G, )" is infinite for every epimorphism 7 : Fy, — G.
However, our proof does not work for perfect groups GG. Hence we state

the following problem.

Does TH(G, ) < Aut™(Fy) have infinite abelianization for every epimor-
phism 7 : Fy — G onto a non-trivial finite group G ¢

The situation in the case n > 3 looks different. Indeed, Grunewald
and Lubotzky show that for every epimorphism 7 : F,, — G of F},, n > 3,
onto a finite abelian group G, the group I'(G,7) < Aut(F),) has finite
abelianization. This is Proposition 8.5 in [12]. Computational results
[12, Sec. 9.4] indicate that I'"(G,m) always has finite abelianization if
n > 3. This leads to the following question.

Does TH(G,7r) < Autt(F,), n > 3, have finite abelianization for every
eptmorphism w : F,, — G onto a non-trivial finite group G ?

Some results in this thesis are related to results of Satoh [25, 26]. In
his papers Satoh considers the kernel 7}, ,,, of the composition
Aut(F,) £ GL,(Z) — GL,(Z/m1Z).

One easily sees that for m > 3 we have T,,,,, = I'"((Z/mZ)", ) where
7 : F, — (Z/mZ)" is the obvious epimorphism. Satoh shows that for

n,m > 2 one has
T2h = (IAZ ®7Z/mZ) x Tp(m)™

where I',,(m) denotes the kernel of the natural epimorphism GL,(Z) —
GL,(Z/mZ). Since TAy = Inn(Fy) is free of rank 2, for n = 2 this reads

T5h = (Z/mZ)* x Ta(m)™.

Observe that for m > 3 we have I'y(m) = I'(m, m). Recalling Proposi-
tion C, we see that this result corresponds to our result in Theorem B (iv)
for the special case G = (Z/mZ)*. Satoh also gives the integral homology
groups of 15, for odd primes p. In particular, he shows that

Hl(Tz,p,Z) = (Z/pZ)2 % Zl+12_1p3(1*p_2).

Since the first integral homology group is actually the abelianization,
this corresponds to our result in Theorem B (iv) for the special case
G = (Z/pZL)*.

17



CHAPTER 1. INTRODUCTION

Finally we remark that some results that were obtained in a col-
laboration of Ribnere and the author have been published in the joint

paper [3].

18



CHAPTER 2

PRELIMINARIES

In this chapter we provide background material and results that we need
later on. In particular, in Section 2.5 we prove some combinatorial results
on the minimal number of generators of finite-index subgroups of free
products, which we use to prove Corollary E.

2.1 A BRIEF INTRODUCTION TO PRESENTATIONS

In this thesis we frequently make use of presentations of groups, that is,
describing a group in terms of generators and relations. We therefore
give a brief introduction to these methods.

Let G be a group. Then there exist a free group F' and an epimor-
phism 7 : ' — (. Such an epimorphism is called a presentation of
the group G. By R we denote the kernel of 7 so that F//R = G. The
elements of R are called relators of the presentation 7. Let Y C F be a
set of free generators of F. Moreover, let S C R be a subset of R such
that (S)" = R, where (S)¥" denotes the normal closure of S in F. Note
that m(Y) generates the group G. The sets Y and S now provide sets of

generators and defining relators, respectively. We write this as
G=(Y|S).

We can thus think of GG as the group consisting of all words in the elements
of Y and their inverses where a word represents the identity element of G
if and only if it can be written as a product of conjugates of the elements

of S and their inverses.

Very often it is more convenient to list the elements of X := 7(Y) C G
rather than the ones of Y C F'. Instead of the set S we then use the set
of words {s(X) | s € S}, obtained by formally replacing the generators

19



CHAPTER 2. PRELIMINARIES

of F by their images under 7, that is, if s = [\, y;* where y; € Y and
g; € {—1,1}, then s(X) is the word [[_, 7(y;)¥. Sometimes we also
write s(X) = 1 instead of just s(X). An expression of the form s(X) =1
is called a defining relation of G. More generally, if a,b € X, then the
expression a = b is called a (defining) relation of G if ab™! is a (defining)
relator of G.

A group G is called finitely generated if there exists a presentation
G = (Y | S) with Y finite, that is, there exists an epimorphism of a free
group of finite rank onto G. If G admits a presentation G = (Y | S)
where Y and S are finite, we say that G is finitely presented. Note that
subgroups and quotients of a finitely presented group need not necessarily
be finitely presented. However, the class of finitely presented groups is
closed under taking finite index subgroups and under taking extensions.
In the former case one can use the Reidemeister-Schreier method [19,
Sec. 2.3] to obtain a presentation, in the latter case one can use the

following

Proposition 2.1 (Hall). Let G be a group such that G is an extension
of H by N, that is, we have an exact sequence of groups

1—N—G- H—1.

Suppose we have finite presentations of N and H given by

N={(ny,...,n. | Ri(n),..., Rr(n)),
H=(hy,....,hs | Wi(h),..., Wi(h)).
For 1 <i < s let g; € 7 *(h;). Then there are words Vi; and fW/Z for
1<i<s, 1< j<r such that ginjg; ' = Vij(n) and Wi(g) = Wi(n).
Moreover, a presentation of G is given by
G={(ni,...,n0,91,...,9s | Ri(n),..., R(n),
ginjg; ' = Viz(n),
Wilg) = W,(n).

This result can be found in [14, Chap. 13].

Let us mention a warning which can also be found there. Suppose we
have a finite presentation G = (xy,...,z, | R(z1,...,2,) = 1) where R
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is a collection of defining relators. If we have another set of generators
Y1,---,Ym such that we can express z; = w;(y), then it is a common
error to conclude that G = (yy,...,ym | R(wi(y),...,w,(y)) =1). The
following lemma, which can be proved through Tietze transformations,
gives the correct presentation.

Lemma 2.2. Let G = (xq,...,2, | R(z1,...,2,) = 1) be a finite presen-
tation of the group G. Suppose that yi,...,yn yields a set of generators
of G such that

Ty = wi(yh s 7ym>7

yj = ’Uj(l'l, e ,ilj'n).

Then G admits a presentation

G = <y17 s Ym | R(wl(y)’ <o 7wn<y)) =1, Y;i = Uj(wl(y)7"'7wn(y))>‘

2.2 SoME FACTS ON THE AUTOMORPHISM GROUP OF
A FREE GROUP

Let n > 2 and F,, = (x1,...,x,) be the free group on n generators.
Following the notation of [19, Sec. 3.5], we consider the elementary au-
tomorphisms
Uik = {% = ;T Vie = {xz — Tpx;
T; = Tk
P = l Ui:{l‘i’—)xi_l
T — T;

where 1 < i,k < n, i # k and values not given are identical to the

argument, e.g., 0;(xy) = Tg.

It is a well-known result of Nielsen that Aut(F},) is generated by these
elementary automorphisms. See for example [19, Sec. 3.5]. Moreover,
Aut™(F,) is generated by the automorphisms U; ; and V; .

For an element w € F,, we let o, € Inn(F},) be the inner automor-
phism of F}, given by conjugation with w, that is, c,(z) = wzw™! for all
z € F,,. Note that Inn(F},) = F,, is free on oy, ..., ay, .
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We now use the fact that the group Aut*(F,) is an extension of
[Ay = Inn(F3) by SLo(Z), i.e., we use the exact sequence

1 — TAy — Aut™(Fy) 2 SLy(Z) — 1

to determine a finite presentation of Aut™(F,). The group IA, is free on
a, and a,,. The group SLy(Z) has the well-known presentation

SLy(Z) = (a,b | a* = 1,a* = b®)

as an amalgamated product. Here we can identify a with (% §) and b

with (% 1). For our purpose, however, it is more convenient to have a
presentation in the generators e; = (19) and e; = ({1). Using Tietze
transformations, one finds the presentation

SLa(Z) = (e1, e | eae; ' eaere; Ten, (e2e] "ea)?).

These transformations are carried out in [24, Prop. 1.2]. Observe that

preimages of e; and ey under p are given by

T — Ty T
u= and v = ,

yr—=y yr—=zy

respectively. Using Proposition 2.1 of Hall, we compute the following

presentation.

Aut™(Fy) = (o, uyv | ucu™ = apay, uayu™t = ay,
-1 -1

Vo = ay, vayvt = agay,
vu"touv e = 1,

—1,\4 _ 1, -1
(vu™tv)* = oy oy, ).

This presentation is used in our MAGMA computations.

2.3 THE ProbpucT REPLACEMENT (GRAPH

Standard congruence subgroups of Aut*(F},) are closely connected to
product replacement graphs of finite groups. We shall describe this con-
nection in Section 4.1.2. Let us now explain the construction of these
graphs and present some facts that we need later. A good survey on the
product replacement graph is given by [21].
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For a finitely generated group G we denote by d(G) the minimal
number of generators of G.

Let G be a finite group, n > d(G) and

Va(G) ={(g1,--- . 9n) EG X x G| {g1,....92) =G}

be the set of all generating n-tuples of G. On the set V,,(G) one defines

the so called elementary Nielsen mowves, given by

(glu"'vgia'”?gn) — (917'"7gi—17gig;tlagi+17’”7gn)
(9153 Gis- -y 9n) — (g1, 791'71,9;[191'79”1,---,971)

with 1 < 4,7 < n, i # j. (Comparing these with the generators of
Aut™t(F,) given in Section 2.2, one already sees a connection between
the product replacement graph and Aut™ (F,).) The product replacement
graph of G is the graph with vertex set V,(G) where two vertices are
connected by an edge if and only if one can be obtained from the other
through an elementary Nielsen move. By a Nielsen move we refer to a
finite sequence of elementary Nielsen moves. For brevity, we also denote
the product replacement graph by V,, (G).

It is a natural problem to consider the number and the sizes of the
connected components of V,(G). For this purpose, an important and

classical tool is given by

Proposition 2.3 (Higman). Let G be a group such that d(G) < 2. If
(g,h) and (¢, 1) € Va(Q) lie in the same connected component of Vo(G),
then the commutators g, h] and [¢', h'] are conjugate.

In other words, the conjugacy class of [g, h| is invariant under Nielsen
moves. This result can quickly be verified by considering the elementary
Nielsen moves. Using this, we may formulate the following

Definition 2.4. Let G be a group such that d(G) < 2. The Higman
invariant of the connected component of Vo(G) containing the pair (g, h)
is given by the conjugacy class of [g, h] in G. o

Another important result is
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Theorem 2.5 (Lubotzky, Pak). If « : G — H is an epimorphism be-
tween finite groups, then for every n > d(G) the induced map V,(G) —
V.,.(H) given by (g1,---,9n) — (a(g1),...,a(gn)) is a surjective graph
projection. In particular, the number of connected components of V,,(H)
is bounded by that of V,,(G).

This is Theorem 2.1.4 in [21]. It is an immediate consequence of the
following result, which is Lemma 2.1.5 in [21].

Lemma 2.6 (Gaschiitz-Lemma). Let o : G — H be an epimorphism
between finite groups, n > d(G) and let (hy, ..., h,) be a generating n-
tuple of H. Then there ezists a generating n-tuple (g1, ...,g,) of G with
a(gi) = h; for1 <i<n.

In the above situation we call (g1, ...,¢9,) a lift of (hy,..., hy). Using
this lemma, we also find

Lemma 2.7. Let a : G — H be an epimorphism between finite groups.
Moreover, let n > d(G) and (hy,...,hy), (B}, ..., hl) € V,(H). If the
tuples (hi,...,h,) and (Ry,... hl) lie in the same connected component
of V,,(H), then both tuples have the same number of lifts to V,(G).

Proof. 1t suffices to show that if the tuple (h),...,h!) can be obtained
from (hq,...,h,) by an elementary Nielsen move, both tuples have the
same number of lifts to V,,(G). Then the lemma follows by induction.
Let us consider the case that

(hll, ey h;, e h;) = (hl, ey hi_l,hihjj, hi—l—l ey hn)

The argument for the other elementary Nielsen moves is the same. If
(g1, gn) € Vo(GQ)isalift of (hy, ..., hy), then (g1, ..., gigj, -+ gn)isa
lift of (h},...,R),). Conversely, if (g1, ..., g,) is a lift of (h),..., R!), then
(g1, ,gl’-g;._l, ., gh) is alift of (hq, ..., h,). We thus obtain a bijection
between the sets of lifts of (hq,...,h,) and those of (h},...,h.). O

A notion which is closely connected to the product replacement graph
is the notion of T}, -systems. One way to introduce T,,-systems is the fol-
lowing. Let G be a finite group and n > d(G). Moreover, let (g1, ...,9,) €
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V.,.(G). Then the T,-system of G, represented by (g1, ..., gn), is the set
of all n-tuples

(a(gh), -, elgn)) € V(@)

where (g1, ..., g,,) runs through the connected component of (g1,...,gx»)
in V,,(G) and a runs through Aut(G). The following is easily verified.

Lemma 2.8. Let G be a finite group and n > d(G). If G has only one
T,-system, then all connected components of V,(G) have the same size.

2.4 A LEMMA ON FINITE INDEX SUBGROUPS

The following result is well-known.

Lemma 2.9. Let G be a group and H, N < G subgroups of G such that
N is normal in G. If H has finite index in G, then we have

(G:H]=[N:NnH-[G/N:HN/N].

Proof. Clearly we have [G: N| =[G : HN|-[HN : N] so that

(G : N]|

[G:HN]:m

= [G/N : HN/N].

Furthermore, one easily sees that the map N/(HNN) — HN/H induced
by the inclusion N — HN is bijective. Hence

[N:HNN]=[HN : H]

Finally, observe that [G : H] = [G : HN]-[HN : H|. From the above we
now obtain the desired result. O

One can visualize this result by the diagram

1 N G G/N ——=1

l1—NNH—>H—=HN/N—1

where all homomorphisms are the obvious ones. The lemma says that if
H has finite index in G, then this index is just the product of the index
on the left and the index on the right.
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2.5 SoME RESULTS ON FREE PRODUCTS

Let us state two useful results on free products of groups. A good refer-
ence is given by [23, Chap. 6].

Theorem 2.10 (Grushko-Neumann Theorem). If F' is a finitely gener-
ated free group and w is an epimorphism from F onto the free product of
groups G; where © runs over an index set I, then F' is the free product of
groups F;, i € I, such that w(F;) = G;.

As before, for a finitely generated group G let d(G) denote the mini-

mal number of generators of G. Using the above result, we prove

Lemma 2.11. Let G = Gy *---x G}, be the free product of the non-trivial
groups Gj.

(i) If the groups G; are finitely generated, then d(G) = d(Gy) + -+ +
d(Gg). In particular, d(G) > k.

(ii) If G is finitely generated, then so is each group Gi;.

Proof. Let us consider part (i). Certainly it is true for free products of
free groups. The group G is the homomorphic image of a free group F
of rank d(G), say 7(F) = G. By Theorem 2.10, F' = F} % - - - x I}, where
7(F;) = G;. Hence d(G1) + -+ - + d(Gk) < d(G). On the other hand, the
disjoint union of minimal generating sets of the G; forms a generating
set of G of size d(Gy) + - - - + d(Gy) so that d(G) < d(Gy) + - - - + d(Gg).
This proves part (i).

Part (ii) follows since each factor of G is a homomorphic image of G.
O

Sometimes part (i) of the above lemma is also referred to as the
Grushko Theorem.

Theorem 2.12 (Kurosh Subgroup Theorem). Let G be the free product
of groups G;, where i runs over an index set I. Let H be a subgroup of G.
Then H is the free product of a (possibly trivial) free group F together
with the factors H N (d;Gyd; ") where i varies over I and d; varies over

an (H,G;)-double coset representative system of G.
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Furthermore, if H has finite index m in G, then the rank of F is
Y oicr(m —m;) + 1 —m where m; is the number of (H, G;)-double cosets
mn G.

From this we obtain

Proposition 2.13. Let G be the free product of finitely generated non-
trivial groups

G=Gi - xGu*xGpp1 % %Gy
where for 1 < j < n the groups G; are of finite order g;, respectively, and
forn+1 < j <k the groups G; are infinite. Suppose that H < G is a
subgroup of finite indexm in G. Thend(H) > (k—1— Z;;l gj_l)m +1.

Proof. Let R = {ry,...,mn} be a set of representatives for H\G. For
each j we wish to determine the cardinality of a set D; C R of (H, G})-
double coset representatives in G, i.e., we wish to determine the cardi-
nality of (H\G)/G;. Thus we need to consider the action of G; on H\G
by multiplication from the right and find the number of orbits.

First we consider the finite groups G, 1 < j < n. Note that each
Gj-orbit in H\G has length dividing g;. For 1 < j <n and (| g; we thus
set

D' :={r; € R| Hr; has Gj-orbit length [}.

We can now obtain an (H, Gj)-double coset representative system D; by
choosing exactly |D§| /1 elements from each set Dg-, namely one represen-
tative for each Gj-orbit. Hence we have

Dil =) _IDjI/1. (2.1)
lg;
Observe that
d; € D! with | # g;

&  Hdj-g= Hd,; for some g € G, \ {1}

& cljgdj_1 € H for some g € G \ {1}

& HN dejdj_l # 1.
Hence, as d; varies over D;, we obtain exactly

> D/

llg;
l#g;
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non-trivial groups of the form H Nd;G; d Lfor1 < Jj<n.

Now we consider the infinite groups G;, n +1 < j < k. For each j
we choose a set D; of (H, G;)-double coset representatives. Let d; € D;.
Since G is infinite, but Hd; has orbit length at most m, we see that there
is some non-trivial g € G; such that Hd; - g = Hd;, that is, d; gd €H.
Hence H N dejdj_1 is non-trivial for every d; € D]. So the number of
non-trivial groups of the form H N dejdj_l as d; varies over D, is just
|Dj| forn+1< 5 <k

By the Kurosh Subgroup Theorem, H is the free product of a free
group of rank Zle(m — |D;]) +1 = m and the factors H N (d;G;d;")
where 1 < j < k and d; varies over D;. By part (i) of Lemma 2.11, we
have d(H) > N where

N = Z \D|+1—m+ZZ\Dl|/l+Z\D|

J=1 l|g; j=n+1
l#g;

= (k—1) m+1+z —|D;| + > 1D /).
lg;
17599]
Since Dg- C R and |R| = m, we find for 1 < j < n that
Dyl + YD1

l‘gg
I#g;

—g;'[D}| > —g;'m.

Hence .
k—l—Zgj_l)m—l—l
j=1
as we have claimed. O

With the above notation we have
k—l—Zgj_l = (k—n)%—n—l—Zgj_l > k—n—l%—Z(l—gf)
j=1 j=1 j=1

One easily verifies that this expression is positive whenever G is a free
product with at least two non-trivial factors such that G 2 Cs * Cs.
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Indeed, we then have

—_

—n—l—i—z (1-g >

This leads to

Corollary 2.14. Let G be a free product of finitely generated groups with
at least two non-trivial factors such that G 22 CoxCy. Then there is some
¢ =c(G) > 1/6 such that if H < G is a subgroup of finite index m in G,
then d(H) > ¢m + 1.

Note that the group Cy x Cy = Do, = Z X Z /27, which is excluded in
the above result, indeed behaves differently: for m € N, it contains the
subgroup mZ x 7 /27 of index m, generated by two elements.

For specific free products we can, of course, find a better bound. Using
the well-known fact that PSLy(Z) = Cy * C3, Proposition 2.13 yields

Example 2.15. If H is a subgroup of finite index m in PSLy(Z), then
d(H) >m/5+ 1.

We can generalize Proposition 2.13 as follows.

Corollary 2.16. Let G be the free product as in Proposition 2.13. Sup-
pose that G is a group such that there is an epimorphism of G onto G
with finite kernel K. If H < G is a subgroup of finite index m in G, then
d(H) = (k= 1=370 g, )m/|K[+ 1.

Proof. Let ¢ : G — G be an epimorphism with finite kernel K. Then we

have the following commutative diagram with exact rows.

