TWO STABILITY THEOREMS ON PLETHYSMS OF
SCHUR FUNCTIONS

ROWENA PAGET AND MARK WILDON

ABSTRACT. The plethysm product of Schur functors corresponds to
composition of polynomial representations of symmetric groups. Finding
the plethysm coefficients (s, 0s,, sx) that express an arbitrary plethysm
8,08, as asum ., (S, 05y,sx)sx of Schur functions is a fundamental
open problem in algebraic combinatorics. We prove two stability the-
orems for plethysm coefficients under the operations of adding and/or
joining an arbitrary partition to either g or v. In both theorems p
may be replaced with an arbitrary skew partition. As special cases we
obtain all stability results on plethysms of Schur functions known in
the literature. The proofs are entirely combinatorial using plethystic
semistandard tableaux with positive and negative entries.
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1. INTRODUCTION

1.1. Background. Determining the decomposition of an arbitrary plethysm
product s, 05, into Schur functions was identified by Richard Stanley in [21]
as a central open problem in algebraic combinatorics. It is equivalent to de-
composing a polynomial representation of GL,(C) defined by a composition
of Schur functors into a direct sum of Schur functors, and to decomposing a
representation of a symmetric group induced from an arbitrary irreducible
representation of a wreath product subgroup into a direct sum of irreducible
representations. The plethysm coefficients are the multiplicities in these de-
compositions.

1.2. Stability. In this paper we prove two theorems showing that certain
sequences of plethysm coefficients are ultimately constant, with explicit
bounds for when stability occurs and a useful sufficient condition for the
stable value to be zero. These theorems include as special cases all stabil-
ity results in the current literature, sometimes with new bounds when none
were proved originally. For instance a special case of Theorem first
proved in [5, p354], is that (s, 0 8,1 Mk, Sa4|y|mx) 18 ultimately constant for
large M, while a special case of Theorem [I.2] is a key motivating result,
recently proved in [12] without an explicit bound, that if d is even then
<sl,+(M) o s(m),s,wM(m,d)u(dM» is ultimately constant for large M. Our
proofs are entirely combinatorial, using the plethystic semistandard signed
tableaux defined in Definition [3.10] below.

1.3. Main results. In both our main theorems v is a partition, p/pu, is a
skew partition and A is a partition of |v||u/p.|. We define pu/p, & (7,0) =
((p +0) UY)/p* and p/pe © M(y,8) = p/ps @ (M~y, M), where U is
the join of partitions, defined formally before . The order < on pairs of
partitions is defined in Definition by reading the pair as a composition
and then applying the dominance order. Example in §2 motivates the
conjugation seen in our first main theorem when |x~| is odd.

Theorem 1.1 (Signed inner stability). Let k= and k* be partitions. If |k~ |
is even then set vM) = v for all M, if |k~ is odd then set vM) = v if M
is even and v™M) = o/ if M is odd. Then

<SV(M) OSu/px ®M(k—,kT)> SA@nM(n*,m+)>

1s constant for M at least the explicit bound in Theorem|[11.15. Moreover if
n~ and n* are partitions with {(n~) < (k™) and (n~,n")L (K, k") then

<3u(M> © S/ ®M (kKT SA@nM(n*,n+)>

is zero for M greater than the explicit bound in Proposition[11.2

Our second main theorem requires the strongly maximal signed weights
defined in Definition [£.10] and first exemplified in Example To orient
the reader, we remark that, by Lemma (@, 1) and (i, @) are strongly
maximal signed weights of shape y and size 1; their signs are 1 and (—1)",
respectively. The strongly maximal signed weight relevant to the stability of
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(Su+(01) © S(m)> Sxt-M(m—d) L (@) Tor even d is ((1%), (m — d)). This signed
weight has shape (m), size 1 and sign +1: see Example 4.18(i).

Theorem 1.2 (Signed outer stability). Let R € N. Let (k~, k") be a strongly
mazximal signed weight of shape p/p, and size R. Set vM) = 4 (MR if
(k=, k") has sign +1 and v™) = v L (RM) if (k~, k%) has sign —1. Then

<Su<M> O Sp/pe SX@M(W,WQ

is constant for M at least the explicit bound in Theorem [I].7]. Moreover if
1~ and n* are partitions with £(n~) < (k™) and (k~, k") < (n~,n") then

<SV(M) O Su/pns SA@M(n*,n+)>

1s zero for M greater than the explicit bound in Proposition |14.1].

The full versions of both theorems give practical sufficient conditions for
the constant multiplicity to be zero. For instance, as we explain after Ex-
ample the final part of Theorem implies that (s,08, ¢ r(x— xt)s
Sx@nM(k—xt)) 18 zero for M sufficiently large, unless (A7, A") I n(u, u*).
Here (A7, A7) and (u—, u™) are the (k™ )-decompositions of A and p, as de-
fined in Definition[6.1], and < is the signed dominance order in Definition 4.1

In Corollaries [12.1] [12.2] and [15.9] we give the corollaries of our two main
theorems for the special cases where k=~ = @ and uy, = @, showing how
the explicit bounds and conditions in Theorems [TI1.15] and [14.7] simplify.
Corollary is the case R = 1 of Theorem and also of significant

interest in its own right.

1.4. Strongly maximal signed weights. An important motivation for
strongly maximal signed weights is that if p/p. is a skew partition and « is
the lexicographically maximal partition labelling a Schur function summand
of s(yry 0 5,/,, then (&,r) is a strongly maximal signed weight of a (/1.
tableau family of size R. We plan to prove this result in a separate paper
on signed maximal constituents of plethysms. Many further examples of
strongly maximal signed weights, with full proofs, are given in In
particular we mention Lemma which was motivated by (9) in [4] by
Briand, Orellana and Rosas, as we discuss in

1.5. Skew partitions. It is worth noting that the results on plethysms
sy 0 8,/,» where p/p* is a skew partition with u* # @ are entirely novel
to this paper: it is a feature of our method using signed tableaux that
this extension from partitions to skew partitions is mostly routine. See
Examples and for examples exploiting this generality; both are
good illustrations of the power of Theorem [I.2l Remark [5.1] explains why
the further extension replacing v with a skew partition is a straightforward
corollary of our main theorems.

1.6. A stronger conjecture. Theorem was motivated by Proposi-
tion 5.3 in [I3] which in turn was motivated by a conjecture of Bessen-
rodt, Bowman and Paget [I, Conjecture 1.2] that the plethysm coefficients
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(Sui(1M) ©8(2), Sx@M((1),(1))) are non-decreasing with M. A proof of this con-
jecture appears to require fundamentally different methods to those used
in this paper: we believe it is true and that a proof will be of wide inter-
est. More generally, we make the following conjecture, which includes the
BPP-conjecture as a special case.

Conjecture 1.3. The sequences of plethysm coefficients in Theorems
and[1.9 are non-decreasing with respect to M.

1.7. Earlier work. We believe the two main theorems in this paper imply
all the stability results on Schur functions published in the literature. These
include the stable version of Foulkes Conjecture. Here we survey [3] by
Bowman and Paget, [4] by Briand, Orellana and Rosas, [5] by Brion, [6] by
Carré and Thibon, [7] by Colmenarejo, [8] by deBoeck, Paget and Wildon,
[13,[12] by Law and Okitani, [16] by Manivel and [22] by Weintraub. (Except
in the case of one result from [6], we silently change the notation used by
these authors to be consistent, as far as possible, with this paper.)

Bowman—Paget. THEOREM A OF [3]. This states that the plethysm coeffi-
cients (S(n4n) © S(m+M)» SA+(mN+nM+MN)) are ultimately constant. For M
varying this is the special case of Theorem for v =(n+N), p=(m)
taking (K=, k") = (@ ) (1)) The bound from Corollary applied replac-
ing A with A+ (mN),is M > (n+N—-1)m— (A +mN)=(n—1)m— X\
which improves on M > |A| = mn in [3]. For N varying this is the spe-
cial case of Theorem for v = (n), p = (m + M), again with the same
choice of (k7, k"); by Lemma m (2, (1)) is a strongly 1-maximal signed
weight. The bound from Corollary is in general worse than N > |)|
in [3]. A corollary (see [3, Corollary 9.4]) is that the ‘stable’ version of
Foulkes’ Conjecture [9] holds with equality. We emphasise that the main
contribution of [3] is to prove the result using Schur—Weyl duality with the
partition algebra, thereby giving an explicit and clearly positive formula for
the multiplicities. This goes significantly beyond the results obtainable by
the general methods in this paper.

Briand—Orellana—Rosas. REsuLt (7) IN [4]. This states that (s, 0s,,s)\) =
(810 8,4 (Mt)s Sasn(arey) Provided that £(v) < ¢. This is a weaker version of
Theorem 1.1 in [8] by de Boeck, Paget and Wildon, discussed below.