]

11— HNK —=H—>¢(H)—=1

3

1 K

1

Let ¢ :== [K : HN K]|. Then clearly ¢ < |K|. By Lemma 2.9 we see
that [G : e(H)] = m/c. By Proposition 2.13 it follows that the minimal
number of generators for e(H) is at least (n —1— 37 gy ymfe+1>
(n—1-37", g; ")m/|K| + 1. Since H maps onto £(H), the same lower

bound for the number of generators also holds for H. O

29



CHAPTER 2. PRELIMINARIES

Here we give the following application.

Example 2.17. If H is a subgroup of finite index m in SLy(Z), then
d(H) > m/10 + 1.

Corollary 2.18. For a fized number of generators we cannot obtain sub-
groups of arbitrary large finite index in SLy(Z).

The above result also implies that for every n € N the set
{H <SLy(Z) | [SLy(Z) : H] < o0, d(H) < n}

is finite.
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CONGRUENCE SUBGROUPS OF SL,(Z)

In this chapter we consider the congruence subgroups I';,(my, ..., m,) of
SL,,(Z) to be defined below and determine their indices in SL,(Z). In
the special case n = 2 we also determine their algebraic structure.

3.1 INTRODUCTION

Let n,mq,...,m, € N. Then we write
Fn(ml, R ,mn) = {(CLZ‘J') € SLH(Z> | Qi = 5@',]’ mod ml}

where §; ; denotes the Kronecker symbol, i.e., §;, ; =1ifi = jand 6; ; =0
otherwise. It is an easy exercise to show that this defines a subgroup
of SL,(Z). For m € N, the group I',,(m,...,m) is called the principal
congruence subgroup of level m in SL,(Z). 1t is the kernel of the natural
epimorphism SL,(Z) — SL,,(Z/mZ).

In the case n = 2 we shall write ['(mq, my) instead of I'y(mq,ms).
Moreover, it is common to use the following notation. For m € N let

(m) = {AeSLy(Z) | A=(:2) mod m},
I'(m) := L(m,1) ={AeSLy(Z) | A= (1Y) mod m},
['(m) := I'(m,m) ={Ae€SLy(Z) | A=({9) mod m}

Note that actually
I(m)={Ae€SLy(Z) | A= (1Y) mod m}.
One also considers the congruence subgroups

Lo(m) := {AeSly(Z)| A= (
I'i(m) = ['(1,m) ={A€SLy(Z) | A=

31



CHAPTER 3. CONGRUENCE SUBGROUPS OF SL,(Z)

which are conjugate to I'°(m) and I''(m) in SLy(Z) via the matrix ( % }),
respectively.

We shall write PT°(m), PT''(m), PT'(m), PTo(m) and PT'y(m) for
the images of T'%(m), T(m), T'(m), To(m) and T';(m), respectively, in
PSLy(Z) under the natural projection SLo(Z) — PSLy(Z).

The above congruence subgroups are very useful for our purpose,
since, as one easily verifies, for the obvious epimorphism 7 : F, —
Z)miZ X -+ X L]my,Z, we have

p(CHZ)myZ x - X Z/mpZ, 7)) = Dp(my, ..., my)

where p : Aut(F,,) — GL,(Z) is the representation introduced in Sec-
tion 1.1. Conversely, since 1A, < T'N(Z/miZ x --- X Z/m,Z, ), we
have

p (Co(my,...,my)) =TT(Z/miZ x - x Z/m,Z, ).

3.2 THE INDEX OF CONGRUENCE SUBGROUPS

It is our aim to prove the following formula.

Proposition 3.1. Let n,mq,...,m, € N such that m;y; | m; for all
1<i1<n-—1. Then

[SLn(Z) : Fn(ml, e ,mn)] = mrf .. .mz_lmz—l 1:[ H (1 . p]'_n_l)

J=1 plm;
where the second product runs over all primes p dividing m;.
Note that some of the m; in the above proposition may very well be

equal to 1. In Section 4.2 we will also give a formula for the index of
['(my, mg) in SLy(Z) without assuming that ms | my.

Before we prove this result, we need to show the following.
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Lemma 3.2. Let n,m € N. Then

|GL,(Z/mZ)| =m™ ] H (1—p

plm =1
p prime

and | SLy(Z/mZ)| = m™ ! H H (1—-p~

plm  j=2
p prime

Proof. If m = p{' - - - p* is the prime factorization of m, we have
GL,(Z/mZ) = GL,(Z/pT'Z) x --- x GL,(Z/pF Z)

and the analogous result also holds for SL,(Z/mZ). Hence is suffices to
consider the case where m = p© is a prime power. We first prove the
result for GL,,(Z/p°Z), using induction on e.

Since Z/pZ is a field, we easily see

n n

|GL.(Z/p2)| = [ [ =" ) =p" [[ (1 =p7).

j=1 j=1

Now suppose we already know that
| GL.(Z/p°Z)] H

Consider the exact sequence
1 — K, — GL,(Z/p*™Z) — GL,(Z/p*Z) — 1
induced by the natural projection Z/p**17Z — Z/p°Z. We claim that
K. = {L, + p*(ay) | (aij) € Mat,(Z/p'Z)}.

The inclusion C is clear. Conversely, let A = I,, + p°(a;;) with some
matrix (a;;) € Mat,(Z/p**'Z). Then A =1, mod p so that det A = 1
mod p. Hence det A is a unit modulo p¢. It follows that A is invertible,

e., A € GL,(Z/p**Z). This proves the inclusion 2. In particular,
we now see that K, has exactly p”° elements, namely I, + p°(a;;) with
a;; € {0,1,...,p—1}. So we find that

| GLu(Z/p"'Z)] = ™| GLa(Z/pZ)| = p“ " [T (1

Jj=1
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and the proof for GL,,(Z/p°Z) is complete.
By the exact sequence

det

1 — SL.(Z/p°Z) — GLW(Z/p°Z) 225 (Z/p°Z)* — 1

we find that | GL,(Z/p°Z)|/| SLn(Z/p°Z)| = |(Z/p°Z)*|, that is,

| GL,(Z/p°Z)| 2 )T
SL,(Z/p°Z = p
| SLa(Z/p"Z)| = v —p 1) ]1:[2

which completes the proof. O

For the proof of Proposition 3.1 the following notation will be useful.
Let k,m,n € N such that £ < n. Then we write

()

By considering determinants, one easily sees that for 1 < k <n — 1 we

A= < L 0/ ) Al e SLn_k(Z/mZ)}.
x | A

Ay p(m) = {A € SL,.(Z/mZ)

have

Ay p(m) = {A € SL,(Z/mZ)

Hence for 1 < k <n —1 we find

A i(m)] = m* 0| SL, k(Z/mZ)I

= ke H H 1— , by Lem. 3.2.

plm =2
p prime

Moreover A,, ,(m) = {L,}. Let us write
Om : SLy(Z) — SL,(Z/mZ)
for the natural epimorphism. Then

Com,...,m,1,...,1) = Qﬁ_l(An,k(m)).

k times

We are now ready to prove the proposition.
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Proof of Proposition 3.1. We prove this result by induction, i.e., we first
determine the index of I',(m4,1,...,1) in SL,(Z) and then the index
of I'yy(my, ... omp,mgaq, 1,0, 1) in Ty(my, ... my, 1,.0.,1) for 1 < k <
n — 1. Accordingly, we shall start by showing that

[SLa(Z) : T(my, 1., D] =m} [ (1—p7"). (3.1)
p|m1
To this end, consider the following commutative diagram

bmy

1——=T(my) SL,.(Z) SL.(Z)mZ) —1
] J
1——=Th(my) ——=T,(my, 1,..., 1) ——= Ay (M) ——1

From Lemma 2.9 we obtain
SL,(Z) : T'yy(ma, 1, ..., 1)] = [SLp(Z/mnZ) = Ay, 1 (my)].
By Lemma 3.2 and the above remarks, the right hand side is given by

n2— n -7
ml ! Hp|m1 Hj:2 (]‘ - p ]> - mn H (1 _ p_n)
n2—n— n—1 _in 1
my ! Hp|m1 Hj:Q (1 -Pp j)

plma

which proves (3.1).

Let us now suppose we already know that

[SL.(Z) : Tp(my,...,mg, 1,...,1)] = m?mZH H (1 _pj—nq)

J=1plm;

for some 1 < k < n—2. Again we consider a commutative diagram. Here

we abbreviate I',(myq,...,my) := [y(mq,...,mg, 1,...,1) and similarly
Co(ma,...,mpsq) = Tp(ma, .o my, mpg, 1,000, 1).
my iy
1 KkJrl Fn<m1, - ,mk) Amk(miﬁ_l) — 1
1 K1 Fn(ml, s akarl) - An,kJrl(karl) —1
We have
Kk-i—l = Fn(ml, ey, My, mk+1, mk+1, e ,mk+1).
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By Lemmas 2.9 and 3.2 we find that

Cp(ma,...,mg, 1.0 1) s Tp(ma, .o ymyg, mpa 1, ..., 1)]

| A e (M)
|An,k+1 (mk+1) |

2_ f— —k s
mz+ln ! Hp|mk+1 H?:Q (1 - p J)
2— (k+1)—1 —k—1 _
mZ-i—ln Hp‘mk_‘_l H?:Q (1 - p ])

= My 41 H (1 - pkin) :

plmps1

By induction we obtain

[SL,(Z) : Tp(my, ..., mp_1, )] =mp---m!_, f[ [[Ta-p".

J=1plm;
Finally the exact sequence
1 — T(ma, ..., mp) — To(ma, .o a1, 1) 255 At (man) — 1
yields
Lon(ma,...,mp_1,1) : Dp(ma, .oy mp1, my)] = Ay m1(my,)| = m
This completes the proof. n

3.3 FREE CONGRUENCE SUBGROUPS OF SLy(Z)

We wish to describe the algebraic structure of the congruence subgroups
PT'(m,n) < PSLy(Z) and also of I'(m,n) < SLo(Z) for n | m. It is
well-known that PSLy(Z) is the free product

PSL2(Z):<<_01 é>><(2 _11>>

where the first factor has order 2 and the second one has order 3. From
the Kurosh Subgroup Theorem, see Section 2.5, it follows that every
subgroup of PSLy(Z) is the free product of a (possibly trivial) free group,
and certain numbers of copies of the cyclic groups Cs and C5. As we
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shall see, up to a few special cases, the groups PI'(m,n) and I'(m, n) are
actually free.

In [10] Frasch gives the following description of the groups PI'(p) for
p prime.

Theorem 3.3 (Frasch). Let p > 3 be a prime. Then PI'(p) is free of
rank 1+ p3(1 — p~2)/12. Moreover, PT'(2) is free of rank 2.

We shall now generalize his result to

Proposition 3.4. Let m,n € N such that m > 3, n | m and (m,n) #
(3,1). Then I'(m,n) and PT'(m,n) are free of rank
2
nm Ly
1+ I -r7).

plm
p prime

In particular, for primes p > 5, the groups I'(p, 1) are free of rank
1+ p?(1 — p~2)/12 so that the rank of I'(p, 1) grows quadratically in p.
In contrast, for » > 3 one can show that the corresponding subgroups
I'y(p,1,...,1) in SL,(Z) can always be generated by r(r — 1) matrices.
See also [12, Lem. 6.1] or [1, Prop. 2.15].

Let us now prove the above proposition. Consider the natural pro-
jection SLy(Z) — PSLo(Z). By definition, it maps I'(m) onto PI'(m).
For m > 3 the kernel (( ' %)) of this projection has trivial intersection

with I'(m). Hence we obtain an isomorphism
[(m) — PT(m).

Note that this argument does not work in the case m = 2. Indeed,

applying Proposition 2.1 to the exact sequence
1— (%)) —T©2) —Pr2) —1

one finds that, in contrast to PT'(2), the group I'(2) is not free but the di-
rect product of a rank two free group and a cyclic group of order two. Fur-
thermore, in [22] Rademacher considers the groups PI'°(p) for primes p.
In particular, he shows that

PI°(2) = Z % 7./27
PI°(3) = Z % Z./3Z.
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Noting that PT'*(2) = PT?(2) and PT"*(3) = PI'%(3), we see that PI'}(2)
and PT'!(3) are not free. So the cases which are excluded in the propo-
sition indeed behave differently.

Lemma 3.5. Let m > 3. Then I'(m) = PI'(m) is free of rank

3

1+ =1 -p)

plm

where the product runs over all primes p dividing m.

Proof. Observe that for my, mg € N such that m; | my we have I'(my) <
['(my). Accordingly the main point in our proof is that subgroups of free
groups are again free and the rank is given by the Schreier formula [19,
Thm. 2.10]. Since I'(2) is not free, we consider two cases.

Case 1: We have m = 2% for some a > 2. One can verify that PI'(4) has
index 4 in PI'(2). Since the latter group is free of rank 2, we find that
PT'(4) is free of rank 5. From Proposition 3.1 we know that I'(2%) has
index 2370 in T'(4). We thus find that the group I'(2%) is free of rank
1+ 2%(1 —27%)/12, as claimed.

Case 2: We have pg | m for some prime pg > 2. Again by Proposition 3.1,

we see that X

C(po) : T(m)) = 5 T (1 -»72).

-3
D
0 pim

P#Po
Since, by Proposition 3.3, the group I'(po) is free of rank 14+p3(1—py?)/12,
we obtain the desired result. []

We next wish to generalize this result to the groups I'(m,n) and
PI'(m,n) where m > 3, n | m and (m,n) # (3,1). The first step is, of
course, to show that these groups are free. Observe that in this case, the
natural projection SLy(Z) — PSLy(Z) again leads to an isomorphism

['(m,n) — PT'(m,n).
Lemma 3.6. Let m > 4, then T'(m) = PT'Y(m) is a free group.

Proof. Let us first consider the case that m has a prime factor p > 5.

We show that PT''(p) does not contain a non-trivial element of finite
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order. Then the Kurosh Subgroup Theorem yields that PT'!(p) is free.
To this end assume that A € PI''(p) is a non-trivial element of finite
order. Observe that, again by the Kurosh Subgroup Theorem, A has
either order 2 or 3. By definition of PT'!(p) we have

A= (]1 2) mod p

for some 0 < k < p— 1. It follows that

AP = ((1) (1]) mod p.

Now we consider two cases.

Case 1: AP = 1. Then the order of A divides p and we have a contradic-
tion, since A has either order 2 or 3.
Case 2: AP # 1. Then AP is a non-trivial element of PI'(p), which is,

by Theorem 3.3, a free group. Hence AP does not have finite order,

contradiction.

For the remaining cases, that is, for the cases m = 2'3/ with suit-
able i,7 € N U {0}, one verifies by an explicit computation using the
Reidemeister-Schreier method that PT''(m) is also free for m = 4,6, 9.

Hence the lemma follows. O]
From the above lemma together with Lemma 3.5, the formulas in
Proposition 3.1 and the Schreier formula, we now obtain Proposition 3.4.

Remark 3.7. There is a nice alternative argument to show that the
groups PT(m) are free for m > 4 which works as follows. Let p > 5
be a prime. In [22] Rademacher gives a very concrete description of the
group PT°(p). He shows that PT°(p) is the free product of a non-trivial
free group and

o <%1|‘@21:1>*<%2|‘/;22=1>1pr1 mod 4
i <V/\1|V,\31:1>*<V,\2|Vf’2=1> if p=1 mod 3

where z;, \; are defined by 22 = —1 and (2\ — 1) = —3 mod p, respec-
tively, and

Vi= (¥ 1) with 1<k, <p—1, kk,=—1 mod p.
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One can easily verify that a non-trivial element of PI''(p) can neither be
conjugated into (V) nor (Vj,). Hence the Kurosh Subgroup Theorem
(and again checking m = 4, 6,9 separately) implies that for m > 4 the
group PT''(m) is free. o

40



CHAPTER 4

CONGRUENCE SUBGROUPS OF Aut(F},)

This chapter is the main part of the thesis. We first make a few observa-
tions on congruence subgroups of Aut™(F,) and then consider standard
congruence subgroups associated to certain families of finite groups, i.e.,
finite abelian groups, dihedral groups, semidirect products of finite cyclic
groups and some wreath products of finite cyclic groups. For all these
finite groups we also describe the product replacement graph in terms of
the number and the sizes of its connected components. Finally, we show
that the abelianization of a standard congruence subgroup of Aut™(Fy)
associated to a finite non-perfect group is infinite.

4.1 PRELIMINARY RESULTS ON CONGRUENCE
SUBGROUPS OF Aut(F},)

Let us briefly recall our notation from Section 1.1, which we will need

throughout the whole chapter.

By F, = (x1,...,x,) we denote the free group on n > 2 generators.
For n = 2 we usually write F, = (z,y). For an epimorphism = : F,, - G
of F,, onto a finite group G we define

(G, 7) :={p € Aut(F),) | p(ker(n)) = ker(n), ¢ induces idp, /ker(x) }
={p € Awt(F,) | m¢ = 7}.

We have a surjective representation
p: Aut(F,) = Aut(F,/F)) = GL,(Z)

and define Aut®(F},) := p~'(SL,(Z)). Moreover, we set ['M(G,7) =
[(G,7) N Aut™(F,).
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4.1.1 A REDUCTION STEP

As before, let G be a finite group and 7 : F,, — G an epimorphism.
Suppose that G is a group such that there is an epimorphism G — G.
Observe that we naturally obtain an epimorphism 7 : F, > G — G. If
we have mp = 7 for some ¢ € Aut(F,), then clearly 7o = 7. Hence

0(G, ) < (G, 7).

In particular, we may choose G = G, the abelianization of G. With

the above notation we have
PTG, ) < p(T(C™,7)).

This will be helpful, since the image p(I'(G, 7)) is easy to understand if
G is abelian: as mentioned before if 7 : F,, — Z/myZ X --- X Z/m,Z is

the obvious epimorphism, then

p(TT(Z/mZ X - X Z)mpZ, 7)) = Tp(my, ... ,my).

A similar observation is given by the following result.

Lemma 4.1. Let m : F, — G be an epimorphism of F,, onto a finite
group. Moreover, let m; : G — G;, 1 < 1 < m, be epimorphisms with
MNi<i<m ker(m;) = 1. Then

(G m)= () TG mm).

1<i<m
Proof. By the above discussion, we have I'' (G, 7) < I'"(G;, ) for
1 <7 < m. Hence the inclusion < is already clear.

Now let ¢ € I (Gy, mw). Then we have p(ker(mm)) = ker(m;m)
and ¢(w) =w mod ker(mm) for all 1 <i <m and w € F,,. Hence

gp(ﬂ ker(m;m)) = m ker(m;m)
and also
e(w) =w mod ﬂker(mvr)
for all w € F,,. It thus suffices to show that (| ker(m;7) = ker(m). Here the

inclusion > is obvious. Conversely, if w € (| ker(m;7), then m;(7(w)) = 1
for 1 < i < m so that m(w) € (ker(m;) = 1, that is, w € ker(r). O

42



CHAPTER 4. CONGRUENCE SUBGROUPS OF Aut(F},)

4.1.2 CONNECTION TO THE PRODUCT REPLACEMENT GRAPH AND
DEPENDENCE ON THE PRESENTATION

For a finite group G with d(G) < n we set
E.(G):={n: F, — G| mis an epimorphism}.

Note that E, (G) is a finite set. The automorphism group Aut(F,,) acts
on E,(G) from the right by

T-pi=mp, @€ Aut(F,), m € E, (G).

If we fix an epimorphism 7 € E,,(G), then I'(G, 7) is exactly the stabilizer
of m under this action. By the orbit-stabilizer theorem we have

[Aut(F,) : I'(G, )] = |7 - Aut(F},)].
In particular, I'(G, 7) has finite index in Aut(F,,). Note that
D(G,m-p) = 'T(G,m)p, ¢cAut(F,). (4.1)

Hence, up to conjugation, I'(G, w) only depends on the orbit of 7 under
the action of Aut(F},). The automorphism group Aut(G) acts on E, (G)
from the left by

a-m:=arm, «oc Aut(G), 7 € E,(G).

Obviously, we have
I'G,m)=T(G,a- ).

We may naturally identify E, (G) with the set V,,(G) of generating
n-tuples of GG, which we have considered in Section 2.3, through the

correspondence
E.(G)>71 +— (n(z1),...,7(x,)) € V,(G).

Now the action of Aut*(F},) on E,(G) leads to the Nielsen moves that
define the product replacement graph of G.

Under this identification, the orbit 7 - Aut*(F},) corresponds to the
connected component of V,(G) containing (7(x1),...,m(x,)) and the
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orbit Aut(G) -7 - Aut™ (F,) corresponds to the T,,-system containing this
tuple.

In particular, the index of I'"(G, ) in Aut*(F},) is the size of the
connected component of V,,(G) containing the tuple (7(x1),...,7(x,)).
Moreover, up to conjugation, I'* (G, 7) only depends on the connected
component of (7(zy),...,7(x,)) and, more generally, only on the T),-
system of this tuple. Hence, if G has only one T),-system, then, up to
conjugation, I'* (G, 7) does not depend on the particular choice of the
epimorphism 7. In particular, we have

Lemma 4.2. If the finite group G has only one Ty-system, then, up to
conjugation, I'T(G, ) does not depend on the choice of .

4.1.3 FIRST REMARKS ON THE INDEX

Let us consider the following commutative diagram.

1 IA, Aut®(F,) ——=SL,(Z) —1

J

1 —1IA,NTH(G, 1) —=T1(G, 1) —2 p(T'H (G, 7)) —=1

The rows of this diagram are exact and the homomorphisms from the
second row to the first one are simply the inclusions. Before we apply
Lemma 2.9 to this diagram, we note the following result for the special
case n = 2. Recall that, in this case, [Ay = Inn(F3;). Moreover, for
z € Fy, we write a, € [A, for the inner automorphism given by «,(w) =
zwz~t. Similarly, for g € G we define ¢, € Inn(G) by ¢,4(h) := ghg™" for
all h € G.

Lemma 4.3. The homomorphism ® : 1Ay — Inn(G) given by (o) =
Cr(z) leads to an exacl sequence

1 — IA,NIH(G, 7) — 1Ay —2 Inn(G) — 1.
In particular [TAg : TA; NG, )] = | Inn(G)| = [G : Z(G)].

Proof. Since 7 : Fy — (G is onto, it follows that ® is onto. We now show
that ker ® = IA, NI (G, 7).
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Let a, € ker ®. Then ¢y(,) = idg, Le., w(z)gn(z)"! =g for all g € G.
Hence ma,(w) = 7(2)7(w)w(z)~! = 7(w) for all w € Fy so that ma, = 7.
This shows that «, € IA, NI'H(G, 7).

Conversely, suppose that «, € TA; "I'T(G, 7). Then 7o, = 7 so that
m(2)m(w)w(2)"t = 7(w) for all w € Fy. Since 7 is onto, it follows that
m(z) € Z(G). Hence () = idg, i.e., a, € ker ®. O

Now we apply Lemma 2.9 to the above diagram to obtain
Corollary 4.4. We have

[Aut®(F,) : TT(G, m)] = [SL.(Z) : p(TT(G,m))] - [TA, : TA, NCH(G, 7))
For n = 2 this implies
[Aut*(Fy) : T* (G, m)) = SLa(Z) : p(T™ (G, )] - | Inn(G).

Note that if 7 : F;, — G is an epimorphism onto an abelian group,

we have IA,, < T (G, ). Hence, in this case
[Aut™(F,) : TT(G, m)] = [SL.(Z) : p(TT(G,T))].

This observation will be used in the next section.

4.2 (CONGRUENCE SUBGROUPS ASSOCIATED TO
ABELIAN GROUPS

In this section we consider congruence subgroups of Aut™(F,) associated
to finite abelian groups. Our aim is to prove Theorem B. We first deter-
mine their indices in Aut™(F},). Using this, we obtain a nice description
of the product replacement graphs of finite abelian groups. Using our
results on congruence subgroups of SLy(Z) in Section 3.3, we also deter-
mine the abelianizations of congruence subgroups of Aut™ (F;) associated
to finite abelian groups.

4.2.1 THE INDEX OF CONGRUENCE SUBGROUPS ASSOCIATED TO
ABELIAN GROUPS

Our aim in this section is to prove
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Theorem 4.5. Let G be a finite abelian group. Then, up to conjugation,
I (G,m) only depends on G but not on the particular epimorphism 7 :
F, — G. We have

[Aut*(F,) : TH(G, )] = [SLa(Z) : p(T (G, 1)).

Writing G = Z/myZ X -+ - X Z/m,Z with m;1 | m; for 1 <i<n—1,
the index of T'H(G, ) in Aut™(F,) is given by

n—1
n n n—1 j—m—1
My My, 1M, HH(l_p] )
J=1plm;

where the second product runs over all primes p dividing m;.

We note that this result for the special case n = 2 can be found in
the joint paper [3] of Ribnere and the author.

Before we prove this, let us state a consequence of this theorem which
can also be found in [3].

Corollary 4.6. Let my, my € N (where not necessarily mo | my). Then
[SLo(Z) : T'(my, my)] = lem(my, my)? ged(my, mo) H(l —p 3.

where the product runs over all primes p dividing lem(mq, ms).

Proof. We have I'(my, my) = p(I'"(Z/m1Z x Z/moZ, 7)) where 7 : Fy —
Z]miZ x Z]msZ is the obvious epimorphism. Observe that there is an

isomorphism

a: Z)miZ x L)meZe — 7./ lem(my, mo)Z x 7./ ged(my, ms)Z.
Now
TN Z/miZ X Z)moZ, 7)) = U (Z/ lem(my, mo)Z x 7] ged(my, ma)Z, a).

Since, up to conjugation, I'*(Z/lem(my, m2)Z x Z/ ged(my, mo)Z, arr)
does not depend on am, we find that

p(TT(Z/) lem(my, ma)Z x Z) ged(my, ma)Z, ar)) = T'(my, ms)

is conjugate to I'(lem(mq, ms), ged(my, ms)). By Proposition 3.1, the
result follows. O
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Our first step towards proving the theorem is

Lemma 4.7. Let m,n € N and a,...,a, € (Z/mZ)". Then, writing

the a; as column vectors, we have
(ay,...,an) = (Z/mZ)" <= (a1---a,) € GL,(Z/mZ).

In particular |V,((Z/mZ)")| = | GL,(Z/mZ)|.

Proof. We have

(ay,...,a,) = (Z/mZ)".

& There are \;; € Z/mZ,1 < i,j <n, such that
)\11a1+-'-+)\n1an: (1 0---0 O)t,...,
Mm@+ -+ A = (0 0---0 1)".

& There are \;; € Z/mZ,1 < i,j < n, such that
A1l 0 Ain 10
(al...an)< E ." S >:(E.',E)'
Ani -+ Anm 0 - i
& (ay---a,) € GL,(Z/mZ).
This proves the lemma. O

By the above lemma, we can identify V,,((Z/mZ)") with GL,,(Z/mZ)
in a natural way. We shall use this identification in the proof of the
following lemma. By ¢ we denote the Euler ¢-function.

Lemma 4.8. The product replacement graph V,((Z/mZ)") has ezactly
¢(m) connected components. Identifying V,,((Z/mZ)") with GL,,(Z/mZ),

the connected components are characterized by the determinant.

Proof. Observe that, under our identification of the graph V,,((Z/mZ)")
with GL,(Z/mZ), the Nielsen moves correspond to certain column op-
erations. To be precise, an elementary Nielsen move corresponds to the
addition of a column to another one. Hence it is clear that the determi-
nant is an invariant for the connected components so that V,,((Z/mZ)™)

has at least ¢(m) components.
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Suppose that det(a; - - - a,) = €. We shall now show that (ai,...,a,)

is in the same connected component as

1 0 0
0 0 0
Sl (4.2)
0 1 0
0 0 €

thereby proving that V,,((Z/mZ)™) has exactly ¢(m) connected compo-
nents and that these are characterized by the determinant. Observe that,
since the determinant of (a; - --a,) is a unit modulo m, so must be the
greatest common divisor of the entries in the first row. Using Nielsen
moves, we can apply an Fuclidean algorithm to the first row to obtain a
matrix of the form

1/ 0 0
* | A22 Q2n,
* | Qpa - Ann

Now the determinant of the (n — 1) x (n — 1)-submatrix at the bottom
right must again be a unit. So we can apply a Euclidean algorithm to its
first row (ags -« - ag,) to obtain (1 0---0). Adding a suitable multiple of
the second column of the n X n-matrix to its first column, we obtain

1 0{0 --- O
0 1{0 --- 0

Proceeding inductively we get a matrix of the form

I,.1]0
x |la |

Now a has to be a unit. Indeed, we must have a = . So, by adding
suitable multiples of the last column to the others, we obtain the desired

matrix corresponding to (4.2). O

Lemma 4.9. Let G .= Z/m Z X - - - X L/ m,Z with m;yq | m; for 1 <i <
n—1. Then V,,(G) has exactly ¢(m,) connected components. Moreover,
G has only one T, -system.
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Proof. Let us first consider the case that m,, > 1. Observe that for every
e € (Z/m,Z)* we have a generating n-tuple of G of the form (4.2). We

show that these ¢(m,) tuples represent the connected components. To

this end let oL o
()

be an arbitrary generating n-tuple of G. We shall assign two matri-
ces to this tuple as follows. On the one hand, via the natural pro-
jection G — (Z/m,Z)", we can map A onto a generating n-tuple of
(Z/m,Z)". By Lemma 4.7, we can identify this tuple with a matrix
A, € GL,(Z/my,Z). On the other hand, by Lemma 2.6 of Gaschiitz, the
tuple A lifts via (Z/miZ)" — G to a generating n-tuple of (Z/m,Z)"
which we can identify with a matrix A; € GL,(Z/miZ). Now, if we
apply a Nielsen move to A, the matrix we obtain maps onto the matrix
obtained from A,, by applying the same move. Since det(A,,) € (Z/m,Z)*
is invariant under Nielsen moves, we find that the generating tuples (4.2)
lie in distinct connected components of V,,(G). It now remains to verify
that A lies in the same connected component as

1 0 0
0 0 0
: ) ) ; :
0 0 0
0 1 0
0 0 det(Ay)

From Lemma 4.8 we know that we can apply a Nielsen move to A; such
that we obtain

€ GL,(Z/m\Z). (4.3)
det(Al)
Since det(A;) = det(A,) mod m,, we now just have to apply the same

Nielsen move to A to obtain the desired result.

To see that G has only one T,-system, we note that each of the
generating tuples (4.2) can be mapped onto the canonical one by an

automorphism of G.

Let us now consider the case m,, = 1. Suppose that mq,...,m;_1 # 1

and my,...,m, = 1. As before we can lift an arbitrary generating tuple
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A € V,(G) to some Ay € V,,((Z/miZ)"). By applying Nielsen moves
such that A, is transformed to a matrix as in (4.3), we get that, by the

same moves, A is transformed to

)

Hence, in the case m,, = 1, the graph V,(G) is connected. In particular,
G has only one T,,-system. O]

Now we complete the proof of the main result.

Proof of Theorem 4.5. The fact that
[Aut™(F,) : TH(G, )] = [SLL(Z) : p(TH(G, m))]. (4.4)

follows from Corollary 4.4. We know by Lemma 4.9 that the index of
I'"(G,7), with G as in the theorem, does not depend on the choice
of . If one thus chooses the canonical epimorphism 7 : F,, — G, then
p(TT(G,m)) =T (my,...,my). The index of this group in SL,(Z) is given
in Proposition 3.1. O

4.2.2 ProbpucT REPLACEMENT GRAPHS OF ABELIAN GROUPS

The above results enable us to prove some facts about the product re-
placement graph of a finite abelian group. Indeed, we can find the number
of its vertices and the number and the sizes of its connected components.
Note that formulas for these numbers are also given by Diaconis and Gra-
ham in [7]. However, they use a very different method to find a formula
for the size of the product replacement graph. To be concrete, they use
abstract Mobius inversion, which was introduced by Hall [13]. We note
that our formula for the number of generating n-tuples seems to be much
easier to evaluate.

Proposition 4.10. Let G := Z/m Z X+ - -XZ/m,Z where m;1 | m;. The
number of connected components of V,,(G) is ¢(my,) and each component

has exactly

n—1
mi-emnmr [T -9

J=1plm;
p prime
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vertices. Moreover, G has only one T,,-system.

In particular, G has exactly

mi-mp [T [T =27

J=1 plm;
p prime

n

generating n-tuples and if m,, < 2, then V,(G) is connected.

Proof. Since, by Lemma 4.9, the group G has only one T,,-system, we see
that all connected components of V,,(G) have the same size. Now the
size of such a component is just the index of I'"(G, ) in Aut™(F,) and,
by Lemma 4.9, the number of connected components is ¢(m,,). We thus
obtain the desired result. O

4.2.3 THE ABELIANIZATION OF CONGRUENCE SUBGROUPS ASSOCI-
ATED TO ABELIAN GROUPS

Using the results of the preceding sections and the facts we know about
congruence subgroups of SLy(Z), we can determine the abelianization of
['*(G, ) for an abelian group G in the case n = 2. Note that our result
covers all possible choices for G abelian.

Theorem 4.11. Let m,n € N such that m > 3, n | m and (m,n) #
(3,1). Moreover, let G :=Z/mZ X Z/nZ and « : Fy, — G be an epimor-
phism. Then

(@, 7)™ 2 G x ZH127 0 (17

where the product runs over all primes p dividing m.

Furthermore, we have
(227, 7)* = 7./27 x 7./AZ x Z,
I(Z/3Z, 7)™ = 7/37 x 7./3Z x Z,
I(Z/)27 x 7.)27., 7)™ =2 7./27. x 7.)27 x 7./27 x 7.

Proof. By Theorem 4.5, up to conjugation, the group I' (G, ) only de-
pends on G but not on the particular choice of the epimorphism 7 :
F, — G. We may thus suppose that 7(z) = (1,0) and 7(y) = (0,1).
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Note that, since G is abelian, we have Ay < I'"(G, 7). Hence there is

an exact sequence
1 — 1Ay — TH(G,7) 2 T(m,n) — 1.

By Proposition 3.4, the group I'(m, n) is free of rank

plm

Let {M; = (& Zl) | 1 < i < r} be aset of free generators of I'(m,n).
Moreover, let ¢; € Aut™(Fy) such that p(¢;) = M;, that is,

0i(r) = aix + ¢y, wily) =bix +dy mod Fy (4.5)

where F} denotes the commutator subgroup of F,. Recall that the group
A, is free on ay, vy, the inner automorphisms given by conjugation with
x and y, respectively (see Section 2.2). Now Proposition 2.1 of Hall yields
that I't (G, 7) admits a presentation

(O, s 1, - 0 | goiaxgoi_l = wj, goiaygoi_l =uv; for 1 <i<r)
where the w; and v; are suitable words in a,, ;. We have
Pitgp; = Qi (z); Pyt = Qopi(y)
for all . Hence, from (4.5) it follows that
0y = ;0 + 0y, Qy = bija, + diay, (4.6)

in the abelianization of I'"(G, 7). This yields that I'M(G, m)*" is the
abelian group generated by @, o, and p;,1 < i < r, subject to the
relations (4.6). Observe that (}9) € I'(m,n). Hence this matrix is a

n 1

product of the M; and one consequence of the relations (4.6) is
Qz = Oz + Ny,

We thus find that nay, = 0. Similarly we find that ma, = 0. Obviously
we can rewrite the defining relations (4.6) as
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By definition of I'(m, n), we have
(a;—1)=b;=0 modm, (1-d)=c¢;=0 modn

for all ¢ so that all relations in (4.7) are consequences of ma;, = 0 and
na, = 0. Hence we obtain a presentation

(G, 7)* = (a;,a,, %1, .., @ | abelian, ma, = 0, na, = 0).

This proves 't (G, 7)? = G x Z". The three special cases can be obtained
by an explicit computation. One can also refer to Table 1.1 in Section 1.3:
by Theorem 4.5 one sees that the groups A obtained in the computation,
are actually equal to I'"(G, ) in these cases, since they have the same
index in Aut™(F3). O

4.3 CONGRUENCE SUBGROUPS ASSOCIATED TO
DIHEDRAL GROUPS

In this section we prove Theorem D on standard congruence subgroups of
Aut™ (Fy) associated to dihedral groups. Again, we determine the indices
of these groups in Aut™(F;). We also determine, up to conjugation,
their images in SLy(Z) under the standard representation. Using this,
we obtain the somewhat surprising fact that congruence subgroups of
Aut™(Fy) associated to dihedral groups are always generated by four
elements. From this we draw some interesting conclusions about finite-

index subgroups of Aut™(Fy).

4.3.1 INDEX AND GENERATION OF CONGRUENCE SUBGROUPS AS-
SOCIATED TO DIHEDRAL GROUPS

Our aim in this section is to prove

Theorem 4.12. Let n > 3 and D,, be the dihedral group of order 2n.

(i) Up to conjugation, T(D,,n) only depends on n, but not on the
epimorphism w : Fy — D,,.

(ii) The index of TT(D,, ) in Aut™(Fy) is 6n.
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(i11) The image p(T't (D, 7)) < SLa(Z) is conjugate to T'1(2) if n is odd
and to T'(2) if n is even.

(iv) The group T'T(D,, ) is generated by four elements.

This result is also contained in the joint work [3] of Ribnere and the
author. There one also finds the following interesting observation.

Corollary 4.13. The special automorphism group Aut™(Fy), and hence
also Aut(Fy), has subgroups of arbitrary large index, generated by four

elements.

Comparing this to Corollary 2.18, we see that Aut™(F) behaves in
this respect very different than SLo(Z). Furthermore, SLy(Z) contains
free finite index subgroups, e.g., I'(5). In contrast to that, we have

Corollary 4.14. (i) Let U < Aut(Fy) be a subgroup of finite index m
in Aut(Fy). Then U has subgroups of arbitrary large finite index,
generated by 3m + 1 elements.

(ii) Finite index subgroups of Aut(Fy) cannot be written as non-trivial

free products.

iii) The special automorphism group Aut™(Fy) does not have an epi-
(iii) P P group P

morphism with finite kernel onto a non-trivial free product.

Proof. For part (i) we observe that, as n increases, the subgroups U N
I'*(D,,m) < U have arbitrary large finite index in U. Since U has index
m in Aut(F), we find that [['7(D,,, 7) : UNI'T(D,, )] < m. The Schreier
formula and the fact that ' (D,,, 7) is generated by four elements yield
part ().

Now we consider part (ii). Let U < Aut(F3) be a subgroup of finite
index m in Aut(Fy). Assume that U can be written as a free product,
say U =2 Gy * --- x G, k > 2, with non-trivial groups G;. Since U is
finitely generated, so are all the G;, by Lemma 2.11. By part (i), U
has a subgroup V' of arbitrary large index n such that d(V) < 3m + 1.
However, unless U = Cy * Cy, Corollary 2.14 yields that d(V) > en + 1
with ¢ > 0. Hence we only need to show that U 2 C5 % Cy. To this end,
assume U = (5 x (3. Note that in this case U = D, is solvable. Since
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U has finite index in Aut(F}), it follows that U NTA, is non-trivial. Now
on the one hand U N IA, is solvable, but on the other hand U N IA, is

also free, contradiction. This proves part (ii).

For part (iii) we first recall that Aut™(Fy) is finitely generated. There-
fore, by part (ii) of Lemma 2.11, it suffices to show that Aut*(F,) does
not have an epimorphism with finite kernel onto a non-trivial free prod-
uct of finitely generated groups. Moreover, by Corollary 2.16, it suffices
to show that there is no epimorphism Aut*(F,) — Cy x Cy with finite
kernel. Suppose there is such an epimorphism. From the presentation of
Aut™(F;) given in Section 2.2, we obtain (Aut™ (F3))* = Cjy. So this epi-
morphism induces an epimorphism C1y & (Autt(F}))2> — (Cy * Cy)?P =
Cs x Cy, which is clearly impossible. O

Let us now prove Theorem 4.12. A presentation of the dihedral group
D, is given by

D,={rs|r"=1, =1, rs=sr1).