ResurT (9) N [4]. This states that

<5u+M(1R) O Sus 3>\+M(q4)> (1.1)
is constant, where R is the number of semistandard tableaux of shape p with
entries from {1,...,¢} and ¢ = R|pu|/¢. By Theorem applied with the
strongly /-maximal signed weight (&, (qg)) (see Lemm the plethysm
coefficient is ultimately constant. In fact this theorem implies the more
general result where p is replaced with an arbitrary skew partition. The rel-
evant strongly maximal semistandard signed tableau family is, as one would
expect from the statement of (9), all semistandard tableaux of shape p with
entries from {1,...,¢}. While the ‘signed’ generality is irrelevant here, this
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was an important motivating example for strongly maximal signed weights.
Corollary can be used to give explicit stability bounds for (|1.1]); Propo-
sition shows that in many cases of interest, stability is immediate.

Brion. TuroreM [5, §2.1]. This states that (s, o s,u4nrw, Satnisk) is ulti-
mately constant. There is a bound implicitly defined using the root system
of type A. This is the special case of Theorem [1.1| taking (k~, k") = (&, k).
The bound from Theorem [I1.15] is the same.

TueoreM [, §3.1]. This states that (s, (n) © Sy, Sxtnu) is ultimately con-
stant with an explicit bound. This is the special case of Theorem taking
(k=,k") = (@, u); by Lemma this is a strongly ¢(u)-maximal signed
weight. Brion’s bound improves on the bound from Theorem or Corol-
lary by using orthogonality in the type A root system.

Carré—Thibon. We first note that Jp in [6] is, in our notation (p)UJ, where J
is a partition. If J has first part a and p > a then (p)UJ = (JUa)+ (p—a),
and so, by taking p sufficiently large, we can interpret Jp as an addition to
the first part of J.

THEOREM 4.1 IN [6]. The special case (see the remark after the proof in [6])
relevant to plethysm coefficients is equivalent, by the previous notational
remark, to the theorem in §2.1 of Brion [5], discussed above.

THEOREM 4.2 IN [6]. It follows very similarly that the special case relevant to
plethysm coefficients is that (sl,+(M) O Sy, s,\+(M|M|)> is ultimately constant.
When p = (m) this is a special case of the theorem in §3.1 of Brion [5] dis-
cussed above. When p # (m) we have 1<t (m) and so the stable multiplicity
is zero by the ‘moreover’ part of Theorem [I.2) applied with the strongly max-
imal signed weight (&, 1). (By Lemma this is a strongly ¢(u)-maximal
signed weight.)

We remark that [6] precedes [5] and the method of vertex operators used in
[6] is completely different to Brion’s geometric arguments.

Colmenarejo. THEOREM 1.1 IN [7]. This states four stability results. The
first is the special case of the second taking, in the notation of [7], 7 = (1).
The remaining three are:

® (5,0 8,4 Mx,SxtnMx) s ultimately constant. As just seen, this is the
special case of Theorem [1.1] taking (k=, k") = (&, k).

° (sl,+(M) 0 Sy, Sy+Mp) is ultimately constant. This is the special case of
Theoremtaking (k=,kT) = (9, n); by Lemmathis is a strongly
¢(p)-maximal signed weight.

® (Sy4(M) © Sus Sytm||) 18 ultimately constant. This is the same as The-
orem 4.2 in Carré and Thibon [6] already discussed.

deBoeck—Paget—Wildon. THEOREM 1.1 IN [8]. This states the equality
(810 8(r)uws> S(nryur) = (Sv © 8, 8x) provided r is at least the greatest part
of u. Applying the w-involution (see [15, page 21] or |20} §7.6]) this becomes

(84t 0 Surg(ir)s Sxg(1nr)) = (Sv 0 S5 82),
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provided M > ¢(u), where vT = v if  is even and v! = v/ if r is odd. Observe
that when M > £(i') we have p/ + (1M*1) = (i/ + (1)) U (1) and when
nM > £(N) we have X' + (1"(M+D) = (X + (1"M)) L (1M). The plethysm
coefficient above is therefore

<51/T o Su’—&-(le(“/))u(lM)’ 5}\/+(1n£(u’))u(1nM)>' (12)

That it is ultimately constant now follows from Theorem taking kK~ =
(1), and x* = @ and replacing p with g/ 4 (1¢¢)) and A with X' 4-(17()). As
we show in Example the explicit bounds in Theorem show that
in fact the plethysm coefficient (as stated in the second displayed equation)
is immediately constant provided £(\') < nf(y).

TueorEM 1.2 IN [8]. This states that (s, o 5,4 a7(17), Sa4-a(nr)) 18 constant
for M greater than an explicit bound. By Theorem|[I.1} applied with k=~ = &
and kT = (17), the plethysm coefficient is ultimately constant. The bound
from Theorem is the same, as we show at the end of

Law-Okitani. ProposiTioN 5.3 1N [I3]. This states that (s, ) o s(2),
SxaM((1),(1))) 1s ultimately constant. This is the special case of Theorem

taking p = (2) and (s, x%) = ((1),(1)); by Lemma [1.17 ((1), (1)) is a

strongly 1-maximal signed weight.

THEOREM 1 IN [I2]. An equivalent statement of this theorem is that when d
is even

(Su4(M) © S(m)» Sa® M((19),(m—d))) (1.3)

is ultimately constant and when d is odd

(81U (1M) © 8(m)> Sx@ M((19),(m—d))) (1.4)

is ultimately constant. This result was briefly known between March 2022
and September 2022 as Wildon’s Conjecture: it was an important motivation
for Theorem and is exemplified in No bounds on M were proved
in [12]. These results are unified as the special case of Theorem taking
p=(m)and (k%) = ((1%), (m—d)); by Example i) this is a strongly
1-maximal signed weight.

Manivel. MAIN RESULT AND THEOREM 4.3.1 IN [16]. This is the same result as
Theorem A in [3] by Bowman and Paget, already discussed. We emphasise
that the proof in [16] is by novel geometric methods.

Weintraub. Throrem 0.1 1N [22]. This states that (s, () © Sus Sxyariu|)
is ultimately constant. It is the same as the final result of Colmenarejo
discussed above; we mention that Weintraub’s proof precedes Colmenarejo’s
and the methods used are different.

1.8. Outline. This paper is split into the five parts indicated in the table of
contents. FEach section is written to be read independently as far as possible.
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Introduction and overview (§1-2). The introductory material ends in with
an overview of the proof and some small examples: we hope this will per-
suade the reader that while the proof is lengthy, because of many minor
technical difficulties, the overall concept of finding stable bijections between
certain semistandard signed tableaux and between certain plethystic semis-
tandard signed tableaux is quite simple.

Preliminaries (§3H6). In §3] we give basic definitions. In particular we de-
fine plethystic semistandard signed tableaux in Definition [3.10} The reader
should be able to skip this section and then use it as a reference. In 4
we define the signed weights needed to prove Theorem and the strongly
maximal signed weights in Theorem In §5| we give background results
on plethysms of symmetric functions. Finally in §6| we define the ¢~ -twisted
dominance order in Definition and generalize classical results on Kostka

numbers to the twisted case. This is a key definition novel to this paper.

Signed Weight Lemma and stable partition systems (@» In §7| we prove
the critical Signed Weight Lemma (Lemma : this lemma specifies the
overall strategy of the proof of the main theorems and is motivated by
To apply the lemma we require the idea of a stable partition system, as
defined in We give two motivating examples of stable partition systems
in and then in §9| we construct the stable partition systems used to prove
Theorems and Also in §8 we show some of the main ideas in the
proofs of Theorems and Theorem by examples using the three key
results proved by the end of namely

e Proposition [5.6] on plethystic signed Kostka numbers, stating that
(syo Sp/pwo Ca ho+) = [PSSYT(v, M/M*)(cr,oﬁ)‘;

e Lemma the Signed Weight Lemma;

e Corollary that intervals for the ¢~-twisted dominance order
define stable partition systems.

Proof of Theorem ( In we prove Proposition giving an
upper bound in the ¢ -twisted dominance order on the constituents of an
arbitrary plethysm s, 0s,/,, . This is the final technical preliminary needed
to apply Corollary and hence the Signed Weight Lemma (Lemma,
to prove Theorem in We give the important special case of this
theorem when all tableaux have only positive entries in

Proof of Theorem ( In we prove the analogous upper bound
in Corollary [13.22 on the constituents in the plethysms in Theorem

and in §14] we prove Theorem [1.2] In §I5] we give many applications of
this theorem, including its important special case when all tableaux have
partition shape and only positive entries.

1.9. Computer software. MAGMA [2] code that can be used to verify all
of our examples and compute with the /~-twisted dominance order in Defi-
nition may be downloaded as part of the arXiv submission of this paper.
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Example is most easily checked using the second author’s Haskell [19]
code [23]. Computer algebra is not essential to any of our proofs or examples.

2. OVERVIEW OF PROOF

The original Law—Okitani stability result [13, Proposition 5.3], later gen-
eralized in the main theorem of [I2], is that the sequence of plethysm coef-
ficients

<5uu(1M) ©5(2); 5,\+(M)u(1M)> (2.1)

is ultimately constant. This is the special case of Theorem for the
strongly maximal signed weight ((1), (1)) of shape (2), size 1 and sign —1.
(This weight is strongly maximal by Example (i); see for motivation
for strongly maximal weights.) Here we use the special case v = (3,1) and

A =(6,2) of that
<5(3,1,1M) 0 5(2)s S(6+M,2,1M)>

is ultimately constant to sketch the overall strategy of the proofs of the
two main results in this paper, indicating why certain steps cannot, we be-
lieve, be simplified. In particular, in we give the bijection on plethystic
semistandard tableaux used to prove this stability result; it is generalized
in Theorem We warn the reader to refer ahead as required to §3] in
particular, to Definition of plethystic semistandard signed tableaux.