The group contains exactly 2n elements, namely

2 n—1 2 n—1
1,rore, . .. r" s, 8r, 8", ..., 8" .

If n is odd, the center Z(D,) of D, is trivial. For even n its center has
order 2 and we have Z(D,,) = (rz).

Statement (i) of Theorem 4.12 follows from

Lemma 4.15. Let n > 3 and D, be the dihedral group of order 2n.
The group D,, has only one Ty-system. Moreover, D,, has exactly 3¢(n)n

generating pairs.

Proof. First we show that the elements sr®, v’ € D,,, a,b € Z, generate
D, if and only if (r®) = (r), i.e., ged(n,b) = 1.

Suppose that (sr® r®) = D,,. Observe that sr® has order 2 and r’ has
order dividing n. Moreover, since sr® - - (sr?)~! = 77 the subgroup
(r*y < D, is normal. Hence every element of D, can be written as
(sr)¢(r®)? with suitable 0 < ¢ < 1 and 0 < d < ord(r®) — 1. It follows
that ord(r®) = n, that is, (r’) = (r). The converse implication is clear.
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Now consider the exact sequence
1—(r) — D, — Z/2Z — 1.

By Proposition 4.10, the graph V(Z/2Z) is connected. Therefore, every
connected component of Vy(D,) contains a lift of the generating pair
(1,0) of Z/2Z, that is, a pair of the form (sr?, r’) with ged(n,b) = 1.
The same orbit also contains (s,7%). One easily verifies that the map
induced by s + s, 7 = 7° yields an automorphism of D,,. Hence D,, has
only one T-system.

Since V3(Z/2Z) is connected, we know, by Lemma 2.7, that each
generating pair of Z/27 has the same number of lifts to D,. Finally,
since the generating pair (1,0) has exactly ¢(n)n lifts, namely (sr¢,r?)
with 1 < a,b < n, ged(b,n) = 1, and Z/27Z has exactly 3 generating
pairs, the proof is complete. O

Next we show that the image p(I'"(D,, 7)) is conjugate to I';(2) if
n is odd and to I'(2) if n is even. Since we already know that, up to
conjugation, I'*(D,,, ) does not depend on 7, it suffices to consider the
epimorphism 7 : F» — D,, given by mo(z) = r and m(y) = s.

We know from Subsection 4.1.1 that p(I't(D,,, 7)) is a subgroup of
p(TT (D 7)), where 7 is the epimorphism m, followed by the natural
projection onto the abelian quotient D2 = D,,/D!. We have

D = (5|25 =0)=7/27Z, for n odd,
D = (r,5|2F=0,25=0,7+5=5+7) = (Z/27Z)>  for n even
where 7 and 5 are the images of 7 and s in D", respectively. Hence

I'1(2) if n is odd

p(I"(Dn, m0)) <
" ['(2) if n is even.

(4.8)
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Observe that the following automorphisms are in I'"(D,,, o).

xny_ly T—x
"= Y2 =

y=y! y = Ty

Tyl T
V3 = Ya =

y—y y =y

For the reader’s convenience we include their inverses.

1,.—-1,—-1

1 T=Y Ty 1 T—x
M= 1 Yoo = T
y—y y—zr yx
. Ty 2w . T T
Y3 = Voo = .
yr—=y yr—=x y
The images of the automorphisms 74, . . ., 74 under p are given by ( 2+ O ),

(§%), (£9) and ({7), respectively. For odd n these matrices generate
['1(2) and for even n they generate I'(2). Therefore equality holds in (4.8),
which proves statement (iii) of Theorem 4.12.

By Proposition 3.1, we know that [SLo(Z) : I'1(2)] = 3 and that
[SLo(Z) : I'(2)] = 6. Hence Corollary 4.4 yields that the index of
(D, ) in Aut™ (Fy) is given by

[SLy(Z) : p(TT (D, 7))] - | Inn(D,,)| = 3-2n = 6n, for n odd

6 -n = 6n, for n even.

So statement (ii) of Theorem 4.12 is proved.

To prove statement (iv), we show that the automorphisms v, ..., v
introduced above generate I'" (D,,, ). Considering the sequence

1 — 1A, NI (D, m0) — TT(Dy, o) 2 p(TH(D,, m)) — 1

we see that I'"(D,,, o) is generated by the generators of TA; NI (D,,, m)
together with preimages of the generators of p(I't(D,,, 7g)). Therefore we
compute generators of 1Ay NI'"(D,,, mo) and of p(I't(D,, m)), using the
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Reidemeister method [19, Thm. 2.7], and then show that each generator
can be written as a product of 4!, ... 4

We first focus on the case that n is odd. In this case the center of D,
is trivial. So Lemma 4.3 yields an isomorphism

IA2 ﬂr+(Dn, 7T0)\ IA2 = Dn, [Oéw] — 7T0(U)>.

Hence a set of right coset representatives of 1Ay NI'T(D,,, mo) in TA, is
given by

idp,, gy g2, .o Qg1 Oty Qg oy Qygn—1.

For an automorphism «,, € TA; = Inn(Fy), we write @, for its represen-
tative, taken from the above list. The Reidemeister method says that
[A, NI (D, mp) is generated by

KongKozgf1 and KocyKozyfl

where K runs through the above list of representatives. We first compute
the elements that are given by KozxKozx_l. For 0 <k <n — 2 we have

EE— -1
Ak QpQlgk Oy, = Qgrt1(yyy = 1dp, .
For k =n — 1 we find
IE——— . o
Qpn—10 Olgn—100; = Qgn idp, = Qgn.
Again for 0 < k <n — 2 we have
E—— -1 —id
ayxkaxayxkozx = ay$k+layg;k+1 = 1ldpg, .
For kK =n — 1 we have
— 1 _ -1 _
nyznflaxayznflax — O[yxnay — O{yxnyfl.
) —1
Let us now consider Ko, Ka, . Clearly we have
. —_1
idp, oidp, = idp, .
For 1 <k <n-—1 we find

CYkaYyOéxkOéy_l = Qphy Qo = Qghygh—ny—1.



CHAPTER 4. CONGRUENCE SUBGROUPS OF Aut(F},)

Next we find

Q00 = a2 idp, = .
Finally, for 1 < k < n — 1 we have
Qe Oy i O+ = Qg O, = Uy gk -
yr y“yx i yxty=rtoen—k yxrtyx
We collect and rewrite the set of generators that we have found as
Qzny 2, Qygny—1, Olgkygk—ny, Qlypkysk—n (I1<k<n-1).

Since TA, is free of rank 2 and TA, NI (D,,, mg) is a subgroup of index 2n,
the Schreier formula yields that IAy N['*(D,,, m) is free of rank 2n + 1.
The above set of generators contains exactly 2n 4+ 1 elements so that
[A; NI (D, mp) is freely generated by these. We have

p(IF (D, m0)) =T1(2) = ((59), (51))-

Let

T — xy? T
gpl = and @2 - 1—n n+1
y—y Yy xozyr 2

so that p(p1) = (19) and p(p2) = (§1). An easy computation shows
that these are elements of I'"(D,,, o). Hence I'(D,,, mg) is generated by

P1, P2, OQgn, Qy2, Qygny—1,

Agkygh—ny, Oyghygk—n (1 < k <n-— 1).
The following formulas can be verified by elementary computations.

Lemma 4.16. The following identities hold.

P11 =737 3

ontl—1 -
2= Y1 V2
2 -—n
Qgn = Y49
2.9
Qg2 = Y173

Qyony—1 = Y1 V3 VPV s
Qykyah—n = VNVE V83 9 ey e

Oghyatny = ViV "Y1 V2NV Vs

for1 <k<n-—1.
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Now we consider the case where n is even. Note that, in this case, D,
has center (rz) and Inn(D,,) = Dx. By a similar computation as above,
we find that TA, NI (D, mp) is free on

(0% « «

y2) ym%y—l’ « (0]

25 yabyat— 3 Ogryer-3, (1 <k <n/2—1).

Furthermore,

p(L*(Dyym)) =T(2) = ((59),(61), (o' 1))
The automorphisms

x = x> T =T r— oy taTly

= ;o Yo = and 3 =

y—y y — zyzr y—yt

are in I'Y(D,,m) and also preimages of the generators of I'(2). So
(D, m) is generated by
’(/)17 ¢27 1/}3’ Q %, Qy2, ayx%y—l’

a a 2 (1<k<n/2-1).

xkyz‘k_%y’ yrkyz®

As before, we show that all generators of I'(D,,, ) can be expressed as
products of 4, ..., vih

Lemma 4.17. We have
U1 =71
o = 7o
Us =7 s
ay =7 "

2.2
Q2 = 7173

_ _ 2_k
O kyab B = BNV N NS L

n

Upryoh=By = 1805 0 VN Y3 0 Y

for1<k<n/2-—1.

k _ _
Y3 271 2’73’71

This completes the proof of statement (iv) of Theorem 4.12.

We remark that our proof of Theorem 4.12 (iv) is a very direct one.
It would be interesting to see if there is also a more conceptual way to
prove this statement. (See also the remarks after Theorem 4.24 about a

generalization of this result.)
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4.3.2 PropucTt REPLACEMENT GRAPHS OF DIHEDRAL GROUPS

From our results in the previous section we obtain the following descrip-
tion of the product replacement graph of a dihedral group.

Corollary 4.18. Let n > 3 and D,, be the dihedral group of order 2n.
Then D,, has exactly 3¢p(n)n generating pairs and Vo(D,,) has exactly
®(n)/2 connected components, each of size 6n. Moreover, D,, has only
one Ty-system.

Proof. The number of generating pairs of D,, and the fact that D,, has
only one Th-system was already shown in Lemma 4.15. Since the size
of the components is just the index of I'V(D,,7) in Aut™(F;) for the
corresponding 7, part (ii) of Theorem 4.12 completes the proof. ]

4.3.3 THE ABELIANIZATION OF CONGRUENCE SUBGROUPS ASSOCI-
ATED TO DIHEDRAL GROUPS

The aim of this section is to prove
Theorem 4.19. Let n > 3 and 7 : Fy — D,, be an epimorphism. Then

Z)27. x 7%, n odd
7)27. X 73, n even.

2

(D, )™

Our first step to prove this result is to use the exact sequence
1 — IA, NI (D, ) — T (D, mo) 2 p(TH(D,y, 7)) — 1

to determine a presentation of I'"(D,,, my). We point out that we do not
intend to simplify this presentation. We only use it as a tool to prove
the desired result.

Let us first focus on the case that n is odd. We have already seen
that, in this case, ' (D,,, 7o) is generated by

©1, P2, Qgn, 2, Qgny—1, Qghygh—ny, Oyghyeh—n (1 <k <n—1)

where
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Using the Reidemeister-Schreier method [19, Sec. 2.3] one can compute
a presentation of p(I't(D,,, m)) = I'1(2). We have

[1(2) = (My = (59), My = (§1) | (MiMy )", MMy MMy My M),

Observe that p(¢1) = M; and p(p2) = M,. To ease notation a bit we

write

a1 1= Qzn, Qg 1= Qu2, (3 = Qygny—1,

b 1= Qugkygk—n, Ckp 1= Quhygb-ny, 1< k<n—1

By Proposition 2.1, in order to obtain a presentation of T'"(D,,,mp), we
have to express the elements (p105")*, w105 0303 193 and ga;0; ",
goibjgojl, gpicjnpjl as words in ay, ag, as, by, ¢x. It is an elementary (though
rather long) computation to verify the following result. To avoid case
distinctions, we omit the cases n = 3 or 5. In these cases, one can refer
to Table 1.1 in Section 1.3.

Proposition 4.20. For oddn > 7, the group I'"(D,,, my) is generated by
the elements 1, pa, a1, a9, a3 and b, ¢, (1 < k < n — 1) subject to the
following relations.

(A)

~1 ~1 ~1 —1
Pp1a107 = c1ay by_1-+-qay by cp_1ay by - aray
-1
P2a1P9 = a4
~1
P102¥1 = G2
~1 ~1 ~1
V2025 = ay Cnpiay bnTJrlal
~1 ~1 ~1 ~1
P1azp; = bicp—1ay - -bicpjay - bp_q1cray - - azas
-1 -1 -1 —1
©2a3Py = aq CnT-HGQ agagchHal
(B)
-1 ~1 ~1 ~1
<P1bk;901 =b10n—1a2 "'blcn—la2 "'bk—lcn—k+1a2
~1 -1 -1 -1 —1 ~1
b - b qanc, "y g b ase, Ty by Zyascy

—1 -1 n—3
a; Cnt1Gs bnna 1< k<2
1 ¥r=2 YR 4k =" = "9
—1 _ —1 -1 —1
Pabrpy = @1 Cnpray asaz, k="

a;lcmaglagbkiﬂal, ”T“ <k<n-1
2 2
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(C)

-1 -1 -1 -1
P1CLPq = C1 - Qg by—1C2 -+ * Uy biCrni41 Qg br—k+1Ck
-1 -1 —1p—1 -1 p—1
CCpp1bp_p_1G2 ¢ b, yag 07y an
-1 —1 -1 n—3
Gy Cni1, 40y a3 bnTJrlal, 1<k< 52
Ryt = 1 k=nt
P2Ck P9 = @3 Onpran, =5

-1 n+1
Cpn_10y bnTH(ll, = <k<n-1

(D)

—1\4 -1 —1 -1
(p1937) = C10y bpy- Gy by o1y b

-1 -1
cCntlly @
"2 2 %3

“1;-1 171 -1 -1
“agCy b,y -ragc; b rasC,-1 b
2 2

1

*A2Cph11 A1
2
-1 2 -1 2 -1 1 —1

P12 P1P2 P1¥P9 =10y bp_1---cay by_p- - Canl(lz bnTH

2
-1 3-1 —17—-1 -1 -1
* Cn+3 b,,L,l a2 A Cl _l+1a2 c e Cn72b3 a/2
cep by tar b ag tage tay

Recall that, in Section 4.3.1, we have introduced the following ele-
ments of I'"(D,,, mp).

x>y ly T T
M= . Y2 =

Yy Y Ty

Tyl T
V3 = Ya =

y—y y =y

In Lemma 4.16 we have written the elements 1, o, a1, as, ag, by

and ¢, as words in v, ... 4E!. Conversely, we have
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Lemma 4.21. The following identities hold.

1, 1 -1 ~1 —1 —1 —1
V1= Py L1y Gy Cag -y bn_gucngl - a, bn-2k3Cn;3 ceely bpoic - ay asag

Yy = a1
Y3 = Q21

_ntl _ n
Y1 = (a1903)" 7 @3 (arp3)" ™

We now turn to the case that n is even. We already know that, in
this case, ' (D,,, ) is generated by

wla wQa ¢37 Oéxga Q2 ayx%yfla ayxkyxk—%a amkyx‘k—%y (1 S k S n/2 - 1)
where

T xy? T T Ty taly
P = , g = and 13 = .

Yy—=y Y= xyx yr=y .

In order not to get confused with the above notation, we shall use other
names in this computation, even if some automorphisms coincide with

some from the case that n is odd. We therefore write

dl = Oéx"

n, dy:i=ou2, dii=a

n
yxjy—17

e = Oéy:rkymkig’ fk = Oéxkyzkigy (1 S k S n/2 - 1)

The image p(I'" (D, m)) = I'(2) is generated by Ny := p(¢y) = (39),
Ny :=p(1e) = (§2) and N3 := p(¢3) = (‘01 91) and admits the presen-
tation

['(2) = (Ny, Noy N | N3 =1, NyNsN{INgt =1, NoNsNy 'Ng = 1).
This leads us to the following result.

Proposition 4.22. For even n > 4, the group T't(D,,, m) is generated
by the elements 1,19, 103, dy1, do,ds and ey, fr (1 <k <n/2—1), subject

to the following relations.
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(4)

(B)

(C)

Yrdypy !
Uoditpy
Usdits?
Urdotpyt
Undothy !
Udats
Undsty
Undsipy !
Ysdz3 !

Yrepy!

Poerhy !

Yseps !

U1 !

Vs frthy !

Vs iy !

fldgleﬂ,l fld eﬂ,l . f%,1d271€1 : d1d2

frdy dzend,

dy?

elf%,ldgl . ~elf%,ld2’1 cen e%,lfldgl - dsdy
frdy dsdy 7

dytd;tdy

= e~ fo1dy ey "fldg_legﬂ—l S frgaokdy ey

17 -1 —1 ~1
ek+1d2f” -k G d2f%71 : "egf1d2f1

fidy e, 1
fidytdidy, k=

wl: [A
MI:
[\D

k<
-1

= d ldl 6k1d3d2

= fi-dyten afor-dyten i fiedyten g fi

fk_i_lleﬁl e 1 .. .fg_ilel—le . fg_ilel_ld2
fepdytendy, 1<k<%-2
dleldl, k= % -1

= dy'dy dof, M dy
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(D)

sty eyt =dy"
Porhsthy g = dy ey 'dy
s =1
In Lemma 4.17 we have expressed the above generators of the group
(D, ) as words in ¥if', ..., vf. Again, we also give the converse

result.

Lemma 4.23. The following holds.

M =1 s Yo = o
V3 = dathy Y4 = ditpy
Let us give an outline of our strategy for the remaining computa-
tions. For brevity we only describe it for the case that n is odd. In
Proposition 4.20 we have found a presentation of I'"(D,,, 7o) in terms

of the generators ¢;, and a;, by, ¢ where 1 <7 < 2,1 < j < 3 and
1<k<n-—1,say

F+(Dn77T0) = <<;0i7aj)bk7ck | R(90i7aj)bk7ck) = 1>

Moreover, in Lemma 4.16 we have written these generators as words in

Wt say
Pi = Wy, (’7)7 aj = Wq; (7)7 b, = Wy, (7)7 Ck = Wey, (’7)

Conversely, Lemma 4.21 gives us the elements 74, ..., 74 as words in the

original generators, i.e.,

Y = vlpi; aj, bi, i)
By Lemma 2.2 we can thus obtain a new presentation of I'*(D,,, my) by
F+<Dn7 770) = <71> ! |R<w<Pz (7)7 Wa; (7)7 Wy, (’7)7 Wey, (7)) = 17
N = Ul(w% (7)7 Wa, (7)7 Wy, (7)7 Wey, (7)»

We shall use this presentation to obtain one of 't (D, my)*. However,
we will not immediately plug in the words wy, (), wa,(7v), wy, () and
W, (7¥) in the relations R. Instead, we first try to simplify these relations,

that is, we proceed as follows.
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(1) We compute the images of w,, (), wa, (), wy, (v) and w,, () in
I'*(D,, m)* to find some additional relations between the genera-
tors ¢;, a;, by and ¢, in the abelianization and to thus ease notation.
(As we shall see a lot will cancel out, if we proceed this way.)

(2) We consider the relations in I'"(D,,, 70)*" imposed by R(;, a;, by, cx)
and simplify them by using our results from step 1. After that
we replace the generators ;, aj, by, and ¢, by wy, (v), wa, () and
wy, (), we, (77), respectively.

(3) We consider the relations imposed by

M= Ul(w% (7)a Wa, (7)7 Wy, (’7)’ Wey, (’7))

Computation for the Odd Case

The relations in Lemma 4.16 say that, in the abelianization of ' (D,,, m),

we have

p1 = —271 — 73,

n—+1
Y2 = Y2 — V4,
2

ay = —nvya + 24,

as =271 + 23,

az = —2vy1 +nvys — 273 — 2,

b, = ny2 — 24,

Cp = —n7y2 + 27
We can thus ease our computation by noting that ay = ¢, = —0b; for
1<k<n-1andaz = —a; — ay. Next we consider the relations in

Proposition 4.20. From the ones in part (A), we find

a; =a; + (2 —n)ay & (2—n)az =0

Ao = —QA9 & 209 =0

from which we obtain a; = 0. Considering the above relations once more,
this also implies a3 = —a;. One easily sees that all relations imposed by
(B) and (C) are now already redundant, that is, they are consequences
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of ag =0, a3 = —ay and a; = ¢, = —bg. The only additional relation we
get comes from (D) and says 4¢; — 4ps = 2a;. Hence steps 1 and 2 have

led to the relations

a9 =0 = 2’71 + 2’}/3 =0
doy —4dpy =2a; & 8y +2(n+ 1)y +4ys—4v =2ny — 4y,

which we can simplify to

211 +293=0
4y + 279 = 0.