2.1. Elementary-homogeneous products. The first key idea is to ap-
proximate Schur functions as products of elementary and homogeneous sym-
metric functions. For , we set v = A — (1Y™) and decompose the parti-
tion A+ (M)U(1M) as (1EN+M) ¢ (o + (M)). It then follows from Young’s
rule that sy, is a summand of eqn)1a)fat(ar)- In our specific
example, A = (6,2), o = (5,1), and so, when M = 0, the product is

e,y = S6,2) T 57,1) T 256,1,1) + S(5,2,1) T 5(5,1,1,1)- (2.2)

As expected, this has s(g9) as a summand, but also, of course, some Schur
functions labelled by extra partitions. For general M € N, (2.2) becomes
) h(5+M,1) = Serar210) + Srar1am) + 286 ar0,10) (2.3)
T SGrm21M) T S(540,1,1,1,1M)-
Note that the summands in (2.3)) are in bijection with the summands in ({2.2])
and the coefficients are independent of M. This points to a potential in-
ductive proof, provided all the partitions in (2.2 are ‘smaller’ than (6,2) in
some sense. However, we must consider not just the partitions appear-
ing in (2.2), but the new partitions that arise when we apply this ‘ap-
proximation’ strategy to them. For instance, s(51,1,1) appears in (2.2) and
(5,1,1,1) = (1,1,1,1) 4+ (4), so we must also consider the product

e(4)h(4) = 8(5,1,1,1) T 5(4,1,1,1,1)> (2.4)
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in where we see s(411,1,1) for the first time. This motivates the twisted
dominance order in Definition below. For this example, we need the 1-
twisted dominance order on the up-set of (6,2) (as defined in §6.5]), namely

(6,2)F ={(6,2), (5,2,1),(4,2,1,1),(3,2,1%),(2,2,1%)}
U{(7,1),(6,1,1),(5,1,1,1), (4,1%),(3,1°), (2,1°%), (1®)}.

Note that (5,1,1,1) and (4,1, 1,1, 1) are in this up-set. See Figurefor the
Hasse diagram of the order. Here we mention that each of the two subsets
in the decomposition above is a chain, increasing when read left to right. By
Lemma for every o € (6,2)Y, the summands of e(g(g))h(,_(le(a)) are in
o< and so in (6,2)<; for example, this is clear for e@2)h(s,1) and egyhy) from
the products and given above. We now suppose inductively —
but see below for a difficulty here — that (s(31 1) © 8(2), Soq-(ary1M))
is ultimately constant for each of the partitions o € (6,2)< except, perhaps,
for (6,2). (Thus ‘smaller’ means ‘bigger in the twisted dominance order’.)
Since stability is known inductively for each summand of e ynh(s4ar,1)s
except for sy 7910, to deduce that the plethysm coefficients (s(3 112y ©
8(2)s S(64+M,2,1M)) are ultimately constant, it suffices to show that (s 1a) 0
5(2)5 e(2+M)h(5+M’1)> is ultimately constant.

(2.5)

Remark 2.1. Many other strategies for ‘approximating’ s ps2,10) by a
product of more tractable symmetric functions, for example any strategy us-
ing homogeneous symmetric functions alone, would fail at the point of
by giving an expansion with a growing number of Schur functions, or with
non-constant coefficients.

2.2. Plethystic semistandard signed tableaux. Toshow that (s a0
8(2),6(2+M)h(5+M71)> is ultimately constant we need the second key idea:
there is an appealing combinatorial interpretation of s, 0s,,,, as the gener-
ating function enumerating the plethystic semistandard signed tableaux de-
fined in Definition [3.10. Moreover, by Proposition [5.6] the inner product
of s, 05,/,, with e;-h.+ is the number of plethystic semistandard signed
tableaux of signed weight (7=, 7 "), in the sense of Definition For in-
stance,

<5(3,1) ©5(2)» e(Z)h(5,1)> = ’PSSYT((& 1), (2))((2)7(5’1))‘ (2-6)

is the number of plethystic semistandard signed tableaux of shape ((3, 1), (2))
and signed weight ((2),(5,1)). The three such plethystic semistandard
signed tableaux are:

L 2] (A pafady {[afafjfafafjfa]2]

[1]1] [1]2] [1]1]

where 1 stands for the negative entry —1. More generally,

<S(3,1,1]‘/j) © 5(2)7 6(2+M)h’(5+M,1)> = |PSSYT(37 17 1M)7 (2))((2+M)7(5+M71)"
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Thus (s(31,1m) © S(2); €240 P(5101,1)) is ultimately constant if and only if

M

‘PSSYT((& 1,1%), (2>)((2+M),(5+M,1))‘

is ultimately constant. Hence proving the stability of the plethysm coeffi-
cient (s(3 11y © S(2), S(64M,2,1M)) Teduces to the combinatorial problem of
enumerating certain plethystic semistandard signed tableaux. We solve this
problem in below by exhibiting explicit bijections between the sets
PSSYT((3,1, 1M)f (2))((2+M)»(5+M)) for M sufficiently large. In our s.pe'ci.ﬁc
example, M = 0 is already sufficiently large and the constant multiplicity
is 3.

2.3. Why the inductive step as described fails in general. This is an
honest sketch of the proof, except for one problem. We saw in that we
have to consider all the partitions in the up-set (6 + M,2,1M )ﬁ, not just
those in the support of e ar)hs4ar,1). If all these partitions were of the
form o 4 (M) U (1M) for o € (6,2)<, then nothing new would be needed,
and the inductive step would go through. The difficulty is that this is not
the case: for instance

(7,2,1)% ={o+1)U1):0 € (6,2)TU{(2,2,1%, (1)

where the union is disjoint, and there is no way to deduce from the inductive
assumptions for partitions in (6,2)< that (8(3,1,1K+1) © 8(2), S(24 K ,2,16,1K)) 18
ultimately constant, as required in the inductive step.

2.4. Cut up-sets. We get around this obstacle to the inductive strategy
by the third key idea: we do not need to consider every partition appear-
ing in the up-set (6 + M,2,1")< only those that appear in the plethysm
8(3,1,1M) © S(2)- It follows from the Littlewood-Richardson rule that only
partitions with at most 4 + M parts appear in this plethysm, so rather than
work with (6 + M, 2, 1M)§, we can instead take the ‘cut’ up-set

PM) = {o € Par(8 + 2M) : o &> (6 + M,2,1M), £(0) <4+ M}.

Thus PO = {(6,2), (5,2,1),(4,2,1,1),(7,1),(6,1,1),(5,1,1,1)} and in gen-

eral we have

PM) = L6+ M,2,1M), (5+ M, 2,1,1M), (4 + M,2,1,1,1M),
(7+ M, 1,1M), (6 + M, 1,1,1M), (5 + M, 1,1,1,1M)}

for each M € Ng. When M = 1 the ‘cut’ removes the two partitions (2,2, 19)
and (1'°) blocking the inductive argument, and in general, every partition
in P(M) is of the form o + (M) U (1M) for o € P(©). Note however that P(©)
is not contained in the support of e()h(s,1). Thus we must still consider
more partitions than are immediately required by .
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2.5. Signed Weight Lemma. As we show by proving the Signed Weight
(Lemma, after this refinement, the inductive step goes through. Because
of our use of this critical lemma, our proofs are not explicitly inductive. In-
stead, each proof specifies the relevant way to apply the Signed Weight
Lemma, and verifies its hypotheses: the most technical part of the argu-
ment is captured in the notion of a stable partition system, as defined in
Definition [7.1]

2.6. Twisted dominance order. The definition of a stable partition sys-
tem is deliberately quite general. This generality is needed for other applica-
tions of the Signed Weight Lemma (Lemmal7.3) beyond the scope of this pa-
per, and, in any case, seems to us to be the clearest way to present the proof.
In practice, the stable partition systems we use are certain families of inter-
vals for the twisted dominance order on partitions (see Definition . For
instance P(M) above is the interval [(6,2) & (M, M), (5,1,1,1) & (M, M)]<«
for the 1-twisted dominance order. Definition is a key definition in this
paper; more broadly, the attractive interplay between the ¢-decompoition
(m=,7") defined in Definition the partition 7, and the symmetric func-
tion e,—h,+ is seen in many results and proofs below, notably Lemma [6.12]
and Proposition

2.7. Bijections between plethystic tableaux. In §2.2| we claimed that
|PSSYT((3,171M),(2))((2+M) (540 1))‘ = 3 for all M € Ny. To illustrate
that this stability result is nor;—obvfous, we back up one step, and note that
|PSSYT((3,1%), (1K), (44 K 1))‘ = 2 when K = 0: the relevant plethys-
tic semlstandard s1gned ta{)ieam’c are