Now we consider the relations v, = vi(wy,(7), Wa, (7), We, (7), We, (7)),
where the v; can be found in Lemma 4.21. One easily sees that the
only new relation comes from the expression for +;. We obtain v, =
—27v, — 2 — 73, which means

31+ +3=0.

Hence I't (D,,, my)?® is the abelian group, generated by 71, . .., V4, subject
to the relations

291 +273=0
dy1 + 279 =0
371+ 72+ 73 =0.

By the last relation we can eliminate v3. We thus have the generators

Y1, Y2 and 74 and the defining relations reduce to
4y, + 279, = 0.
If we set d := 279, + 72, we finally obtain a presentation

I (Dy, 70)™ = (y1,74,0 | 26 = 0) = 7Z/27 x Z°.
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Computation for the Even Case

Here the relations in Lemma 4.17 say

Y= =27 — 3
Py = Y2
3=y +73
n
di=—572+ Y
2
dy =271 + 273
n
d3 = =27 + 572 — 273 —
n
€ = 572 — V4
n
Je=—4y — 502~ 4y3 + 74

for 1 <k <n/2—1. In particular d; = fr — 2dy = —ey, for all k and
ds = e — dy, do = 21p3. This simplifies the relations we obtain from
Proposition 4.22 very much. From (D) we obtain dy = 0. Indeed, one
can now verify, that all relations from (A), (B) and (C) are redundant,
that is, they are consequences of do = 0 and the ones we have found
above. Hence we only obtain the single relation

2v1 + 273 = 0.

In the next step, we have to consider the relations that come from
Lemma 4.23. But also these relations are easily seen to be redundant.
Hence we have

F+(Dm7To)ab = <’717’72,’Y3,’Y4 \ 21 + 293 = 0>
= <717’72774a6| 25:0>a Whereé:’yl +’73
= Z/QZ x 7.3,

4.4 CONGRUENCE SUBGROUPS ASSOCIATED TO
SEMIDIRECT ProbpuUCTS OF CycLiIC GROUPS

As a generalization of congruence subgroups of Aut™(F}) associated to
abelian or dihedral groups, we consider in this section congruence sub-

groups associated to semidirect products of two finite cyclic groups and
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prove Theorem F.

Even more generally, one might consider congruence subgroups asso-
ciated to finite metacyclic groups. The class of finite metacyclic groups,
however, is very large and semidirect products of two finite cyclic groups
can be considered as the easiest examples of finite metacyclic groups.
Anyway, we also have an interesting result on congruence subgroups as-
sociated to finite metacyclic groups, see Corollary 4.26.

4.4.1 INDEX IN Aut™(F,) AND IMAGE IN SLy(Z)

Let G be a semidirect product of two finite cyclic groups, that is, we can

write G as
G =17Z/aZ x (g)

where the action of (g) on Z/aZ is induced by a homomorphism (g) —
Aut(Z/aZ) = (Z/aZ)*. Hence g acts on Z/aZ by multiplication with
an element a € (Z/aZ)*, that is, the multiplication in G is given by
(r,g%) - (s,4") = (r + aFs,g**) for all (r,g*), (s,¢9') € G. We shall
keep this notation throughout the whole section. Our main result in this
section 1s

Theorem 4.24. Let a € N and o € (Z/aZ)*. Consider the group G :=
Z]aZ x {g) where the finite cyclic group (g) acts on Z/aZ via (g) — (),
g a. Leta =[] p"™ be the prime factorization of a and let k, such that
a € 1+ [[p*(Z/aZ)*. Moreover, let ® : Fy — G be an epimorphism.
Then the following holds.

(i) Up to conjugation, T'H(G,m) only depends on G, but not on the
choice of the epimorphism 7 : Fy — G.

(ii) The index of TT(G, ) in Aut™ (Fy) is

a-ord(a) - ord(g)? - []p™ . L
edlordi) [T L1007

where the very last product runs over all prime numbers q dividing

lem(ord(g), [Tp*)-

(iii) The image p(TT(G, 7)) < SLo(Z) is conjugate to T'(ord(g), []p"™).
In particular, it is a congruence subgroup.

70



CHAPTER 4. CONGRUENCE SUBGROUPS OF Aut(F},)

Remark 4.25. Choosing (g) of order 2 and « := —1, one obtains again
parts (i), (ii) and (iii) of Theorem 4.12. We note, however, that in the
proof of the above theorem (to be precise, in the proof of Lemma 4.39),
we make use of our results on dihedral groups. Therefore parts (i), (ii)
and (iii) of Theorem 4.12 are not logical consequences of the above result.

o

Recall that Theorem 4.12 (iv) says that d(I'*(D,, 7)) < 4 for every
epimorphism 7 : Fy, — D,,. At this point it is not clear to us how this
generalizes to congruence subgroups associated to semidirect products of
two finite cyclic groups. By Theorem 4.24 (iii), the congruence subgroup
I'*(Z/aZ % {(g), ) maps onto a conjugate of I'(ord(g), [] p*), which is, in
almost all cases, a free group whose rank depends on ord(g) and []p",
see Proposition 3.4. It is thus clear that d(I'"(Z/aZ % {(g), 7)) is not
bounded by a constant. However, it is possible that d(T't(Z/aZ % (g), 7))
only depends on the (rank of the) image p(I't(Z/aZ x (g),7)). It seems
unlikely that, in this case, one can use the same method that we have
used in the case of dihedral groups to prove the statement. Using, for
instance, the results of Rademacher [22] and the Reidemeister method,
one can find a set of generators of I'(ord(g), []p*) for given values of
ord(g) and J]p*. But it seems impossible to write down a generating
set of I'(ord(g), [] p*) for the general case in a closed form, let alone to
find the corresponding elements in Aut™ ().

A nice consequence of Theorem 4.24 is given by

Corollary 4.26. Let G be a finite metacyclic group and w : Fy — G be

an epimorphism. Then p(I't (G, 7)) is a congruence subgroup.

This result follows easily from the above theorem using

Lemma 4.27. Let G be a finite metacyclic group. Then G is a homo-

morphic image of a semidirect product of two finite cyclic groups.

Proof. Since G is a finite metacyclic group, it fits into an exact sequence
of the form
1—C,—-G—0C,, —1
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with suitable [,m € N. By Proposition 2.1, the group G thus admits a
presentation

G={(g.h|h =1 g"=h" ghg ' ="

where ged(y,l) = 1. Let us write z = x1 - x9 such that ged(zq,l) = 1.
Then G is generated by g, h*> and one easily verifies that G admits the
following presentation.

G =(g,h™ | (k™)' =1, ¢" = (h")™, gh™g™" = (h™)")

Therefore we may, without loss of generality, assume that every prime
divisor of z is also one of [. Let k := lcm(x, ). Observe that ged(y, k) =1
and define

G = (g,h | R* =1, g™ = h", ghg™' = hY).
Clearly G maps onto GG. Now we define
G = (g, h|h* =1, g™ /" =1, ghg™ = h¥) = Ck % Cp/a
Now the group G maps onto
(g, h [ hF =1, g™* =1, ghg™ = ¥, g™ = h").

From the relation g™ = h* we obtain ¢"*/* = h* = 1. Therefore the

mk/x

relation g = 1 is redundant so that G maps onto

(g,h | h* =1, g™ = 1", ghg™* = hY) = G.
Altogether we find that G maps onto G, as desired. ]

Proof of Cor. 4.26. By the above lemma, there exists a semidirect prod-
uct H of two finite cyclic groups having an epimorphism ¢ : H — G.
Now the Gaschiitz-Lemma 2.6 yields that there is an epimorphism 7’ :
Fy — H such that 7 = en’. By our discussion in Section 4.1.1, we have
p(TT(H,7")) < p(T"(G,7)). Theorem 4.24 (iii) says that p(I't (H, 7)) is
a congruence subgroup and hence so is p(I'" (G, 7)). ]

Let us now turn to the proof of Theorem 4.24.
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Lemma 4.28. Let p be a prime, n € N and o € (Z/p"Z)*. Then the

following statements are equivalent.

(i) The order ord(«) of a in (Z/p"Z)* is a power of p.
(i) « =1 mod p.
In particular, if « =1 mod p and o # 1, then p | ord(«).
Proof. From the natural epimorphism we obtain an exact sequence
1—K— (Z/p"2)" — (Z/pZ)" — 1.

Observe that K consists exactly of those elements in (Z/p"Z)* that are

congruent to 1 modulo p.

Since |(Z/p"Z)*| = (p — 1)p™ ' and |(Z/pZ)*| = (p — 1), we see that
|K| = p"~!. In particular, K is a p-group and the implication (ii) = (i)
is clear. To prove that (i) implies (ii) let us suppose that « Z 1 mod p.
Then aK is a non-trivial element of (Z/p"Z)* /K, a group of order (p—1).
Now, if ord(a) is a power of p, say ord(a) = p°, then also (aK)?" = K
so that ord(aK) | p¢. Hence ord(aK) is also a power of p. But since
ord(aK) | (p — 1) this is impossible. O

We now describe the order of an element 1 # « € (Z/p"7Z)* in the
case « =1 mod p more precisely, depending on the maximal &k such that
a=1 mod p.

Lemma 4.29. Let a € Z and p be an odd prime. Ifa = 14+p*b mod pF+!
for some b € Z and k > 1, then

ape =1 +pk+eb mod pk+e+1

for all e € N. Moreover, if n > k and ptb, then the smallest e € N with

a’* =1 mod p" is given by e =n — k.

Proof. Since a = 1 + pFb mod p**, we have a = 1 + pFb + p*tlc =
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1+ p*(b+ pc) with some ¢ € Z. Hence

a’ = (14 p*(b+ pe))?
=3 (1;) (b + pe)’

p—1
=1+p-p(b+pc) + PP (b+pe) + ) (?)p’”(b +pe)'.
1=2

For 2 <i <p—1 we have p | (’Z’) and therefore
p—1
Z <p>pk’(b +pc)' =0 mod p*tt,
i
i=2

Observe that 2k + 1 > k + 2 so that this sum also vanishes modulo p*+2.
Moreover, we also have kp > k + 2 so that p*?(b + pc)? = 0 mod pF+2.
Hence

a? =1+ " (b+pc)=1+p"b mod p*2

The first part of the lemma now follows by induction.

The rest follows, since if p 1 b, then the greatest power of p dividing
a”* — 1 is given by pF*e. O

The case p = 2 needs some special consideration.

Lemma 4.30. Let a € Z.

(i) If a =1+ 2*b mod 28 for some b € Z and k > 2, then
aQE =1 + 2k+6b mod 2k+6+1

for all e € N. Moreover, ifn > k and 2 t b, then the smallest e € N
with a®>* =1 mod 2" is given by e =n — k.

(ii) If a = =1+ 2™c mod 2™ for some ¢ € Z and m > 2, then
a® =1-2"" mod 2™t

for all e € N. Moreover, if n > m + 1 and 2 { ¢, then the smallest
e € N with a®* =1 mod 2" is given by e =n —m. If n = m, then

the smallest such e is given by e = 2.
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(iii) The following two statements are equivalent

(a) a =1+ 2b with 21b.
(b) a=—1+2"c with 2{c and m > 2.

Proof. Part (i) can be proved in the same way as Lemma 4.29.
Consider part (ii). We write a = —1 + 2™c¢ + 2™ with suitable
¢ €Z. Then
a® =1—2""e— 2" 4 22 (e + 2d)%,
Since m > 2, we have

a>=1-2""¢ mod 2mt2,

Using (i), we easily obtain the rest of part (ii).

Let us now verify part (iii). Suppose that (a) holds. Then we find
a=—1+2(b+1). Since 2 1 b we have 2 | (b + 1) so that (b) holds.
Conversely, suppose that (b) holds. Then a = 1 + 2(2™ !¢ — 1) where
21 (2™ 1c —1). Hence (a) holds. O

Corollary 4.31. Let p be a prime, n € N and o € (Z/p"7Z)* such that
a=1 mod p.

(i) Suppose that p is odd. Then for 1 < k < n the following two

statements are equivalent
(a) a € 1+ p*(Z/p"Z)*.
(b) ord(a) = p"F.
(ii) Suppose that p = 2.
If o € 1+ 28Z/2"Z)* with 2 < k < n, then ord(a) = 2"7F.

If o € =14+2™(Z/2"Z)* with 2 < m < n—1, then ord(a) = 2",
If « = —1, then ord(a) = 2.

Proof. Since « =1 mod p, we know, by Lemma 4.28 that the order of «
is a power of p. The result thus follows from Lemmas 4.29 and 4.30. [

Observe that, by Lemma 4.30 (iii), part (ii) of the above corollary

covers all possible cases.
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Lemma 4.32. Let a = [[p"™ be the prime factorization of a € N. More-
over, let 0 < k, < n, such that « € 1+ [[p*(Z/aZ)*. Then

| Inn(Z/aZ x {g))| = ord(« Hp"p_k"

Proof. An element (r,g™) € Z/aZ x (g) is in the center of Z/aZ x (g} if
and only if

(r,g™) = (L1 g™ (L) = (1+r—a™g")

and
(r,9™) = (0,9)(r,g™)(0,9)~" = (ar,g™).

The first equation is equivalent to o = 1, that is, ord(«) | m and the
second one is equivalent to ar = r. Therefore the center of Z/aZ x (g)
is given by

ULl x (g)) = {(r,g"™) € Z[aZ % {g) | ar =1, ord(a) [ m}.
Consider the (additive) subgroup
{reZ/aZ|ra=r}

of Z/aZ. Clearly ra = r < r(a—1) = 0. We have a—1 € [[p**(Z/aZ)*.
Hencera =r < r[[p* =0< r € ([[p™ ). So the above subgroup is
generated by []p™~*». In particular, it contains exactly I1 pkp elements.
It follows that the center of Z/aZ x (g) has exactly [ pk» - 23 elements,

(
which completes the proof. O

Let us consider the sets of generating pairs of Z/p"Z x (g) and then,
more generally, of Z/aZ x (g).

Lemma 4.33. Let p be a prime. Then for r,s € Z/p"Z the following
two statements are equivalent.

(a) {(1,9),(s,1)) =Z/p"Z % (g).

(b) s € (Z/p"2)".
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Proof. For brevity we write H := Z/p"7Z x («). Then we have an obvious
epimorphism Z/p"Z x (g) — H.

Assume that (a) holds. From the above epimorphism we obtain that
(r,a) and (s, 1) generate H.

Let us first consider the case that « =1 mod p. We have a natural
epimorphism
H — Z/pZ x (o), (z,0%) — (z,a5).
Since a =1 mod p, the action of (o) on Z/pZ is trivial. Hence

LIpZL % (a) = LZ[pL x ()

is a direct product. Moreover, by Lemma 4.28, the element o has p-power

order so that we obtain an epimorphism
(o) = Z/pZ, o — k.
This leads to an epimorphism
H — Z/pZ x Z/pZ, (z,0") — (Z,k).

Now Z/pZ x Z/pZ is generated by the images of (r, ) and (s, 1), which
are given by (7,1) and (5,0), respectively. Since Z/pZ x Z/pZ is not
cyclic, it follows that s Z0 mod p, i.e., s € (Z/p"Z)*.

Now we consider the case o Z 1 mod p, that is, a« — 1 € (Z/p"Z)*.
Clearly we have ord((r,a)) > ord(«). We show that equality holds. To
this end, let m := ord(a). Then

(ra)®=@rl+a+- -+ Oszl), 1).
Moreover
0O=a"—1=(1+a+--+a™ Y (a-1).

Since o — 1 € (Z/p"Z)* this implies (1 + a + --- + o™ 1) = 0. Hence
(r,a)™ = (0,1) so that ord((r,«)) = ord(a)). Now observe that, since
H = {(r,a),(s,1)) and (r,a)(s,1)(r,a)”! = (as, 1), the subgroup of H
generated by (s, 1) is normal. We can thus write every element of H as
(r,a)%(s,1)7 with 1 <4 < ord(a) and 1 < j < ord((s, 1)). In particular,

p" -ord(a) = |H| = ord((s, 1)) - ord((«v))
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so that ord((s, 1)) = p™. This shows that ord(s) = p", i.e., s € (Z/p"Z)*,
as desired.

The fact that (b) implies (a) easily follows from the exact sequence
1 —Z/p"Z — H — (9) — 1.

Hence the lemma follows. O

We now generalize the above result on Z/p"Z % (g) to the group
Z]aZ % {g).

Corollary 4.34. Let a | a be the greatest divisor of a satisfying a = 1
mod a and ged(ord(g),a) = 1. Moreover let r, s € Z/aZ such that s is a
unit modulo a. Then the following two statements are equivalent.

() ((r,9), (s, 1)) = Z/aZ % (g).
(b) s € (Z/aZ)*.

Proof. Let us write G = Z/aZ x (g).
Suppose that (a) holds. It suffices to show that s # 0 mod p for

every prime p dividing a. Let a = [[p" be the prime factorization of a.

We consider two cases.
Case 1: We have @« =1 mod p". If p 1 ord(g), then, by definition of a,

we have p | a. Since s is a unit modulo a, it then follows that it is also
a unit modulo p so that s Z 0 mod p. If p | ord(g), we have a natural
epimorphism

G — Z/pZ x (g) — 7/pZ X L] pZ

mapping (r,g) onto (7,1) and (s,1) onto (5,0). Since Z/pZ x Z/pZ is
not cyclic, it now follows that s Z 0 mod p.

Case 2: We have a # 1 mod p"™. Then we obtain an epimorphism
G — Z/p™7Z % (g)

with (g) acting non-trivially on Z/p™Z. Now Lemma 4.33 yields that s
is a unit modulo p™.

The fact that (b) implies (a) follows from the exact sequence
1 —Z/aZ — G — (g) — 1.

This completes the proof. O
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We now use Lemma 2.6 to determine the number of generating pairs
of Z/aZ x (g). As usual, we write ¢ for the Euler ¢-function.

Corollary 4.35. Let a | a be the greatest divisor of a satisfying o =
1 mod a and ged(ord(g),a) = 1. The number of generating pairs of
Z]aZ % (g) is

RO | (R
where the product runs over all primes q dividing a-ord(g). In particular,
the group Z/p"Z x (g) with p prime and (g) acting non-trivially has
exactly

o(p")-p"ord(g)® - [ (1=q7) =) -p" - [SLa(Z) : T (ord(g))]

glord(g)
q prime

generating pairs.

Proof. We write G = Z/aZ x (g) and consider the natural epimorphism
G — Z/aZ x (g). Observe that Z/aZ x (g) is cyclic. Therefore, by Propo-
sition 4.10, the product replacement graph Vo(Z/aZ x (g)) is connected.
By Lemma 2.7, it follows that all generating pairs of Z/aZ x (g) have
the same number of lifts to G.

Consider the generating pair ((0, g), (1,1)) of Z/aZ x (g). By Corol-
lary 4.34, the lifts of this pair are precisely the pairs ((r,g), (s,1)) with
r € ker(Z/aZ — Z/aZ) and s € ker((Z/aZ)* — (Z/aZ)*). Hence we
have a/a choices for r and ¢(a)/¢(a) choices for s so that this pair has

exactly igzgz lifts to Z/aZ x {g).

Since Z/aZ % (g) is cyclic of order @ - ord(g), we know from Proposi-

tion 4.10 that the number of generating pairs of Z/aZ x (g) is exactly

a*-ord(g)” - [J(1=¢7?)

where the product runs over all primes ¢ dividing a - ord(g). This leads
to the desired number of generating pairs of Z/aZ x (g).

Now suppose that a = p™ is a prime power and g acts by a # 1. We
claim that @ = 1. Assume that a # 1, i.e., a is a non-trivial power of p.
Since @« = 1 mod a, we have @« = 1 mod p so that, by Lemma 4.28,
we obtain p | ord(«) and hence p | ord(g). But ged(ord(g),a) = 1,
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contradiction. This proves the second formula. The last equality holds
by Proposition 3.1. [

Lemma 4.36. Let G = Z/aZ x {(g) be a semidirect product of two finite
cyclic groups. Then G has only one Ty-system.

Proof. As above, let @ | a be the greatest divisor of a satisfying a = 1
mod @ and ged(ord(g), @) = 1. Recall that we have an epimorphism G —
Z]aZx (g) and that Vo(Z/aZ x (g)) is connected. Therefore we can move
every generating pair of G to a lift of ((0,9),(1,1)) € Va(Z/aZ % (g)),
that is, by Corollary 4.34, a pair ((r,¢9),(s,1)) € Va(Z/aZ x (g)) with
r € ker(Z/aZ — ZJaZ) and s € ker((Z/aZ)* — (Z]aZ)*). Since s €
(Z/aZ)*, we find some k € Z such that k = —rs™'a~! mod a. We now
obtain

((r.9)(s, 1), (5,1)) = ((0, 9), (s, 1)).

Finally, we have an automorphism of G induced by (0, g) — (0, g) and
(s,1) — (1,1), which shows that G indeed has only one Ty-system. [

Lemma 4.37. Consider the semidirect product 7./p"7Z x {(g) with p prime
and g acting by o € (Z/p"Z)*. If « Z1 mod p, then Vo(Z/p"Z % (g))

has ezactly ¢(p™) - ord(a)~t connected components, each of size
| Inn(Z/p"Z » (g))| - [SL2(Z) : T (ord(g))].

Proof. As seen in the proof of Lemma 4.36, each connected component
of Vo(Z/p"Z % (g)) contains a pair of the form

((0,9), (s,1)).

For every 0 < e < ord(a) — 1, this pair is in the same component as

((0,9),(0,9)(s,1)(0,9)") = ((0,9), (a"s, 1)).

Hence Vo(Z/p"Z % (g)) has at most ¢(p") - ord(a)~! connected compo-
nents.

To determine a lower bound for the number of connected components
consider the commutator

[(0,9), (s, D] = ((a = 1)s, 1)
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whose conjugates are (a®(a — 1)s,1), 0 < e < ord(a) — 1. Hence, if
((0,9),(s',1)) is in the same connected component as ((0,g), (s, 1)), then
af(a—1)s = (a—1)s for some e. Furthermore, since « Z1 mod p this
implies a®s = s’. So we see that the number of connected components is
exactly ¢(p") - ord(a)~L.

Since, as a consequence of Lemma 4.36, all components have the same

size, each of them must have exactly

[Va(Z/p"Z % (g))] - ¢(p") " - oxd(a)
=p" - ord(a) - [SLy(Z) : I'*(ord(g))], by Cor. 4.35
=|Inn(Z/p"Z x {g))| - [SLa(Z) : T*(ord(g))], by Lem. 4.32

vertices. This completes the proof. O

By similar computations one can also determine upper and lower
bounds for the number of connected components of Vo(Z/p"Z % (g)) in
the case @ = 1 mod p. However, the following computation is more

convenient.

We note that we first determine a lower bound for the number of
connected components of Vo(Z/p"Z x (g)) in the case « = 1 mod p.
Later on we will get the exact number.

Lemma 4.38. Suppose that o € 1+ p*(Z/p"Z)* for some 1 < k <
n — 1. Then Vo(Z/p"Z x {g)) has at least ¢(ged(p®,ord(g))) connected
components. Moreover, all components have the same size and this size

15 less than or equal to

p2n : T (or
wed(pt ord(g)) Pla(@): T erd(9))).

Proof. Since the action of (g) on Z/p*Z is trivial, we have an epimor-
phism
ZIp"Z x {g) — Z/p*7 x {g).

Observe that
ZIv*Z x {g) = Z/lem(p*, ord(9))Z x Z/ ged(p*, ord(g))Z.

From Proposition 4.10 we thus know that Vo(Z/p*Z x (g)) has exactly
$(ged(p*, ord(g))) connected components. By Theorem 2.5, this proves
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the first result. We know from Lemma 4.36 that all connected compo-
nents of Vo(Z/p"Zx(g)) have the same size. Furthermore, Corollary 4.35
yields that V(Z/p"Z x {g)) has exactly p**(1—p~1)-[SLy(Z) : T (ord(g))]
elements. Note that, by Lemma 4.28, we have p | ord(«) and hence also
p | ord(g). This shows that ged(p*, ord(g)) = p° for some 1 < e < k and
therefore

¢(ged(p®, ord(g))) = ged(p", 0rd(g)) - (1 —p 7).
We now see that each connected component has at most

[Va(Z/p"Z % (g))| _ p*" (1 —p~") - [SLa(Z) : T (ord(g))]

d(ged(pF,ord(g)))  ged(pF,ord(g)) - (1 —p~1)

vertices, which proves the rest of the lemma. O

If p=2and a € 14+ 2(Z/2"Z)*, n > 2, the above lemma only yields
that V(Z/2"7Z % (g)) has at least one connected component, which is
obvious. To prove our main result we need a better bound in this very
special case and we provide it in the next lemma. Recall that, in this
case, « € —1 4+ 2™(Z/2"Z)* for some 2 < m < n.

Lemma 4.39. Suppose that p=2 and o € 1 + 2(Z/2"7Z)*, n > 2.

(i) If o € =1+ 2"(Z/2"Z)*, 2 < m < n— 1, then the product replace-
ment graph Vy(Z/2"7 % {(g)) has at least 2™~ connected compo-
nents. Moreover, each component has size less than or equal to

921=m . [SL,(Z) : T (ord(g))]-

(ii) If a = =1, then Vo(Z/2"Z % {g)) has at least 2% connected com-

ponents, each of size less than or equal to
2"t [SLy(Z) : T (ord(g))].

Proof. Note that, by Corollary 4.35, the graph Vo(Z/2"Z % (g)) has
exactly

¢(2") - 2" - [SLy(Z) : T*(ord(g))] = 22" - [SLy(Z) : T (ord(g))]
vertices.
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To prove part (i) we make use of the Higman invariant. As we already
know, for s € (Z/2"Z)*, the pair ((0,g), (s,1)) generates Z/2"Z x (g).
Observe that the conjugacy class of [(0,9), (s,1)] = (s(a —1),1) is

C(s):={(s(a—=1)a"1) € Z/2"Z x (g) | 0 < e < ord(a) — 1}.

We now show that, as s runs through (Z/2"Z)*, we obtain at least 2™~
distinct conjugacy classes C(s). Since for each conjugacy class there is
at least one connected component in Vy(Z/2"Z x (g)), this implies the
desired result.

Since a € —142™(Z/2"7Z)*, Lemma 4.30 (iii) yields a—1 € 2(Z/2"7Z)*.
Hence for s,s" € (Z/2"7Z)*, we find

C(s)=0(s) <= 2s=25afor some 0 < e < ord(a) — 1.

Therefore we need to consider the action of («) on the set 2(Z/2"Z)* by
multiplication. To be precise, we need to show that there are at least
2m=1 orbits under this action. The set 2(Z/2"Z)* contains exactly 22
elements. Indeed, for s,s" € (Z/2"Z)* we have 2s = 2¢" if and only if s =
s'or s = s+2""1 For s € (Z/2"7Z)*, the orbit length of 2s in 2(Z/2"Z)*
is given by the index [() : Stab(2s)]. By Lemma 4.30 we have o2 "' =
1 — 2715 for some 3 € (Z/2"Z)* so that 1 # a*" ™' € Stab(2s) and
| Stab(2s)| > 2. Moreover, by Corollary 4.31 we have ord(a) = 2" ™.

Therefore
ord(«)

2

2n—m—1

— 2n7m71

[(a) : Stab(2s)] <

Since each orbit has length at most , there must be at least
2n=2 Jon—m=1 = 9m=L orbits in 2(Z/2"Z)*, as desired.

To prove part (ii) observe that we have an epimorphism
Z)2"7 X (g) = Z)2"Z x (—1) = Dan.

By Corollary 4.18 we know that Vy(Dan) has exactly ¢(2")/2 = 2m2
connected components. By Theorem 2.5, the lemma follows. O]

Let us reformulate the above results as

Corollary 4.40. Suppose that o # 1. Then the following holds.
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(i) If « Z1 mod p, then

SLa(Z) : p(T*(Z/p"Z  {g), 7))] = [SLa(Z) : T (ord(g)) ]

(ii) If « € 1+ p*(Z/p"Z)* where 1 < k < n — 1, then the index of
p(TH(Z/p"Z % (g), 7)) in SLa(Z) is less than or equal to

2%
p ) .7
zed(ph ord(g)) [SLo(Z) : T (ord(g))]-
Proof. By Lemma 4.4, the index [Aut™ (Fy) : TT(Z/p"Z x {(g), )] is equal
to

| Ian(Z/p"Z » (g))] - [SLa(Z) : p(I"(Z/p"Z x (g), 7))].
Recall that [Aut®(F,) : TH(Z/p"Z x {g), )] also coincides with the size

of the connected component containing (7(x), 7(y)) in Vo(Z/p"Z % (g)).
Hence part (i) follows directly from Lemma 4.37.

Let us now consider part (ii). For p odd we can use the results on
the connected components of Vo(Z/p"Z x (g)) given by Lemma 4.38
together with the fact that, by Corollary 4.31 and Lemma 4.32, we have
| Inn(Z/p"Z x {g))| = p"* - ord(a)) = p*™ %), For p = 2 we consider two
cases.

If a €1+2%2Z/2"Z2)*, 2 <k <n—1, we have | Inn(Z/2"Z x {g))| =
2" . ord(a) = 22" and can argue as before.

If o € 142(Z/2"Z)*, then o € —1 4 2™(Z/2"Z)* with 2 < m < n.
Note that we have to show that the index of p(I'"(Z/2"Z x {g), 7)) in
SLy(Z) is less than or equal to

2. [SLy(Z) : T} (ord(g))]-

For 2 < m < n —1 we use Lemma 4.39 (i) and the fact that, by Corol-
lary 4.31 and Lemma 4.32, we have

Inn(Z/2"Z » {g)) = 2" - ord(a) = 22"~ 1.

For m = n, we have @ = —1 and use Lemma 4.39 (ii) together with the
fact that, again by Corollary 4.31 and Lemma 4.32, we have

Inn(Z/2"Z x {g)) = 2""' - ord(a) = 2*".
This completes the proof. O
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With these results we now determine the image of I'*(Z/p"Z x (g))
in SLy(Z) up to conjugation.

Lemma 4.41. Let w : Fy — Z/p"Z x (g) be the epimorphism given
by m(z) = (0,9) and w(y) = (1,1). If0 < k < n such that « € 1+
pH(Z/p"Z)*, then

p(DH(Z/p"Z % (g), 7)) = [(ord(g), p").

Proof. We have a natural epimorphism Z/p"Z x {g) — Z/p*Z x {g), so
that, by our discussion in Section 4.1.1, we find

p(TH(Z/p"Z % (g), 7)) < T(ord(g),p").

We show that equality holds by considering the indices of these two
groups in SLy(Z).

If « #1 mod p, we can use Corollary 4.40 (i) to obtain the desired
result.

Consider the case 1 < k <n — 1. We have

[SLy(Z) : T(ord(g), p*)]
= lem(ord(g), p*)? - ged(ord(g), p*) - H(l —q %), by Cor. 4.6
ord(g)? - p**

~ ged(ord(g), o) 0=a

where the product runs over all primes ¢ dividing lem(ord(g), p*). Since,
by Lemma 4.28, we have p | ord(«) and hence also p | ord(g), this is
equivalent to saying that the product runs over all primes ¢ dividing

ord(g). Therefore the above expression is equal to

p2k o or

Now we apply part (ii) of Corollary 4.40.

Finally, if £ = n, then Z/p"Z x (g) = Z/p"7Z x (g) is abelian so that
the result follows immediately. O]

Note that, in particular, we now know the exact index of the image
p(TH(Z/p"Z x (g), 7)) in SLa(Z).

Now we have all results we need to complete the proof of our theorem.
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Proof of Theorem 4.24. The fact that, up to conjugation, I' (G, 7) does
not depend on the epimorphism follows from Lemma 4.36. For simplicity
we may thus assume that 7(z) = (0,9) and m(y) = (1,1).

Let a = [ p™ be the prime factorization of a. Then for each prime p

dividing a we have an obvious epimorphism
T, LjaZ % (g) — Z/p"Z % (g)

where the action of (g) on Z/p™Z is given by g — @ with @ denoting
the image of o in (Z/p™Z)*. Clearly we have [ker(m,) = 1 so that
Lemma 4.1 yields

IH(Z/aZ % (g),7) = (\TH(Z/p"Z x (g), 7).
Ifael+p(Z/pZ)* with 0 < k, < n,, Lemma 4.41 yields that
p(LH(Z/p"™Z % (g), mpm)) = T(ord(g), p).
Hence we obtain

p(TH(Z)aZ % ( =T (ord(g T(ord(g), [[#*).

Finally, we know by Lemma 4.4 that the index of [T (G, 7) in Aut™ (Fy)
is given by
| Inn(G@)] - [SLa(Z) : p(I'" (G, 7))].

By Lemma 4.32 we have | Inn(G)| = []p™~* - ord(«) where the k, are
given by o € 1+ [[p*(Z/aZ)*. Moreover, by Corollary 4.6 we have

[SLo(Z) : I'(ord(g Hpk”
=lem(ord(g Hpkp - ged(ord(g Hpk” H (1-q7?)

Cod@? TP Ty s
= sed(ord(y), [T 11007

where ¢ runs through all primes dividing lem(ord(g), [] p*). ]

4.4.2 PropucT REPLACEMENT GRAPHS OF SEMIDIRECT PRODUCTS
OoF CycLric GROUPS

Using our above results, we find
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Theorem 4.42. Let a € N and o € (Z/aZ)*. Consider the group G =
Z]/aZ x {g) where the finite cyclic group (g) acts on Z/aZ via (g) — (),
g — a. Let a = [[p™ be the prime factorization of a and let k, such
that a € 1+ [[p*(Z/aZ)*. Moreover, let a | a be the greatest divisor
of a satisfying « =1 mod a and ged(ord(g),a) = 1. Then the following
holds.

(i) The group G has only one Ty-system.
(ii) The graph Vo(G) has exactly
¢(a)-a-¢(@)"-a-ord(g)* [[(1 -7
vertices, where the product runs over all primes q dividing a-ord(g).

(#ii) The number of connected components of Vo(G) is

a - ord(g) - ¢(a)
¢(a) - ord(e) - lem(ord(g), [T p»)

(tv) The number of vertices of each connected component of Vo(G) is

a-ord(a) - ord(g)? - [ p* 2
dlordg) [0 L)

where the very last product runs over all prime numbers q dividing

lem(ord(g), [Tp").

Proof. Part (i) is given by Lemma 4.36, part (ii) is given by Corollary 4.35
and part (iv) follows from Theorem 4.24 (ii). So we only have to verify
part (iii). Using (ii) and (iv), we find that the size of each connected
component of Vy(G) is

¢(a) - a- ged(ord(g), [Tp"™) TI0 -
¢(a) - ord(a) - [T p*»

where the last product runs over all primes ¢ dividing a - ord(g), but

not lem(ord(g), []p*). Since ged(ord(g),a) = 1, this is equivalent to

saying that ¢ | a, but ¢ t [ p¥». However, if ¢ | @, then « =1 mod ¢ so

that k, > 1 and ¢ | []p*. So such ¢ does not exist. Therefore the last

product is empty and one can easily rewrite the above fraction to obtain
the desired result. O
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4.5 CONGRUENCE SUBGROUPS ASSOCIATED TO
CERTAIN WREATH PRODUCTS

The last family of standard congruence subgroups of Aut®(F,) we con-
sider consists of congruence subgroups associated to certain wreath prod-
ucts of finite cyclic groups. We shall prove Theorems H, I and J in this
section. We note that this is the first family of congruence subgroups
whose image in SLy(Z) is not quite understood. In particular, it is not
yet clear if it is always a congruence subgroup.

4.5.1 WREATH PRODUCTS OF THE FORM Z/mZ17Z/27

In this section we consider the case that
G=72/mZ17)27 = (Z/mZ x Z]mZ) x L] 2Z.

Throughout the whole section we assume that m = []p* is the prime
factorization of m.

Our aim is to prove

Theorem 4.43. Let m be odd and m = [ p* be its prime factorization.

(i) Up to conjugation, U (Z/mZ1ZL/27Z, ) only depends on m, but not
on the particular epimorphism m : Fy — Z/mZ 1 7/ 27..

(ii) The index of UH(Z/mZZL/2Z, ) in Aut™ (Fy) is 6m® [, (1—p~?).

(i11) The image p(TT(Z/mZRZ )27, 7)) < SLa(Z) is conjugate to T'(m,2).
In particular, it is a congruence subgroup.

The case that m is even is excluded from the above theorem. However,

we will show

Theorem 4.44. Let k > 2. Then the following holds.

(i) Up to conjugation, U (Z/2¥Z2 7 /27, 7) only depends on k, but not
on the particular epimorphism m : Fy — 7./271 7./ 27.

(ii) The index of TH(Z/2YZ 21727, 7) in Autt(Fy) is 3 - 23K+,
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(iii) Fork > 2, the image p(UH(Z/2¥727,/27,, 7)) < SLy(Z) is conjugate
to a subgroup of index 2 in T'(2F,2).

Here the case k = 1 is excluded. Observe that, Z /2717 /27 = Dy so
that we can refer to Theorem 4.12. We thus see that part (i) is still true
in this case. However, we find that the index of I'"(Z/2Z 1 Z/2Z, ) in
Autt(Fy) is 24 = 3- 2% and that p(I'T(Z/2Z1Z/2Z, 7)) = ['(2,2).

Let us now prove the main results of this section. We start by deter-
mining the numbers of generating pairs of the groups Z/mZ 7 /27 and
Z)2F72 7/ 27.

Lemma 4.45. Let m be odd and m = [[p™ be its prime factorization.
Then

Vo(Z/mZ2 2/22)| = 3m* [[(1 —p ™) (1 —p7?).
plm

Moreover, for k € N, we have
\Vo(Z)2V 22 7. )27)| = 3 - 24+,
Proof. Let G :=Z/mZ U Z/27Z. We have an exact sequence
1 —[G,Gl —G—Z/mLxZ/2Z — 1 (4.9)

where the epimorphism G — Z/mZ x 7. /27 of G onto its abelianization
is given by ((a,b),c) — (a + b, c). Accordingly, [G,G] = (((b, —b),0)) for
any b € (Z/mZ)*. The group Z/mZ x 7./27 is generated by (1,1) and
this element lifts to ((0,1),1) € G. Hence, every pair of the form

((b,=b),0), ((0,1),1), b e (Z/mZ)*

generates G.

We know by Theorem 4.10 that Vy(Z/mZ x Z/27Z) is connected.
Therefore, by Lemma 2.7, all generating pairs of Z/mZ x Z/27Z have the
same number of lifts. For simplicity, we consider

((1,1), (0,0)) € Vo(Z/mZ x 7./ 27.).
Preimages of this pair have the form
(((a, 1 —a),1), ((b,—=b),0)). (4.10)
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For every prime p | m we have a natural epimorphism Z/mZ 7 /27 —
Z]pZ2Z)2Z. Note that Z/pZiZ/27Z is not cyclic. Hence, if the pair (4.10)
generates GG, we have b Z 0 mod p for all p | m so that b € (Z/mZ)*.
Conversely, if b € (Z/mZ)*, sequence (4.9) implies that the pair (4.10)
generates (. It follows that every generating pair of Z/mZ x Z/27 has
exactly m - ¢(m) lifts to G. By Proposition 4.10, we know that

Vo(Z/mZ x Z/2Z)| = 3m® [ [ (1 — p™?)

plm
which completes the proof for the first formula.