] fafafjfafe]) (2] [afaff{1]]

(To show the tight connection between symmetric functions and plethystic
semistandard signed tableaux, we note this may also be proved algebraically
by using Young’s rule to write e1h(y1) = S(6) + 28(5,1) + S(4,2) + S(4,1,1) and
the known decomposition s3 o sy = S5 + S(4,2) + S(2,2,2)-) Observe that
two of the plethystic semistandard tableaux for K = 1 are obtained by
inserting as a new entry in position (1, 1), moving the existing entry
down to row 2. But the plethystic semistandard signed tableaux shown in
the margin is not obtained in this way, because by the row semistandard
condition, cannot appear left of . Generally this insertion map
defines an injection between the sets for K and K 4+ 1 and, by the part of
the proof of Theorem dealing with condition (ii) in the Signed Weight
Lemma (Lemma-7 1t is surjectlve for K > 1, proving the claimed stability
result. For a larger example see Example [13.24]

3. PARTITIONS, TABLEAUX AND PLETHYSTIC TABLEAUX

In this section we give numbered definitions for the key terms novel to this
paper. Other than these, we believe our notation is standard; we hope that

[1]1]

[1]2]

[1]1]
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the reader will be able to skim this section and then treat it as a reference.
For essential preliminaries on symmetric functions see instead the start of

Partitions. A weight is a sequence of non-negative integers with finite sum.
The length of a weight o, denoted (), is the maximum ¢ such that ay # 0.
(We set (@) = 0.) Dually, we may write a(a) for a;. A weight is a partition
if it is non-increasing. The terms in a weight or partition are called parts. We
write weights and partitions omitting the infinite tail of zero parts. Let W
be the set of weights, let Par be the set of partitions, and let Par(n) be the
set of partitions of n.

Young diagrams and skew partitions. We write [A] for the Young diagram
of a partition A, defined by

A ={(,7) : 1 <i<eN),1 <5< N}

The elements of [A] are called bozes. A skew partition is a pair of partitions,
denoted A\/A*, such that [A\*] C [A]. The size of a skew partition A/\*,
denoted |A/A*|, is |A| — |A*|. We extend the definition of Young diagrams to
skew partitions in the obvious way, by setting [A/A\*] = [A]\[\*]. We draw
Young diagrams in the ‘English’ convention with box (1,1) in the top-left
of the page. For instance,

| 1]

|| L
are the Young diagrams of (3,2), (3,2) + (2,2), (3,2) + (2,2) LU (3,1) and
(6,4,3,1)\(4, 3,1), respectively. The conjugate partition to A\, denoted X, is
the unique partition with Young diagram {(j,4) : (i,7) € [\]}. For example
(3,2)" = (2,2,1). The conjugate of a skew partition p/py is p'/ 1.

Operations on partitions. The sum and difference of partitions is defined
componentwise by (a + ); = a; + (i, and (o — 5); = a; — B; when f is
a subpartition of a. Let oLl § be the partition whose multiset of non-zero
parts is the disjoint union of the multisets of non-zero parts of a and f;
equivalently (o U B3)" = o/ + /. We say that o U S is the join of « and p.
As already seen in the statements of the two main theorems, we define

(/b ® (7,0) = ((p+ ) Ur') /s (3.1)

with the special case that for partitions that A @ (v,6) = (A + ) U+, (In
examples we typically omit the parentheses.) Note the conjugation of ~.
We suggest ‘@’ be read as ‘adjoin’. For example, (3,2) & ((2, 1,1),(2, 2)) =
(5,4,3,1), was seen above and, thanks to the conjugation of (2,1,1), we
have (3,2) @ 2((2,1,1),(2,2)) = (7,6,3,3,1,1). Note this agrees with
(3,2) ® ((2,1,1),(2,2)) @ ((2,1,1),(2,2)); for instance, in either case we
insert two new parts of size 3. There is one annoyingly technical point, seen
by comparing @@ ((1),(2)) = @+ (2) U (1) = (2,1) with U (1) +(2) = (3),
which we address in the following definition.
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Definition 3.1. Let p/u, be a skew partition. Given ¢~ and ¢+ € Ny, we
say that p/py is (€7, 07)-large if either £~ =0 or £ =0 or p,+ > (.

Equivalently, p1/py is (€7, €7)-large if (£, £7) either has a zero coordinate
or is a box of [u]: see Figure for an example. It is deliberate that g,
does not enter in the body of this definition.

{~ =4

t=3 ERR

FIGURE 3.1. The skew partition (6,5,5,2)/(3,1) shown below is (4,3)-
large in the sense of Definition because (3,4) € [(6,5,5,2))]. It is
(5,3)-large, but not (5, 4)-large.

Remark 3.2. Fix partitions k= and " and let £~ = {(k™), £t = {(kT).
For any partition p, the adjoining map p +— u @ (k~, k") increases p,— by
at least 1, and ), by at least £, . (The example @& ((1),(2)) = (2,1)
above shows that ‘at least’ cannot be replaced with ‘exactly’.) If k= = @
then  is already (¢, ¢")-large; otherwise u becomes (¢, ¢*)-large after at
most [£*/k,_ ]| adjoinings. The dual result holds for x*, now with [£~ /x|
adjoinings. Thus there exists K such that pu/u, ® K (k™ , k") is (£, ¢)-large.
For later use, for instance in the context of Lemma [9.9] we remark that one
further application of the adjoining map gives an (¢~ 41, £7)-large partition.
By Lemma when \ is (¢—,¢")-large, adding k* and joining k=’ to \ are
commuting operations. Hence setting o/0, = pu/p. ® K(k~, k"), we have

/e ® M(5™,57) = 0/on ® (M — K) (5™, k")

M-K

=0/o,® (K ,kT)® Ok, k")

for all M > K.

By this remark, there is no loss of generality in assuming in our main
theorems that all the partitions involved are large, and so, in practice, there
is no need to worry about whether to add x* or join k= first in A —
A @ (k7,k"). (Adding first is our definition.) In the important special case
where k= = @, this technicality does not arise.

Dominance order. We partially order partitions of the same size by the
dominance order, defined as usual by x < A if and only if k1 + -+ + k; <
A1+ -+ \; for all i. We use the obvious extension of the dominance order to
compositions and to partitions of different size: in the latter case, to indicate
that the partitions may have different sizes, we write « rather than <.
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Signed tableauz and signed weights. We work throughout with tableaux hav-
ing entries from Z\{0}.

Definition 3.3 (Signed tableau). Let p/p. be a skew partition. A signed
tableau of shape u/py is a function t : [u/pe] — Z\{0}. If t(i,7) = x then
we say that t has entry x in box (i, j).

We write YT(u/uy) for the set of signed tableaux of shape 1/ fi.
Definition 3.4 (Signed weight). A signed weight is an element of YW x W.

Definition 3.5 (Signed weight of a signed tableau). The signed weight of a
signed tableau t is the pair (o™, a) € W x W where, for each i € N, o is
the number of entries of ¢ equal to —i, and «; is the number of entries of ¢
equal to 1.

If a tableau ¢ has only positive entries then its signed weight is (&, ) for
some weight «, and in this case we say, as usual, that « is the weight of ¢
and write o = wt(t).

Definition 3.6 (Sign of a signed tableau). The sign of a signed tableau t,
denoted sgn(t), is —1 if ¢t has an odd number of negative entries and +1 if ¢
has an even number of negative entries.

Equivalently, the sign of a signed tableau of weight (o) is (—1)l* "I

Semistandard signed tableaux. Recall that a horizontal strip is a skew par-
tition whose Young diagram has at most one box in each column and a
vertical strip is a skew partition whose Young diagram has at most one box
in each row. For instance the skew partition (6,4,3,1)/(4,3,1) seen earlier
in this section is a horizontal strip but not a vertical strip, and its conjugate
(4,3,3,2,1,1)/(3,2,2,1) is a vertical strip but not a horizontal strip. (The
diagrams are shown in the margin.)

Definition 3.7 (Semistandard signed tableau). Let ¢ be a signed tableau.
We say t is semistandard if equal positive entries of ¢ lie in horizontal strips,
equal negative entries of ¢ lie in vertical strips, and all entries are weakly
increasing when rows are read left-to-right and columns are read top-to-
bottom with respect to the total order on Z\{0} defined by

—l<-2<...<1<2....

Let SSYT™ 11/ 1) denote the set of all semistandard signed s/ j1,-tableaux
and let SSYT(p4/ pix) (o o+) denote the subset of those signed p/ ps-tableaux
of signed weight (a~,at). We omit + in the second case since it is clear
that signed tableaux are required. As already seen, we adopt the convention
that negative entries are shown in tableaux by bold numbers. For example,
SSYT((5,4,3, 1))((272)’(5’371)) has the two semistandard signed tableaux

1[2[1]1]1] [af[2]1]1]1]
1[2]2]2 1[1]2]2
1[1]3 ©[2]2]3
2] 1]
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and SSYT((5, 4,3, 1))((3’1) (5.3.1)) contains a unique semistandard signed tableau,
obtained from the second semistandard signed tableau above by changing
the entry of —2 in box (3,1) to —1.

Definition 3.8 (Signed colexicographic order). Let s and ¢ be distinct semi-
standard signed tableau of the same shape. We set s < t if and only if either
(i) sgn(s) = —1 and sgn(t) =1 or
(ii) sgn(s) = sgn(t) and considering the largest entry, m say, that appears
in a different position in s and ¢, in the rightmost column in which
the multiplicity of m differs between s and ¢, the multiplicity is less
in s than in .
The sign-reversed colexicographic order is defined identically except that if
sgn(s) = —1 and sgn(t) = 1 then now s > t.

We emphasise that here ‘largest entry’ is with respect to the order in
Definition [3.7 in which —1 < =2 < ... <1 < 2 < .... For example, the
signed colexicographic order restricted to semistandard signed tableaux of
shape (2,1) having entries from {1,2,3} is
1]1] 12|< 11|< 12|<22|< 1[3] [1[3] _ [2]3]

5 < [2 3 3 3 o B3 “[3

and the total order on SSYT*((12)) is
<<<<...<<<§<
12|
BN BBBE-

Changmg the order to the 81gn—reversed colexicographic order, the positive
tableaux seen in the bottom row instead come ﬁrst and the order within

each line is unchanged. In either order we have , the greatest entry
that has different multiplicity is —2 and it appears only in the tableau that
is larger. More generally, the signed colexicographic order on (1™)-tableaux
with only positive entries agrees with the colexicographic order on m-subsets
of N, whence its name. It is notable that the signed colexicographic order
could be replaced with any other total order on semistandard tableaux in
which negative tableaux precede positive tableaux without changing any of
our results: we explain this in Remark [5.7] below and use this freedom in

the proof of Theorem (see Definition [13.2)).

Plethystic semistandard signed tableauz. We can now define our key combi-
natorial objects.

Definition 3.9 (Plethystic signed tableau). A plethystic signed tableau T
of outer shape v and inner shape p/p, is a function T': [v] — YT (u/p). If
T(i,j) =t then we say that T has entry t in box (i,j). We call the entries
of T inner tableaur.

Let PYT(v, /1) denote the set of plethystic signed tableaux of outer
shape v and inner shape p/ .. For example three elements of PYT ((3, 2), (2))



[L]a]j[x]2]|[2]2]
[]1]][2]2]|[1]2]
[1]1]][2]2]|[2]2]
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are shown below

LLfafjaf2]j2]2]] [(afad][2]2]|[1]2]] |[a]1]|[2]2]|[2]2]

Note that each inner p/p.-tableau in a plethystic signed tableau has a sign
defined by Definition Moreover, if these inner p/pu,-tableaux are semi-
standard in the sense of Definition [3.7], as in the second and third examples
above, then they are totally ordered by the signed and sign-reversed colexi-
cographic orders in Definition[3.8] We use this to lift Definition [3.7] verbatim
to the plethystic setting.

Definition 3.10 (Plethystic semistandard signed tableau). Let T' be a
plethystic signed tableau with semistandard inner tableau entries. We say
that T is semistandard if

(a) equal positive entries of T' lie in horizontal strips

(b) equal negative entries of T lie in vertical strips,

(c) all entries are weakly increasing when rows are read left-to-right and
columns are read top-to-bottom with respect to the signed colexico-
graphic order.

We say that T is sign-reversed semistandard if the same holds with respect
to the sign-reversed colexicographic order.

Let PSSYT® (v, i/ p1x) and PSSYTT (v, 1/ 1) denote the sets of all plethys-
tic semistandard signed tableaux and sign-reversed plethystic semistandard
signed tableaux of outer shape v and inner shape p/pu,. Thus the first two
examples above are in PYT((2,2), (2)) but not in either of these subsets, be-
cause in the first is not semistandard and in the second >
violates condition (c) above. The third example is in PSSYT*((2,2), (2))
but not in PSSYTT((2,2),(2)). (The plethystic signed tableaux are re-
peated in the margin for ease of reference.)

Definition 3.11 (Signed weight of a plethystic signed tableau). The signed
weight of a plethystic signed tableau T is the sum of the signed weights of
its inner tableaux.

We denote by PSSYT(v, i1/ pis) (o oty and PSSYTF (v, 1/ p1s)(a ot) the
subsets of those plethystic semistandard signed tableaux of signed weight
(o, a"). For instance the signed weights of the elements of PYT((3,2), (2))
shown above are ((3,1),(2,3,1)), ((2,1),(3,3,1)) and ((2,1),(2,4,1)).

The definition of the signed colexicographic order (Definition applies
to both these subsets, since the inner u/p.-tableau entries are totally or-
dered. For example, the three elements of PSSYT((2,2), (3))((3)’(7’2)) are,
ordered by the signed colexicographic order,

[aafud[afafe]) |[afafa]j[af2]2]) [[a]1]1])[2]1]2]

(fafe|[afafa]) j[afafafjlafafef) f[afafufjf1]1]2]
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For instance, the third plethystic semistandard signed tableau is greater
than the second because the greatest (3)-tableau entry of the third, namely
, is not in the second. To explain one feature that may at first seem
surprising, note that since has negative sign, it may appear multiple
times in the same column of a plethystic semistandard tableau, but it cannot
be repeated within the same row. See before Remark for the analogous
example using sign-reversed plethystic semistandard signed tableaux and
also Example for another example showing repeated inner tableaux.

4. MAXIMAL AND STRONGLY MAXIMAL SIGNED WEIGHTS

The results and definitions in are needed throughout; the remainder
of this section has the definitions needed in Theorem [I.2]and in §4.4 and §4.6]

motivating examples: these final two subsections are not logically essential.

4.1. Greatest signed weights. We begin with a partial order on signed
weights. Let W,— be the set of weights of length at most £~ € Np.

Definition 4.1 (¢~ -Signed dominance order). Let £~ € Ny. The £~ -signed
dominance order is the partial order on W,-x W defined by (a=,a™) <
(B, B%) if

(ay, o, a0y, ) (B, .., B, B By s )

For example we have ((1,1,1),(2,1)) < ((2,1),(3)) in the 3-signed dom-
inance order because (1,1,1,2,1) < (2,1,0,3,0), whereas ((3),(2,1)) and
((2,1),(3)) are incomparable in the 2-signed dominance order since (3,0,2,1)
and (2,1,3,0) are incomparable in the dominance order. This example
should make it clear that no ambiguity arises from using the same sym-
bol < for both the dominance and ¢~ -signed dominance order. The value
of ¢~ will always be clear from context.

Definition 4.2. Let ¢~ € Ny. Given a skew partition 7/7,, let ¢~ be the
semistandard signed tableau with only negative entries defined by putting
max({~,7; — Ty;) entries from —1,...,—¢" into row i of [7/7]. Supposing
that ¢~ has shape o /7y, let t,— (7/74) be the semistandard signed tableau of
shape 7/7, obtained from ¢~ by putting 7} — o’ entries from 1,2,... into
column j.

Definition 4.3 (Greatest signed weight). Let /- € Ny. Given a skew par-
tition 7/7, we define the ¢~ -greatest signed weight of shape 7/7,, denoted
wyp-(7/74), to be the signed weight of t,— (7/7y).

We immediately justify calling wy— (7/7) ‘greatest’. An example is given
following this lemma.

Lemma 4.4. Let 7/7. be a skew partition and let ¢~ € Ng. The tableau
to-(7/7%) is the greatest signed tableau of shape T/T, when signed weights
are ordered by the (~-signed dominance order. Moreover, given any T/Tx-
tableau t with negative entries from {—1,...,—0"} we have, writing swt(t)
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for the signed weight of t,
(swt ()™, swt(t)*) D (we- (7/7) " we- (7/7)")
where both wy-(7/74)” and wy-(7/7)" are partitions.

Proof. 1t is clear from the construction of t,— (7/7,) that, amongst all semis-
tandard signed 7 /7,-tableaux, t,- (7/7) greedily maximizes first the number
of —1s, then the number of —2s, and so on, until all the negative entries in
{—1,...,—¢"} are placed, and then the number of 1s, then the number of
2s, and so on, until all positive entries are placed. The displayed inequality
is therefore obvious from the definition of the £~-signed dominance order in
Definition By the construction of ¢,-(7/7), each entry —k for k > 2
has an entry —(k — 1) to its left, and each entry k for & > 2 has an entry
k — 1 above it. Therefore w,- (7/7)~ and w,- (7/7)" are partitions. O

See Lemma [6.4] for a strengthening of the final part of this lemma.

Example 4.5. The 2-greatest tableaux t2((6,4,4, 1)/7'*) for four choices
of 7, are shown below

1[2[1]1]1]1] 1]2[1]1]1] 1[2[1]1] 1[2]1]
1[2]2]2 1[2]2 1[2]1 1
1/2[3][3 T l1]2]1]3 " l1]2]1]2 1211
1] 1] 1] 1]

Their greatest signed weights w2 ((6,4,4,1)/7.) are ((4,3),(4,2,2)), ((4,3),
(4,1,1)), ((4,3),(4,1)) and ((4,2),(3)). We continue this example in Ex-
ample

In general it is quite fiddly to specify wy- (7/7«) except by the algorithmic
construction above. In the partition case however there is an simple formula,
which the reader will easily guess from the previous example. We postpone
it to since it is an example of the £~-decomposition of partitions defined
in The final remark below is not logically essential, but will help orient
the reader, while addressing one potential confusion.