Let H := Z/2*Z17Z/2Z. We use the fact that a subset of a group
generates the group if and only if it generates the group modulo its
Frattini subgroup, see [23, Sec. 5.2, and that the Frattini subgroup of
a finite p-group can easily be described. To be concrete, in our case,
the Frattini subgroup of H is given by ®(H) = H?*[H, H]|. Consider the

natural projections
H — H/[H,H] — H/®(H).

If (g,h) = H, then, clearly, (g9,h mod [H, H|) = H/[H, H]. Conversely,
suppose that (g,h mod [H, H]) = H/[H, H]. Then (g,h mod ®(H)) =
H/®(H). So, by the above mentioned result, we find (g, h) = H for every
lift (g, h) of (g, h mod [H, H]). Since |[H, H]| = 2*, every generating pair
(9,h mod [H, H]) has exactly 2% lifts to H. Since, by Proposition 4.10,
we have |Vo(Z /27 x 7./27)| = 3 - 2%~ the proof is complete. O

Lemma 4.46. For m odd, the number of connected components of the
graph Vo(Z/mZ Y ZL)27) is ¢(m)/2. For k > 2, the number of connected
components of Vo(Z/2VL 1 7./27) is 2872.

Proof. Let us write G := Z/mZ Z/27. As above, we use the epi-
morphism G — Z/mZ x Z/27Z given by ((a,b),c) — (a + b,c). Since
Vo(Z/mZ x ZJ2Z) is connected, every connected component of Vyo(G)
contains a lift of the pair ((1,1), (0,0)), that is, as seen in the proof of

Lemma 4.45, a pair of the form

(((a,1 —a),1), ((b,—b),0)), b e (Z/mZ)".

90



CHAPTER 4. CONGRUENCE SUBGROUPS OF Aut(F},)

Choose k € N such that kb = —a mod m. Then
((b,=),0)" - ((a,1 — a), 1) = ((0, 1), 1).

So every connected component contains a pair of the form
(((0,1),1), ((b,=b),0)), b € (Z/mZ)".

Conjugating this pair with ((0,1), 1), we obtain the pair

(((07 1>7 1)7 ((—b, b)? 0))

which is therefore contained in the same component. Hence there are at

most ¢(m)/2 connected components in Vo(G).

For a lower bound, consider the commutator

[((07 1)? 1)7 <<_ba b)? 0)] = ((_2b> 2b)> O)

This element has itself and its inverse as only conjugates. So we see that
there must be at least ¢(m)/2 connected components, which completes
the proof for m odd.

Let H := 7Z/2*7.17/27 with k > 2. Again we consider the epi-
morphism H — 7Z/2*7 x 7./27 onto the abelianization. Also the graph
Vo (Z/2%Z x Z./27) is connected so that every component of Vy(H) con-
tains a lift of the pair ((1,0), (0,1)), that is, a pair of the form

(((a,1 —a),0), ((b,—=b),1)), be (Z/2"7)*.

Since ged(2a — 1,2) = 1, we can find [ € N such that I(2a — 1) = —b
mod 2%, Now

((CL, I a)? O)Z ’ ((b7 _b>7 1) ’ <<a7 1 - CL), O)_l = ((07 0)7 1)
so that every component of Vo(H) contains a pair of the form
(((a7 1- a)? 0)7 ((07 0)7 1))

Conjugating this pair with ((0,0),1), we see that the same orbit also
contains

(((1 - a, CL), 0)7 ((Oa O)a 1))
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Applying the Nielsen move corresponding to the automorphism x —
x71, y =y, we see that, besides the two pairs we have already found,
also the pairs

(((—a,a—l),()), <<070)71>> and (((a_17_a)70)> ((070>71))

are in the same connected component. One easily verifies that for every

a € 7Z/2*7 these four pairs are pairwise distinct. Hence there are at

2k—2

most orbits.

For a lower bound, we consider the Higman invariant again. Also in

this case the commutator
[(<a71 __a>70)7 ((070)71” ::((2a __171 —-2&),0)

has itself and its inverse as only conjugates. Since we have 2% choices
for a, we have 2¥=! choices for 2a and so, finally, 282 different Higman
invariants. L

Lemma 4.47. For m odd the group Z/mZ /27 admits a presentation
(A,B|A™ =B =1 BAB™ ' = A™1)

where A and B can be identified with ((1,—1),0) and ((0,1),1), respec-
tively.

The group Z)2"71 7./27. admits a presentation
(C,D|Cc* =D*=[C,D]* =1,[C,DCD™"] = 1)

where C' and D can be identified with ((1,0),0) and ((0,0),1), respec-
tively.

Proof. The first presentation can easily be obtained from the exact se-

quence
1 — (((1,-1),0)) — Z/mZ Z)27 — Z/mZ x 7./2Z —> 1

together with Proposition 2.1.

We now consider the group Z/2"Z17/27. Also here we use the exact
sequence

1 — (((1,-1),0)) — Z/2"Z27.)27. — 7.J2"7. x 7./27, — 1
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together with Proposition 2.1. In this case, however, the group on the
right is not cyclic, but generated by (1,0) and (0,1). The first element
has order 2% and lifts to ((1,0),0) = C, the second element has order 2
and lifts to ((0,0),1) = D. Setting K := ((1,—1),0) we now obtain the
following presentation.
(C,D,K|C* =D*=K* =1,CDC'D™' = K,
CKCt'=K,DKD'=K")
We see that we can replace K by CDC™'D™! = [C, D] and delete K
from the list of generators to obtain
(c,D|Cc* =D*=[C,D* =1,
CDC'D'C'=DC'D', DC'D?=D'C™Y).
The last relation is equivalent to D?C' D=2 = C and thus redundant,

because D? = 1. So, deleting this relation and rewriting the second last
relation as [C, DCD™'] = 1, we obtain the desired result. O

Corollary 4.48. Let m be odd and k > 2. The groups Z/mZ7Z/27 and
Z)2Z2 7] 27 both have only one Ty-System. In particular, all connected
components of Vo(Z/mZ1Z27) and of Vo(Z /27212 /27) have the same

size.

Proof. We have already seen that every connected component of the
graph Vo(Z/mZ 1 7/27) contains a pair of the form

Using the presentation given in Lemma 4.47, one easily verifies that
((07 1)7 1) = ((07 1)7 1>’ ((b, _b>7 0) = ((17 _1>’ 0)
induces an automorphism of Z/mZZ/2Z.

Similarly, we know that every orbit of Vo(Z/2¥71 Z./27) contains a
pair of the form

(((1 —a, CL), 0>7 ((07 0)7 1))

Here one can verify, using the above presentation, that
((1 —a a)7 O) = ((17 O)a 0)7 ((07 O)a 1) = <<Oa 0)7 1)

induces an automorphism of Z/2*7 1 Z/27. O

93



CHAPTER 4. CONGRUENCE SUBGROUPS OF Aut(F},)

Proof of Theorem 4.43. The fact that, up to conjugation, I't(Z/mZ
Z)27Z,7) does not depend on m follows from Corollary 4.48. We may
thus assume that

m: By = Z/mZ1Z/2Z, x+— ((1,0),0), vy~ ((0,0),1).

Composing this epimorphism with the projection onto the abelianization
of Z/mZ 1 7/27, we obtain

T Fy > Z/mZ X727, x+— (1,0), yw~ (0,1).

This implies that p(I'"(Z/mZ 1 Z/2Z, 7)) < T'(m,2).

By Lemmas 4.45, 4.46 and Corollary 4.48, we find that each connected
component has exactly 6m?® [](1 — p~2) vertices, which proves the result
on the index of I'(Z/mZZ /27, ) in Aut™ (F).

We have
Z(Z/mZ 1 Z)2Z) = {((a,a),0) € Z/mZUZ/2Z | a € Z/mZ}

so that |Z(G)| = m and |Inn(Z/mZ 1 Z/2Z)| = 2m. This shows, by
Corollary 4.4, that

[SL2(Z) : p(TH(Z/mZ A Z)2Z, 7)) = 3m* [ [(1 = p72).

plm

Since, by Proposition 3.1, this corresponds to the index of I'(m,2) in
SLy(Z), we obtain the desired result. O

Proof of Theorem 4.44. The fact that, up to conjugation, I'"(Z/2*Z
7./27,7) does not depend on 7 follows from Corollary 4.48. So we may
assume that

T Fy = Z)2"I2 7./27, x— ((1,0),0), y~ ((0,0),1).

We compose this epimorphism with the projection onto the abelianization
of Z/2%7,1 7./2Z to obtain

7 Fy = 7/2"2 < 7/2Z, x> (1,0), y~(0,1).

Hence p(I'T(Z/2F 22 7./27, 7)) < T'(2,2).
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Suppose that £ > 2. By Lemmas 4.45, 4.46 and Corollary 4.48, we
know that each connected component of Vo(Z/2%7 1 7./27) has exactly
3 - 238+1 vertices. Moreover, we have |Inn(Z/2*Z 1 Z/27Z)| = 2, so
that the index of p(I'H(Z/28Z17Z/27, 7)) in SLy(Z) is 3 - 22* while, by
Proposition 3.1, we have [SLy(Z) : ['(2%,2)] = 3 - 22k-1, O

Let us point out the following observation. Suppose that k£ > 2 and

142k 2k
( ok 1_2k> e (2.

consider the matrix

One easily sees that

x> (xy)¥
(p =
y = (wy) 2
induces an automorphism of F,, which is mapped onto the above matrix
by p. Now the preimages of this matrix under p are exactly the auto-
morphisms ay with o € Inn(F3). Following the notation in Lemma 4.47,
let m: Fy — Z/2¥7.2 Z,/27 be the epimorphism given by 7(x) := C and
7(y) == D. Now

m(p(z)) = (CD)* C = (2" + 1,271, 0).

The only conjugates of C' = ((1,0),0) in Z/28Z 1 Z/2Z are C itself
and ((0,1),0). Hence, there exists no a € Inn(F3) such that ap €
[ (Z)2*7.2Z)2Z, 7). Tt follows that the above matrix is not contained
in p(IT(Z/2*22Z)2Z, 7)). Hence p(T(Z /2721 7,/27, 7)) does not con-
tain the principal congruence subgroup I'(2¥). Computer experiments,
however, indicate that p(I't(Z/2%Z 1 Z/27Z, )) contains I'(2++1).

We will make a similar observation for the group Z/pZ Z/pZ with p
prime at the end of the following section.

4.5.2  WREATH PRODUCTS OF THE FORM Z/pZ Z/pZ
Let us now consider the case that
G = (Z/pZ) (L /pZL) = (Z/pL)" x L[ pZ
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where p is an odd prime and Z/pZ acts on (Z/pZ)P by a cyclic shift of
the coordinates. For these groups, we prove

Theorem 4.49. Let p be an odd prime.

(i) Up to conjugation, U (Z/pZ 1 Z/pZ, ) only depends on p, but not
on the particular epimorphism m : Fy — Z/pZ L/ pZ.

(ii) The index of UH(Z/pZ 1 Z)pZ, ) in Autt(Fy) is pPT2(p* + 1).
(i11) The image p(UT(Z/pZ 2 Z)pZ, 7)) < SLa(Z) is a subgroup of index
p in I'(p).
For the corresponding results for p = 2 see the remarks after Theo-
rem 4.44.
Throughout the whole section we shall assume that p is an odd prime.

Observe that G admits a presentation
<A1, e ,Ap,B | AzA] - AJA“ Af = Bp = 1, BAiBil = Ai+1> (411)

where the element B can be identified with ((0,...,0),1), the element A;
with ((1,0,...,0),0) and, accordingly, A; with ((0,...,1,...,0),0) where
the 1 is on the ¢-th position. The indices in the presentation should be
read modulo p. We have

G*™ = 7Z/pZ x 7./ pZ
and the projection from G onto its abelianization is given by
((ay,...,ap), k) — (a1 +-- -+ ap, k).
Note that |[G, G]| = pP~'.
For ((ay,...,ap),k), ((b1,...,b,),1) € G we have
((a1,...,ap), k) ((b1,-..,bp), 1) = ((a1 + b1—k, - ..y ap +by_i), k +1)

and
[((@:), k), ((b:), )] = ((a; — @i + biy — b;),0).
Note that the entries (a; — a;—; 4+ b;—r — b;) sum up to 0 as ¢ runs through

1,...,p. Therefore

P

G,G] <{((a;),0) € G|a;+---+a,=0}.
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Since the group on the right hand side has exactly pP~! elements, we see
that [G, G] is actually equal to that group.

By the same argument on generating sets using the the Frattini sub-
group of finite p-groups as in the proof of Lemma 4.45, we see that every
generating pair (g, h mod [G,G]) of G* has exactly p?P~2 lifts to Vo(G).
Since G = Z/pZ x 7./pZ has exactly (p* — 1)(p? — p) generating pairs,

we obtain

Lemma 4.50. The group Z/pZ 1 Z/pZ has exactly p**~1(p* — 1)(p — 1)
generating pairs.

The next result implies part (i) of Theorem 4.49.

Lemma 4.51. The group Z/pZ 1 Z/pZ has only one Ty-system.

Proof. By our discussion in Section 4.2.2, we find that every generating
pair of G = Z/pZ ! Z/pZ lies in the connected component of a lift of
((a,0), (0,1)) € Vo(Z/pZ x Z]pZ), where a # 0, that is, in the compo-
nent of a pair

((a:),0), ((1:),1)), ar+-+ay=a, by +---+b,=0.
We are now going to verify that
((a;),0) — ((1,0,...,0),0), ((b;),1) — ((0,0,...,0),1) (4.12)

induces an automorphism of GG. To this end, we only need to show that
the above map respects the defining relations of G. Since a;+- - -+a, # 0,
we find that not all a; are identical. Therefore ((a;),0) has exactly p
conjugates in GG, namely

((B), 1) - ((a:), 0) - ((b:), )"

Observe that, since all these conjugates have a zero at the second position,
they commute with each other. Furthermore, they all have order p.
Hence

(((a:),0)¢ = (Z/pL)*, k < p.
Since, by assumption, G is generated by ((a;),0) and ((b;), 1), the quo-
tient G/{((a;),0))¢ is generated by the image of ((b;),1) and thus has
order p. Considering

1 — (((),0)° — G — G/{((a;),0)% — 1
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and counting elements, we find that (((a;),0))¢ = (Z/pZ)P. Applying
Proposition 2.1, we obtain the following presentation.

G =(Co,....Co1,D| CiC; = C;Cy, CP =1, D" =1, DC;D™" = Ciyy)

7

where

Cy = ((b:), 1) - ((@),0) - ((0:), 1), D= ((b), 1)

Comparing this with the presentation given by (4.11), we see that (4.12)

indeed induces an automorphism of G. Hence the lemma follows. O

Lemma 4.52. The group G = 7Z/pZ ! Z/pZ has exactly p*~3(p — 1)

Higman invariants.

Proof. As argued in the proof of Lemma 4.51, each connected component

of Vo(G) contains a pair of the form
((a:),0), ((b:),1), ar+---+a,#0, by+---+b,=0.

Hence, the Higman invariants of G' are the conjugacy classes of the com-

mutators
[((a:),0), ((b:), )] = ((a; — @i-1),0), ay+---+a, #0.

We now verify that such a commutator has exactly p conjugates. To
see this, it suffices to show that the entries a; — a;_1 for 1 < i < p are
not all identical. For a contradiction, we thus assume that a; —a;_1 = A
for 1 < i < p with some A\ € Z/pZ. This is equivalent to a; = A + a;_1,
so that, inductively, we find a; = (i — 1)\ + a;. Now we have

aytay+---ta=ar+pP-—1la+1+2+---+(p—1)A
:p~a1—|—0-)\
:()’

contradiction. Hence the above commutator indeed has exactly p conju-
gates.

To complete the proof, it remains to verify that in (Z/pZ)? there are
exactly pP~?(p — 1) vectors of the form (a; —a;_;) with a; +---+a, # 0.
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To this end, let M be the circulant p X p-matrix over Z/pZ, given by

Then (a; — a;—1) = M - (a;). Setting
A= {(a;) € (Z/pZ) | a1 + -+ + a, = 0}

we thus have to determine |M - ((Z/pZ)? \ A)|.

We should point out that a priori it is not clear, if M - ((Z/pZ)* \ A)
is equal to M - (Z/pZ)? \ M - A, since M does not have full rank so that

v — Mw is not bijective.
One easily sees that the rank of M is p — 1 and
1
ker(M) = (Z/pZ) -
1

Observe that ker(M) < A. Moreover, M - (Z/pZ)? < A. Since dim(A) =
p—1, we actually have A = M -(Z/pZ)P. So the set that we are interested

in can be written as
M- ((Z/pZ)" \ A) = M - (Z/pZ)" \ M - (Z/pZ)").
Observe that
M - (Z/pZ)P \ M*-(Z/pZ)" C M - (Z/pZL)* \ M - (Z/pZ)?).

We want to show that equality holds. Let v € M? - (Z/pZ)P, say v =
M- (M -u),ue (Z/pZ)P. 1f also w € (Z/pZ)? with M - w = v, then

w e M -u+ker(M)
CM-u+M-(Z/pZ)P, since ker(M) < M - (Z/pZ)?
=M - (Z/pZ)".
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Hence we find that if M -w € M?- (Z/pZ)?, then w € M - (Z/pZ)?. So
M-we M2 (Z)pL)Y < we M - (Z/pZ)".
It follows that
M - (ZJpZ) \ M? - (ZJpZ)P = M - (Z/pZy\ M - (Z/pL)).

Finally, one verifies that

1 1 =2
-2 1 1

has rank p — 2. So we find

|M - (Z/pZ)P\ )| =p" =" =p"(p - 1).
This completes the proof. O]

Remark 4.53. As indicated in the above proof, generating sets of wreath
products of finite cyclic groups are connected to circulant matrices. Mo-
tivated by this, in [2], the author considers the groups of regular circulant
matrices over finite fields and integer residue class rings. More precisely,
he determines the orders of these groups and makes a first step towards
finding the algebraic structure of them. o

From the above result, it follows that V(@) has at least pP~3(p — 1)
connected components. Since, as a consequence of Lemma 4.51, they all
have the same size, each component has at most |Vo(G)|/(pP3(p—1)) =
pPT2(p* — 1) vertices. Hence

[Aut(Fy) : T (G, m)] < PP 2(p — 1),

We have
Z(G)={((a,...,a),0) € G |a € Z/pZ}.

100



CHAPTER 4. CONGRUENCE SUBGROUPS OF Aut(F},)

So, in particular |Z(G)| = p and |Inn(G)| = pP. By Corollary 4.4, we
obtain

[SLa(Z) = p(TH(G, m)] < p7 72 (0" = 1)/p" = p'(1 = p7?).
Moreover, by our discussion in Section 4.1.1, we have
p(I'(G,m)) < T(p).

By Proposition 3.1, the group I'(p) has index p?(1 — p~2) in SLy(Z).
Hence, p(I't(G,m)) is either equal to I'(p) or a subgroup of index p in
['(p). We claim that the latter holds. To prove this, it suffices to find
an element of I'(p) which is not contained in p(I'" (G, 7)). Note that, by
Lemma 4.51, up to conjugation, p(I'" (G, 7)) does not depend on w. We
may thus assume that

Counsider the matrix

I+p —p
e ['(p).
p 1=p
If ¢ € Aut™(Fy) is a preimage under p of this matrix, then ¢ = a, with
some « € Inn(F,) and

x— (zy)Pz
(p =
R Vil

Assume, for a contradiction, that ¢ € I'V(G, 7). Then, in particular,
(z) = (w) - w((xy)’z) - w(w) ™ = w(w) - ((2,1,...,1),0) - m(w) "

But 7(z) = ((1,0,...,0),0) and ((2,1,...,1),0) are not conjugate in G,
contradiction. Hence ¢ & I'" (G, ) and p(I'T (G, 7)) is properly contained
in I'(p). From this, we obtain parts (ii) and (iii) of Theorem 4.49.