Remark 4.6. Let /- € Ny and let 7/7, be a skew partition. Recall from
Definition that negative tableaux precede positive tableaux in the signed
colexicographic order and wice versa in the sign-reversed colexicographic
order. It follows, by a similar argument to Lemma that t,— (7/7) is
the least tableau in the signed colexicographic order if |w,-(7/7) 7| is odd,
and in the sign-reversed colexicographic order if |w,- (7/7,)~| is even. More
generally signed tableaux of large signed weight (in the £~-signed dominance
order) are small in the sign and sign-reversed colexicographic orders.

4.2. Semistandard signed tableau families. For Theorem we must
extend these ideas to families of semistandard signed tableaux.

Definition 4.7 (Semistandard signed tableau families). Let 7/7, be a skew
partition and let R € N.
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(a) A row-type semistandard signed tableau family of shape 7 /7, and size R
is the multiset of entries in a plethystic semistandard signed tableau of
outer shape (R) and inner shape 7/7.

(b) A column-type semistandard signed tableau family of shape 7/7, and
size R is the multiset of entries in a plethystic semistandard signed
tableau of outer shape (1%) and inner shape 7/7.

The signed weight of a semistandard signed tableau family is the sum of the
signed weights of its 7/7,-tableau elements.

Definition 4.8 (Maximal signed weights). A semistandard signed tableau
family of signed weight (k~, k") is mazimal if its signed weight is maximal in
the ¢(k~)-signed dominance order amongst all semistandard signed tableau
families of its type, shape and size, considering only those families whose
negative entries come from {—1,...,—¢(xk7)}. A mazimal signed weight
is the signed weight of a maximal semistandard signed tableau family. A
tableau family is singleton if it has a single element.

For example, the maximal singleton semistandard signed tableau families
of shape (2,2) have as their unique elements the tableaux t,-((2,2)) for
£~ =2, 1 and 0, shown below:

1|2 1|1 1[1
12| 12| 212|
Their maximal signed weights are ((2,2),2), ((2),(1,1)) and (2,(2,2)),
respectively. This shows that ‘maximal’ must be interpreted using the ap-
propriate value of ¢~: for instance, while ((2), (1, 1)) > (@’, (2,2)) in the
1-signed dominance order, the signed weight (@ , (2, 2)) is still maximal ac-
cording to Definition because it is compared only with other signed
weights of the form (@ ,77) using the 0-signed dominance order. Note also
that the tableau shown in the margin of signed weight ((1),(2,1)) is not
maximal, because ((1),(2,1)) < ((2),(1,1)) in the 1-signed dominance or-
der; this illustrates that Definition requires a comparison with tableaux
of both possible signs.

More generally Lemma [£.17] classifies all singleton maximal semistandard
signed tableau families. In these singleton examples, the row/column-type
is irrelevant. We now give an example showing all features of Definition [4.8|

(4.1)

Example 4.9. The five maximal row-type semistandard signed tableau fam-
ilies of shape (2) and size 3 are

{[12], [112], [a12]}, {[x]a], [a]2], (28]}, {[al1], [2]2], [A]2]}.
{(lx], [afn], []a]y, {[afe), [afa], (a]a]}

of signed weight ((3,3), @), ((3),(1,1,1)), ((2).(3,1)), (1), (5)) and (2, (6)),
respectively. Note that two of the families have tableaux of both signs and

three have a repeated positive tableau. The seven maximal column-type
semistandard signed tableau families of shape (2) and size 3 are

{(112], [1]3], [1]4]}, {[x2]. [1]3], [2]3]},

—_
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{[al1], [a]2], [a8]}, {[af1], [a]a], [a]2]}, {[afd], [a]1], [A]1]},
{(a1e], [112], (21205 {[e1], [12], [218]}

of signed weight ((3,1,1,1),2), ((2,2,2).2), ((3,1,1),(1)), ((3,1),(2)),
((3),(3)), (2,(3,3)) and (@, (4,1,1)), respectively. Again note that two

families have a repeated negative tableau. We continue this example in

Example

We use Definition [4.8] at a critical point in the proof of Lemma [13.12} it
is also needed in Definition shortly below.

4.3. Strongly maximal signed weights. We define the maximal semis-
tandard signed tableau families in the statement of Theorem as follows.
Say that a 7/7.-tableau is £~ -negative greatest if it agrees with ¢,— (7/7) in
its negative entries. Let max M denote the maximum integer entry of all
the tableaux in a semistandard signed tableau family M.

Definition 4.10 (Strongly maximal). Let 7/7, be a non-empty skew parti-
tion and let R € N. Let ¢t € Ny. Let ¢ € {—1,+1} be the sign of t,- (7/7).
A semistandard signed tableau family M of shape 7/7, and signed weight
(k~, k") is strongly c¢*-mazimal if
(a) each t € M is £(k~)-negative greatest;
(b) if € = +1 then M has column-type; if ¢ = —1 then M has row-type;
(c) if (¢, ¢") is the signed weight of a maximal semistandard signed
tableau family T of the same shape, size and type as M, such that
each member of T is ¢(x~)-negative greatest and max7 < max.M,
then Zf; o < Zf; k; with equality if and only if 7 = M.
The sign of M is . A signed weight is strongly c¢*-mazimal if it is the
signed weight of a strongly ¢*-maximal semistandard signed tableau family;
its shape and sign is the common shape and sign of the tableaux in the
family and its size is the size of the family.

See for motivation for this definition. See also Remark for
how the tableau family is ultimately used to define a bijection on plethys-
tic semistandard tableaux. Note that §I3] has a running example using
the strongly 1-maximal signed weight (&, (4,1,1)) of the tableau family
{| 11, [1]2].][1]3 |} found in Example (O) using Example this
running example illustrates the significance of condition (c).

As an immediate example of Definition [4.10] it is routine to check that
the three singleton tableau families of shape (2,2) in are strongly 0-,
2- and 1-maximal respectively. The relevant values of ¢(k™), specifying the
least negative entry, are 2, 1 and 0 respectively. The final tableau family is
also strongly 2-maximal.

Lemma 4.11. If (k—, k") is a strongly maximal signed weight of shape 1/ i,
then there is a unique semistandard signed tableau family M of shape p/ iy
and the same size and type as (k~,k%). The p/us-tableau entries of M are
distinct and agree in their negative entries.
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Proof. By (a) in Definition the tableaux in M are equal in their neg-
ative entries. If the sign is +1 then by (b), M has column-type, and since
the inner tableaux of sign +1 in a plethystic semistandard tableau of shape
(1%) are distinct, the tableaux in M are distinct. The proof is similar if the
sign is —1. The uniqueness of M is obvious from (c). O

Example 4.12. Using Lemma we find all strongly maximal signed
tableau families and signed weights of shape (2) and size 3, considering each
possibility for —¢~, the length of the negative part of the signed weight, in
turn.

(0) Take ¢~ = 0. Then all integer entries are positive and, by (b) the
family has column-type. The two relevant maximal signed weights
of shape (2), size 3 and seen in Example are (@,(3,3)) and
(@, (4,1, 1)) Now (@, (4,1, 1)) is strongly 1-maximal by comparison
with (&, (3,3)) and (2, (3,3)) is strongly 1- and strongly 2-maximal
verifying (c). Note that (2, (3,3)) is not compared to (&, (4,1,1))
because (4,1, 1) has strictly greater length, corresponding to a larger
maximum integer entry.

(1) Take ¢~ = 1. By Lemma a strongly maximal semistandard
signed tableau family of shape (2) and size 3 has the form

{[ilz], [1v] [2I=]}

where, since by (b) the family has row-type, z < y < z. Taking
=1,y =2 and z = 3 we obtain {|1|1|, [1]2], |1|3|} None
of the four other maximal row-type weights (¢, ¢*) of shape (2)
and size 3 seen in Example are of a family all of whose mem-
bers are 1-greatest. Therefore (c¢) holds and so the tableau fam-
ily above is strongly 3-maximal, of strongly maximal signed weight
((3),(1,1,1)). Comparing with this signed weight shows that this
choice of z, y and z defines the unique strongly 3-maximal signed
weight of shape (2) and size 3.

(2) There is no strongly maximal semistandard signed tableau family
with ¢~ = 2 because by (a) each (2)-tableau element is [1]2],
but, as observed above, by (b) the three (2)-tableaux in the fam-
ily are distinct. In particular, while we saw in Example [1.9] that
{| 1]/2],[1]3], |2|3|} is a maximal semistandard signed tableau
family of shape (2) and size 3 in the 3-signed dominance order, it is
not strongly maximal. (If instead R = 1 then {[1]2]} is strongly
0-maximal.)

Note we do not assume in Definition that M is maximal; instead,
as we now show, this follows from the three hypotheses, as the reader may
have guessed from the previous example.