4.5.3 PropucT REPLACEMENT GRAPHS OF CERTAIN WREATH PROD-
UCTS

From our discussion in this section, we obtain
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Corollary 4.54. (i) Letm € N be odd. Then the product replacement
graph Vo(Z/mZ 7/ 27) has exactly ¢(m)/2 connected components,
each of which has exactly 6m? [L.(1— p~?) wvertices.

(ii) Let k > 2. Then the graph Vo(Z/2*7 1 7./27) has exactly 2F2
connected components, each of which has exactly 3 - 23+ vertices.

(iii) Let p be an odd prime. Then the graph Vo(Z/pZ 1 Z/pZ) has ez-
actly p=3(p — 1) connected components, each of which has exactly
pP2(p? — 1) vertices.

In each case, the Higman invariants characterize the connected com-
ponents. Furthermore, all considered groups have only one Ty-system.

4.6 THE ABELIANIZATION OF CONGRUENCE
SUBGROUPS ASSOCIATED TO
NON-PERFECT GROUPS

In this section we show

Theorem 4.55. Let G be a finite non-perfect group, i.e., G has non-

trivial abelianization. Then T'T(G, ) has infinite abelianization.

Proof. First we consider the case that G/G’ = Z /27 where G’ denotes the
commutator subgroup of G. Then we naturally obtain an epimorphism

T F, "G — 7Z)2Z.
By our discussion in Section 4.1.1, we have
I'(G,n) <TH(Z/2Z,7). (4.13)
By Theorem 4.5, we may assume that 7(z) = 1 and 7(y) = 0. We set
5 Aut™(Fy) 5 SLy(Z) — PSLy(Z)

where the second epimorphism is the natural projection. Note that p is
onto. Since p induces an epimorphism I'" (G, 7)** — (I (G, 7)), it
suffices to show that p(I'" (G, 7)) has infinite abelianization. By (4.13)
we have

A0 (G 7)) < p(TH(Z/2Z, 7)) = PT(2).
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Hence p(I't(G,m)) is a finite index subgroup of PI''(2). Note that
PT'(2) = PI'°(2). By an example of Rademacher [22, Sec. 8], we have

pr°<2>=<<_11 ?>><G j>>

where the first factor is infinite cyclic and the second one has order 2. The
Kurosh Subgroup Theorem yields that p(I't (G, 7)) is the free product of

(i) a possibly trivial free group,
(ii) certain subgroups of conjugates of {( 1 9)),

(iii) certain conjugates of (({-7)).

We shall prove that a factor of type (i) or (ii) actually appears. To this
end let us assume that p(I'" (G, 7)) is the free product of factors of type
(iii) only. Then p(I'"(G, 7)) is generated by elements of order 2 and
p(TH(G, )2 = (Z/2Z)™ for some m € N. Let k be the order of G.
Then the automorphism ¢ € Aut™(Fy) given by

o(z) =zy", oly) =y

is an element of I'" (G, 7). Hence

M = (]1 2) € p(I't(G,n)).

Since M € ((149)), one easily sees that the image of M in PI?(2)2

)
has infinite order. On the other hand, the image of M in p(I'" (G, m))2
must have finite order. Observe that the inclusion p(I'" (G, 7)) — PT'%(2)
induces a homomorphism p(I't (G, 7)) — PI'Y(2)" such that the fol-

lowing diagram commutes.

A(0H (G, 7)) — PIY(2)

| |

p(T* (G, m))™ —=PI(2)*

This implies that the image of M in PI'°(2)2 has finite order, contradic-
tion.
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The proof for G* = Z/3Z is almost the same. In the remaining cases,
we find, by Proposition 3.4, that p(I'* (G, 7)) is a finite index subgroup of
a free subgroup of PSLy(Z). In particular, it has infinite abelianization
and so must have I'" (G, ). O
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SUGGESTIONS FOR FURTHER RESEARCH

Motivated by Theorem 4.55, the first open problem we mention is

Problem 1. Does I't (G, 1) have infinite abelianization for all epimor-
phisms 7 : Fy — G of Fy onto a non-trivial finite group?

We have seen in Theorem 4.55 that this problem is, in fact, only open
for perfect groups G. One can reduce it further to finite simple groups
using the following observation.

Suppose that 7 : F5, — G is an epimorphism of F, onto a finite group.
Further suppose that a : G — H is an epimorphism such that I'" (H, arr)
has infinite abelianization, that is, it maps onto Z. Now I'*(G,7) is a
finite index subgroup of I'"(H, ar) so that it maps onto a finite index
subgroup of Z, that is, it maps onto Z. Hence also 't (G, ) has infinite

abelianization.

Instead of considering standard congruence subgroups of Aut™(Fy)
and their abelianizations, it might be easier to consider principal congru-
ence subgroups. Let us recall the definition.

Let K < F5, be a finite index subgroup of F3, fixed by all automor-
phisms in Aut*(F,). Note that, since Inn(Fy) < Autt(F), the sub-
group K is then normal in F5. We call

ker(Aut™ (Fy) — Aut(Fy/K))

the principal congruence subgroup of Aut™ (F,) associated to K. Observe
that if 7 : Fy — F5/K is the natural projection, then

ker(Aut™ (Fy) — Aut(Fy/K)) =T (Fy/K, ).

Given an arbitrary epimorphism 7 : Fy — G of F; onto a finite group G,

one can associate a principal congruence subgroup as follows. Let R :=
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ker(r). For ¢ € Aut™(F,) we have ker(mp~1) = ¢(R). Let

R:= m ker(mp™!) = ﬂ ©(R).

peAutt (Fy) peAutt (Fy)

Then R < F, is invariant under Aut*(F). Moreover, since R has finite
index in F and 7 has finite orbit in Ey(G), the subgroup R has finite
index in F5. Define

7:F,— Fy/R

as the natural projection. Then
I+ (Fy/R,7) = ker(Aut™ (Fy) — Aut(Fy/R))

is a principal congruence subgroup. It is contained in I'" (G, 7), as one
easily verifies.

Recall that if B < A are groups, then the core of B in A is defined
as the intersection of all conjugates of B in A, that is, core(B, A) =
MNueaaBa™'. Tt is the largest normal subgroup of A, contained in B.
The following is easily verified.

Lemma 5.1. Given an epimorphism © : Fy — G of F» onto a finite
group G, let R = [\ cau+(m) Ker(mp™') and 7 : Fy — Fy/R be the
natural projection. Then T (Fy/R, %) = core(I'H (G, ), Aut™ (F)).

In the above situation, we shall call I'"(Fy/R,7) the principal con-
gruence subgroup of Aut™ (Fy) associated to .

In what follows let
p: Aut+(F2) — PSLQ(Z)

be the standard representation of Aut™(F;) followed by the natural pro-
jection of SLy(Z) onto PSLy(Z).

Lemma 5.2. Let m : F5, — G be an epimorphism onto a finite group
such that 7(x) is not conjugate to w(y)*' in G, that is, w(z) is neither
conjugate to w(y) nor to w(y)~'. Then p(T' (G, 7)) does not contain the

elements (9 ') and (9 71).
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Proof. One has to verify that = (¢ ') and £ (9 7') € SLy(Z) are not
contained in p(I't(G,7)). Assume that (Y ') € p(I'(G,7)). Since
ker(p) = Inn(F3), there is some w € F; such that the automorphism ¢ €
Aut™(Fy) induced by ¢(z) = wyw™?, o(y) = wr—tw™t is in T'T(G, 7).
Hence m(x) = m(w)m(y)w(w) ™!, contradiction. The other cases are simi-
lar. [l

Recall that PSLy(Z) = ((9 3 ))*((? 3!)). An immediate consequence
of the Kurosh Subgroup Theorem is that if H < PSLy(Z) is a subgroup,
not containing any conjugate of (9§ ') and (¢ 7'), then H is free. This

leads to

Corollary 5.3. Let w: Fy — G be an epimorphism onto a finite group G

such that m(z) is not conjugate to m(y)*!

in G. Then the principal con-
gruence subgroup associated to m maps onto a free group. In particular,

it has infinite abelianization.

Proof. Recall that the principal congruence subgroup associated to 7 is
given by core(I't (G, ), Aut™ (Fy)). We show that the image

H := p(core(TT(G, ), Aut™ (Fy)))

is free. Assume that H contains a conjugate of ({ '). Since H is normal
in PSLy(Z), it also contains (9 ') itself. But since H < p(I't (G, 7)) we
know from Lemma 5.2 that this cannot be true. Similarly, H does not

contain any conjugate of (§ 7') and we thus see that H is free. O

Corollary 5.4. For every finite group G there is some w : Fy — G such
that the associated principal congruence subgroup maps onto a free group

and thus has infinite abelianization.

Proof. As a consequence of the classification of finite simple groups, every
finite simple group H can be generated by two elements hj, hy where
ord(hy) # ord(hy). So, in particular, h; is not conjugate to hi' in H.
Now let H be a simple quotient of G and hq, ho as above. Define an
epimorphism 7' : Iy — H by 7'(z) := hy and 7’'(y) := hy. By Lemma 2.6
there are lifts g1,g2 € G of hy, ha, respectively, such that (g1, ¢g2) = G.
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Set 7(z) := g1 and 7(y) := go. Then I't(G,7) < I'"(H,n’). As seen
above, p(core(I'T(H, '), Aut™ (F3))) is free and hence so is

p(core(TT(G, ), Autt (F))) < p(core(T'T(H, '), Aut™ (F3))).

This completes the proof. m

Since, by construction, the principal congruence subgroup associated
to an epimorphism 7 : F5, — G only depends on the connected component
of (m(x),m(y)) in Vo(G), we also get

Corollary 5.5. Let G be a finite group with the property that every
connected component of Vo(G) contains a pair (g,h) such that g is not
conjugate to h*' in G. Then for every epimorphism © : Fy — G, the
associated principal congruence subgroup maps onto a free group and thus
has infinite abelianization.

This leads to

Problem 2. For which finite (non-abelian) groups G does the following
hold? FEvery connected component of Vo(G) contains a pair (g, h) such
that g is not conjugate to h*!.

We formulate the problem in this way, since Proposition 5.8 below
gives an interesting example for a group G which does not satisfy the

property in question. To understand this, we need two lemmas.

Lemma 5.6. Let G = (g, h) be a finite group. Suppose that each of the
pairs (g, hg) and (gh,h) is conjugate to (g,h). Then every pair (¢',h') €
V3 (G) in the connected component of (g, h) is conjugate to (g, h).

Proof. Inductively one finds that the pairs (g, hg*) and (gh*, h) are con-
jugate to (g, h) for k € N. Since g and h have finite order, the same is still
true for k € Z. In particular, (g, hg™!) and (gh™', h) are also conjugate
to (g, h). By conjugation with g and h we now find that all pairs

(gh*',h), (hg,h), (g,97"h), (g,hg™")

which are obtained from (g, h) by an elementary Nielsen move are con-
jugate to (g, h). Since every pair in the connected component of (g, h) is
obtained from (g, h) by a Nielsen move, the lemma follows. O]
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Lemma 5.7. Let G = (g, h) be a finite group.

(a) The following two properties are equivalent.

(1) There exist a,b € G such that
g =aha™ !, g =bhb 1,
h=ag 'a?, h=bg 'hb'.
(2) Form: Fy — G, with n(z) = g and w(y) = h, we have
oI (G, 7)) = SLa(2),
that is, Inn(Fy) - T (G, 7) = Aut™ (Fy).

(b) If one (and thus both) of the properties (1), (2) is satisfied, then
for every pair (¢',h') € Vo(G) in the connected component of (g, h)

we have that ¢ and h' are conjugate.

(c) If one (and thus both) of the properties (1), (2) is satisfied, then
ker(m) < Fy is fized by all elements of Aut™ (Fy), that is, TT(G, )

18 a principal congruence subgroup.

Proof. Let us first assume that (1) holds. Let w € 7 '(a) and ¢ €

Aut®(Fy) be the automorphism induced by p(z) = wyw™?, o(y) =
wr~'w™. Then one verifies that 7(p(x)) = g = 7(z) and 7(p(y)) =
h = w(y). Hence p € TT(G, 7). It follows that (Y ') € p(I'"(G,n)).

0
Similarly, one also shows that (9 7') € p(I't (G, 7)). This implies (2).
The argument for (2) = (1) is very similar.

Now assume that (1) and (2) hold. Suppose that (¢, ') € V5(G) is
in the connected component of (g, h). Then I't (G, ) and I't (G, 7’) with
'(x) = ¢, 7'(y) = h' are conjugate. Hence so are their images under
the representation p. It follows that p(I't(G, 7)) = SL2(Z). Now the
equivalence of (1) and (2) yields that, in particular, there is some ¢’ € G
such that ¢’ = a’h/a’~'. So ¢’ and A’ are conjugate and (b) is proved.

To prove (c), suppose that w € ker(r) and ¢ € Aut™(Fy). By (2) we
have ¢ = a,, - v with o, € Inn(F,) and v € ' (G, 7). Now

(ou(y(w))) = w(w) - w(y(w)) - w(u) ™" =m(u) w(w) - w(u') =1

So p(w) = ay(w) € ker(m). This completes the proof. O
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The above result leads to

Problem 3. If for every pair (¢',h') € Vo(G) in the connected compo-
nent of (g,h) we have that g and h' are conjugate, does it follow that

there exist a and b as in (1)?

A priori it is not clear if there exist finite groups satisfying the prop-
erties considered above. The following result gives an example. It is
interesting that, in this example, ker(m) is not only fixed by Aut™*(F})
but also by Aut(F3), i.e., it is a characteristic subgroup of Fj.

Proposition 5.8. Let w : Fy — SL3(11) be the epimorphism given by
m(x) =g, 7(y) = h with

and h:=

o O O
N O O
S o ©

01
0 2
10

e
I
O O =

Then every pair (¢',h') € Vo(SL3(11)) in the connected component of
(g, h) has the property that ¢' is conjugate to h'. Moreover

p(I"(SLs(11), 7)) = SLa(Z)

and ker(m) < Fy is a characteristic subgroup.

Proof. Let
8 0 0 6 10 5
c:=|(0 8 0], d:=1|7 3 9
0 0 5 3 3 3
Then c(g,hg)c™" = (g,h) and d(gh,h)d™' = (g,h). By Lemma 5.6, it

follows that every pair (¢',h’) in the connected component of (g, h) is
conjugate to (g,h). Since

-1

2.9 9 2.9 9
2 2 1|nl2 2 1| =y
8 4 8 8 4 8

the first part of the proposition follows.
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For the second part, let

8 3 3 9 2 2
a=12 2 1 and b= 5 5 8
2 1 2 10 5 10

Then property (1) in Lemma 5.7 is satisfied, so that p(I'" (SLz(11), 7)) =
SLy(Z). To see that ker(r) < F, is a characteristic subgroup, we recall
that Aut™ (Fy) is a subgroup of index 2 in Aut(F). Since we already know
that ker(r) is fixed by Aut™(Fy), it thus suffices to show that ker(r) is
also fixed by one specific automorphism of F, which is not contained in
Aut™(Fy). We choose the one induced by z + x and y — y~1. Let

o
Il
o o o
© o o
o © o

Then

eg et =g and eh e l=h"l

Note that the map from SLj(11) onto itself which sends an element to
the transpose of its inverse is an automorphism of SL3(11). Composing
it with the inner automorphism given by conjugation with e, we see that
g+~ g, h — h~! induces an automorphism of SL3(11). In particular, if
a word w(z,y) € F; lies in the kernel of 7, then so does w(z,y™!). In

other words, ker(7) is fixed by z + x, y — y~!, as desired. ]

We note that this is just the first example in an infinite family found
by B. Klopsch in an unpublished work.

The example given in Proposition 5.8 leads to the following very con-
crete question

Problem 4. Does I'"(SL3(11), 7) with w(x) = g, w(y) = h have infinite
abelianization?

It also leads to

Problem 5. For which epimorphisms © : Fy — G of F, onto a finite
group G do we have p(I't (G, 7)) = SLo(Z) ?
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The following problem is not directly connected to congruence sub-
groups of Aut™ (F}), but, noting that PSLz(11) = SL3(11), also motivated
by Proposition 5.8.

Problem 6. For which prime powers q is there an epimorphism m : Fy —
PSLs3(q) such that ker(mw) < Fy is a characteristic subgroup?

Of course, one can generalize the question by considering PSL,(q),
n > 3, instead of PSL3(q). Even more general, one might also consider
epimorphisms F, — PSL,(q), r > 2. This leads to an interesting con-
nection to Wiegold’s conjecture, which says that for every r > 3 and
every non-abelian finite group G, there is only one T,-system. (See for
example [21, Conj. 2.5.4].) Indeed, if Wiegold’s conjecture holds, then,
for every r > 3, there exists no epimorphism from F, onto a non-abelian
finite simple group G such that its kernel is characteristic in F,. This
can be seen as follows.

Suppose that Wiegold’s conjecture holds and that we have an epimor-
phism 7 : F, — G, r > 3, onto a non-abelian finite simple group such
that ker(r) is characteristic in F,. Now, since G has only one 7,-system,
every epimorphism from F, onto G is of the form ary with a € Aut(G)
and ¢ € Aut™(F},). Observe that

ker(amp) = ker(mp) = ¢ !(ker(n)) = ker()

where the last equality holds, since ker(r) is characteristic in F,. It
follows that ker() is the only normal subgroup of F, such that the cor-
responding quotient is isomorphic to G. By the classification of finite
simple groups, GG is generated by two elements. Therefore, for every
1 <4 < r, there is some epimorphism 7; : F,. — G such that z; € ker(m;).
Since ker(m;) = ker(r), it follows that ker(m) = F;., contradiction.

Another, very natural question is

Problem 7. For which epimorphisms © : Fy — G of Fy onto a finite
group G is the image p(I'" (G, 7)) a congruence subgroup of SLa(Z)?

The most general result, we have obtained so far is that for metacyclic
groups G it always is, see Corollary 4.26. Also for G = Z/mZ  Z/2Z

with m odd this is true, see Theorem 4.43. A counterexample is given by
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G = As, the alternating group of degree 5. Moreover, A5 is the smallest
group with this property.

As a generalization, one might expect that p(I'" (G, 7)) is always a
congruence subgroup, if G is solvable. This turns out to be false. There
is a solvable group G of order 128 for which p(I"* (G, 7)) is not a congru-
ence subgroup of SLy(Z), see [3, Section 5] for details. Computational
results indicate that p(I'" (G, 7)) is always a congruence subgroup if G is

metabelian.

Part (iii) of Theorem 4.49 leads us to a concrete case of the above
problem, namely:

Problem 8. Is the the image p(IU'"(Z/pZ 1 Z/pZ, 7)) < SLa(Z) a con-

gruence subgroup?

We have

Example 5.9. The image p(I'"(Z/5Z 1 Z/5Z,7)) < SLy(Z) contains
['(25) and thus is a congruence subgroup.

We have verified this example by using a Reidemeister rewriting pro-
cess to obtain generators of I'(25) from the ones of I'(5) which are pro-
vided by Frasch [10]. One can, basically, do the same for any given p,
but it seems unlikely that this procedure can be used to show that
p(TT(Z/pZ 1 Z./pZ, 7)) always contains I'(p?): using Frasch’s results, it
is easy to write down generators of I'(p) for a concrete prime p, but the
arithmetic modulo p used in the computation of these generators and the
Reidemeister rewriting process seems to make it impossible to extend this

method to a general proof.

Finally, we have the popular congruence subgroup problem.

Problem 9. Is every finite index subgroup of Aut™(F,) a congruence
subgroup?

For SL,(Z) this problem is already solved. The answer is yes for
n > 3 (see [5], [18]) and no for n = 2 (see [11]). More recently it has been
shown that, in the case n = 2, every finite index subgroup of Aut(F) is
a congruence subgroup. See [4] and [6]. For n > 3 this problem is still
open.
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