Lemma 4.13. Let M be a strongly ¢t -mazimal semistandard signed tableau
family of signed weight (k~, k™). Let (¢~,¢") be the signed weight of a
mazximal semistandard signed tableau family S of the same shape, size and



22 ROWENA PAGET AND MARK WILDON

type as M with negative entries from {—1, e —é(kf)} such that § # M.
Then
] < [k (4.2)

with equality if and only if either maxS > max M or

+ +
[+ 25 o < s+ 2 Ky (4.3)
Moreover (k~, k") is a mazimal signed weight in the sense of Definition .

Proof. Let 7/7, be the shape of S and M. Suppose there exists t € S such
that t is not £ -negative greatest. Then, by Lemma if ¢t has signed
weight (o™, a") then |a™| < |w,-(7/7%)"| and, by summing over all ¢t € S,
we see that holds. Moreover ¢~ <k~ and so (K=, k") (Y=, ¢"), as
required in the final claim.

In the remaining case every element of S is ™ -negative greatest. Hence

¥~ = k™. f maxS > max M then we need only verify the final claim. Since
max S = {(¢*) and max M = {(kT), we have
(k") (k")

e o B e e e e R T B
i=1 =1
Hence, by definition of the £~ -signed dominance order in Definition
we have (k=, k%)< (¢, ¢T), as required. We have now reduced further to
the case where maxS < maxM. By (c) in Definition noting that
|~ = |k~|, we now have (£.3). It now follows from the definition of the
¢~ -signed dominance order in Definition [4.1} as in the previous paragraph,

that (k=, k™)< (p=,4"). This completes the proof. O

Remark 4.14. We remark that the converse to this lemma also holds:
if M is a maximal semistandard signed tableau family such that either
or holds when M is compared with a maximal semistandard signed
tableau family S then all tableaux in M have the same sign and are ¢ -
negative greatest; given this, provided M has the type specified by (b), we
have (b) and implies that (c) holds. This gives an equivalent definition
of ‘strongly maximal’; in this paper we prefer Definition [£.10] since, while
it has a technical flavour, examples can easily be given straight from the
definition, rather than via the argument of Lemma

If (k=,kT) is a strongly maximal signed weight then £~ and k™ are par-
titions. This fact is implicitly assumed in the statement of Theorem
because we have only defined @ adjoining for partitions. To prove it we use
the Bender—-Knuth involution on semistandard tableaux, of general skew
shape, but having only positive entries: for a textbook presentation see the
proof of Theorem 7.10.2 in [20]. We remark that the proof of the following
lemma generalizes (but with much more work) to show that any maximal
signed weight is a pair of partitions.

Lemma 4.15. If (k~,k"%) is a strongly mazimal signed weight then Kk~
and kK are partitions.
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Proof. Suppose that (k7,x") has shape p/p. and size R. Let M be the
unique strongly maximal semistandard signed tableau family of signed weight
(k~, k). By Lemma wp- (1) pe )~ is a partition. By (a) in Definition
we have k= = Rwy- (/) ”, and so £~ is a partition.

Fix ¢ < £(k"). Let t(+1) . 7tELR) be the subtableaux of skew shape defined
by taking the positive entries of each tableau in M. By (a) and (b) in
Definition t(+1)’ o ,t(+R) are distinct semistandard tableaux of the same
shape. Applying the Bender-Knuth involution swapping ¢ and ¢ + 1 to
each t/,, gives distinct semistandard tableaux “Erl)v . ,u?R). Let U be the
semistandard signed tableau family obtained by replacing the subtableau t(+2.)
with zﬁZ in each inner tableau in M. Observe that U has signed weight
(K, A*S where

ki ifk=i
M=k ifk=i+1
ki itk £t L
By the ‘moreover’ part of Lemma (k~, k") is a maximal signed weight
in the ¢~-signed dominance order. Comparing it with (k~, A™), we see that
either k7 = ki, and so k7 = N[ = k[, or k" Z A" and so k] > K[ .
This completes the proof. O

We use this lemma later to prove Proposition [6.5] and then in the proof

of Corollary [13.22) and in Lemma [I4.2]

Remark 4.16. Definition is deliberately asymmetric with respect to
positive and negative entries. The effect of this is seen most obviously in
Example (2) and in Definition below. This asymmetry ultimately
reflects our decision in Definition to order the negative part of signed
weights first. For this reason, while applying the w-involution to Theorem|I.1
gives no new results, as we show in Example this is not the case for

Theorem [L.2

4.4. Further examples of strongly maximal signed weights. This sec-
tion is not logically essential: it is included to show that Definition 10| is
not overly restrictive, and so there is a rich supply of strongly maximal
signed weights to which Theorem may be applied. (Many illustrative
examples are shown in the tables in ) We begin with singleton semis-
tandard signed tableau families, generalizing the small example immediately
after Definition

Lemma 4.17. Let 7/7, be a skew partition. The mazimal singleton semi-
standard signed tableau families are precisely {t,—(7/7%)} for 0 < ¢~ <
max{r; — Tx; : 1 <@ < (7)}. If ¢t is the greatest positive entry of t,— (7/7)
then {t,— (7/7s)} is strongly c¢™-mazimal.

Proof. Tt is obvious that (a) holds in Definition and we stipulate that
the singleton family has row-type or column-type according to the sign of
to- (7/74) so that (b) holds. Finally, by Lemma if ¢ is a 7/7.-tableau of
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signed weight swt(¢) with negative entries from {—1,...,—¢"} then

‘swt(t)" + stt(t)j < }O.)g— (T/T*)‘ + Zwk (T/7%)i
i=1 1=1

so we have (c). O

In particular, when 7, = @, by taking /- = 0 we find that (&, 7) is
strongly ¢(7)-maximal and by taking ¢~ = a(7) that (7/,9) is strongly 0-
maximal. This gives the strongly maximal signed weights mentioned in the
introduction.

Example 4.18. Let m € N and let 0 < d < m. The greatest tableau

td((m)) is

(al2f - faf1] - 1]
It has signed weight wgy((m)) = ((1%), (m — d)).

(i) By Lemma {ta((m))} is a strongly 1-maximal semistandard signed
tableau family. (To satisfy (b) in Definition we stipulate that
it has row-type if d is odd and column-type if d is even.) This can
also be seen directly from Definition m since t4((m)) has left-
most d boxes -ﬂ it is d-negative greatest, and clearly it
has the greatest possible number of 1s of all such tableaux. There-
fore ((1%),(m — d)) is a strongly 1-maximal signed weight. Note this
holds even when d = 0. By Theorem if v and A\ are any parti-
tion, then (s, ) © S(m), Sxp-Mm(m—d)u(aM)) is ultimately constant where
vM) =y 4 (M) if d is even and v™M) = v U (1) if d is odd, prov-
ing and in as discussed earlier, these results were first
proved in [I2]. See Proposition for explicit bounds deduced from
our Theorem together with a sufficient condition for the constant
value of the plethysm coefficient to be zero.

(ii) Suppose that d < m. For h € N, let u(® be the (m)-tableau obtained
from t4((m)) by changing the rightmost 1 to h. Thus t = uM. Fix
R € N. We claim that the tableau family

W,y

of shape (m) and size R is strongly l-maximal, of row-type if d is
odd and column-type if d is even. Clearly it satisfies conditions (a)
and (b) in Definition [4.10[ For (c), we observe that the family has
the maximum possible number of entries of 1 of all families of size R
formed from d-negative greatest tableaux. The corresponding strongly
1-maximal signed weight of shape (d) and size R is

(B, ((m = d)R — (R —1),1%7).
By Theorem [I.2] if v and A are any partitions then

(8,00 © 5m): S3@M1 () (m—d)h—(R-1).17-1)))
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is ultimately constant, where (™) = v+ (M) if d is even and v(M) =
v U (RM) if d is odd.

After Corollary we give some notable special cases of (i) and (ii)
above in which the plethysm coefficient is constant for all M > 0. See
also Example for some explicit stability bounds obtained using Propo-
sition [15.6

Example 4.19. The plethystic semistandard signed tableau

T(1(((1][1f}|1]1
1(2)((1[{3]]|1]4

of shape ((3),(2,2)) has entries from the semistandard signed (2, 2)-tableau

family
M:{11,11,11}

1(2) (1]3] |1]4

of size 3, sign +1 and signed weight ((6), (3,1,1, 1)) Suppose that 7 is a
row-type semistandard signed tableau family of size 3, shape (2,2) in which
each member of 7 is 1-negative greatest. Then each (2,2)-tableau in 7" has
two entries of —1 in its first column and since box (2, 2) cannot contain either
—1or 1, the inequality ;" < k] = 3 required by Definition[4.10|(c) when ¢~ =
¢t =1 holds. Moreover, we have equality if and only if every (2,2)-tableau
has the form shown in the margin, and in this case it is easy to see that T
is the family M. Therefore M is strongly 1-maximal and ((6),(3,1,1,1))
is a strongly maximal signed weight of shape (2, 2), size 3 and sign +1. By
Theorem (Su(M,M, M) © 5(2,2), SAx@M((6),(3,1,1,1))) 1S ultimately constant
for any partitions v and A.

The special case uy, = & of the following lemma was used in to show
that (1.1), taken from [4, (9)], is a special case of Theorem

Lemma 4.20. Let u/py be a skew partition. Fiz £ € N and let M be the set
of all semistandard i/ pe-tableaux having entries from {1,...,¢}. The signed
weight of M is (@, (¢%)) where g = |M|/l|p/ pisl; it is a strongly ¢t -mazimal
signed weight of sign +1 for all ¢t € {1,...,¢}.

Proof. Clearly each t € M is O-negative greatest and M has column-type
since its entries are distinct. Hence (a) and (b) in Definition hold. Let
R = |M|. If T is another tableau family of shape p/u,. and size R then T
contains a ji/ p.-tableau with maximum entry strictly greater than ¢. Hence
max M < max 7, and condition (c¢) holds vacuously for any permitted c.
Since the skew Schur function s,,/,,, is symmetric, each element of {1,..., ¢}
appears equally often as an entry in a tableau t € M, and so the signed
weight of 7 is (&, (¢")) for some ¢ € N. Since each tableau has |1t/
entries, the common multiplicity ¢ is |[M|/€|pn/ps|, as claimed. O

The following example shows the usefulness of skew partitions in Theo-
rem

=
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Example 4.21. Take p1/p, = (2,1)/(1). By Definition[4.10] or alternatively
by Lemma the signed weight (@, (2)) of the tableau shown in the
margin is strongly 1-maximal. Since it is defined by a single semistandard
signed tableau of sign 41, the size is 1 and the sign is +1. It therefore follows
from Theorem that <s,,+(M) © $(2,1)/(1)5 5)\+(2M)> is ultimately constant,
for all partitions v and A such that 2|v| = [A]; using s(2,1)/(1) = S(2) +5(1,1) =
5%1) an equivalent formulation is that (s, () o 5%1), Sxt(20)) is ultimately
constant. Since the plethysm product is not distributive over addition in
its second component, this result is already non-trivial to prove by other
methods.

The final example in this subsection is included to give an idea of the rich
behaviour of maximal signed weights of large size. It is is instructive but
not logically essential, and so we omit far more details than usual.

Example 4.22. As seen earlier in Example [£.9] the column-type semistan-
dard signed tableau families of shape (2) and size 3, namely

{1, (aT2], (I8} {[af1], [i12]. [2]2]};

are maximal, of signed weights (@, (4,1, 1)) and (@, (3, 3)) respectively. Cor-
respondingly s(;3y © s(2) has maximal constituents s 1 1) and s(33), and in
fact s(13) 0 s(2) = S,1,1) t+ $3,3)- More generally, one can show (see for
instance [15, page 138, Example 6] or [I7, §8.5]) that s(jn) 0 53 = > ) sy
where the sum is over all partitions of n having distinct parts and 2[)] is
the partition whose main diagonal hook lengths are 2A1, ..., 2Xy(y) such that
2[Ali = Ai+ifor 1 < i </(X). For each such partition 2[\] there is a unique
maximal column-type semistandard tableau family of shape (2) and size R
and signed weight (&, 2[A]). In particular, any two partitions 2[\] are either
equal or incomparable in the dominance order, and so every constituent of
the plethysm s(in) 0 s(9) is both maximal and minimal. Two examples have
already been given and the tableau in the margin indicates how

{3l [i12], (a1} v {[2]2]. [2[3]}

is constructed from 2[(3,2)] (shown below in the margin) by forming the
three (2)-tableaux in the first set of total signed weight (@, (4,1, 1)) from the
entries {1,1,1,1,2,3} in the hook on the box (1,1) and two tableaux in the
second set of total signed weight (&, (0,3,1)) from the entries {2,2,2,3} in
the hook on the box (2, 2) on the main diagonal boxes. Summing (4,1, 1) and
(0,3,1) we obtain a maximal semistandard tableau family of shape (2) and
size 5 and signed weight (@, (4,4, 2)), corresponding to the partition 2[(3, 2)].

We invite the reader to check that if « is a partition of n the maximal
signed weight (&, 2[a]) of shape (2), size n and column-type is strongly 1-
maximal if and only if o € {(n),(n —1,1), (n — 2,2),(3,2,1)} and strongly
2-maximal if and only if & = (k+1,k—1) or a = (k+1, k) where k = [n/2],
according to the parity of n. If « is the least distinct parts partition in the
lexicographic order on partitions of n then a« = (4,4 —1,...,b+2,b,...,1)
for some b and one can show that the corresponding maximal semistandard
tableau family has strongly (¢ — 1)-maximal signed weight (&, 2[a]). (It
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may also be strongly c¢t-maximal for other ¢t: for instance if b = ¢ so
that o is (¢,£ — 1,...,1) then 2[a] = (£ +1,.¢.,¢ + 1) and the maximal
semistandard tableau family is the initial segment of the colexicographic
order ending at and Lemma applies.) These remarks imply that
if n < 7 then all maximal signed weights of shape (2), size n and sign +1
are strongly maximal. When n = 8, we have 2[5,2,1] = (6,4,4,1,1) and
(@ ,(6,4,4,1, 1)) is maximal, but comparison with the signed weights from
2[5,3] = (6,5,2,2,1) and 2[4,3,1] = (5,5,4,2) show that it is not strongly
ct-maximal for any value of c*.

4.5. Tables of strongly maximal signed weights. The tables below
shows column-type strongly maximal signed weights of shape /i, of size
3 and 4 and size R with 2 < R < 5. (Singleton strongly maximal signed
weights of size 1 are classified in Lemma [£.17}) The entries in the col-
umn ¢t show all the values for which the weight is strongly c¢™-maximal.
The ‘unsigned’ weights with £~ = 0 may be used in Corollary as well
as Theorem or its sharp version Theorem [14.7]

/e 0 R O(k7,KY) ct

3 0 2 (2,051) 1 w/pse €0 R (k™ ,kT) ct
3 (2,(6,3)) 1,2 4) 0 2 (2,71) 1,2
(2,(7,1,1)) L 3 (2,(9,3)) 1,2

4 (2,(6,6)) 1,2 (2,(10,1,1)) 1
(2,(8,3,1)) 1 4 (2,(10,6)) 1,2

(2.0.1,1,1)) 1 (2,(12,3,1)) 1

5 (2,(8,6,1)) 2 (2,(13,1,1,1)) 1
(2.,(9.4,2)) 1 5 (2,(10,10)) 1,2

(2.(10,3,1,1)) 1 (2,(14,4,2)) 1

(2.(11,1,1,1,1)) 1 (2, (15,3,1,1)) 1

2 R ((2R),(1R)) 1,...,R (2,(16,1,1,1,1)) 1
21 0 2 (2,(33) 1,2 2 2 ((2,2),(3,1) 1,2
(2,(4,1,1)) ! 3 ((3.3),(3.3) 1,2

3 (2,(5,3,1) 1 ((3,3),(4,1,1)) 1
(2,6,1,1,1) 1 4 ((4,4),(4,3,1)) 1,2,3

4 (2,(7,3,1,1)) 1 ((4,4),(5,1,1,1)) 1
(2.8 1L11L1)) 1 5 ((5,5),(4,4,2)) 1,2,3

5 (2,(7,5,3)) 1 ((5,5),(5,3,1,1)) 1

(2,(9,3,1,1,1)) 1 ((5,5),(6,1,1,1,1)) 1

1 R ((2R),(17)) 1,...,R
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wpe R (k7,k7) ct
31 0 2 (2,053) 1,2 p/ps R O(k7,KT) ct
(2,(6,1,1)) 1,2 22) 0 5 (2.(86,6)) 1,2,3
3 (2,(8,3,1) 1 (2,(10,4,4,2)) 1
(2, (9,1,1,1)) 1 (,(8,8,2,2)) 2
1 (2,(11,3,1,1)) 1,2 (2,2) 12 ((4),(2,1,1) 1,2,3
(2,(12,1,1,1,1)) 1,2,3 3 ((6),(2,2,2) 1,2,3
5 (2,(12,5,3)) 1 ((6),(3,1,1,1)) 1
(2,(1431,1,1)) 1 4 ((8),(3,2,2,1)) 1,2,3,4
12 ((4),(3,1) 1,2 ((8), (4,1,1,1,1)) 1
3 ((6),(3,3)) 1,2,3 5 ((10),(3,3,2,2))  1,2,3,4
((6),(4,1,1)) 1 ((10),(4,2,2,1,1)) 1
4 ((8),(4,3,1)) 1,2,3 (32)/(1) 0 2 (o,6,1,1)) 1
((8)7(57 ) 71)) 1 3 (@., (7,5)) 1,2
5 ((10),(4,4,2)) 1,2,3,4 (2,(9,1,1,1)) 1
((10),(5,3,1,1)) 1 4 (2,(8,8) 1,2
((10),(6,1,1,1,1)) 1 (2,(12,1,1,1,1)) 1
(22) 0 2 (2,(4,3,1)) 1,2,3 5 none
3 (2,( ,3,3)) 1 1 2 none
T (2,5 . i)) 1 ; 3 ((6),(4,2)) 1,2
Eg Eg 451 3))1)) 1 1 ((8),(4,9) 1,2
(2,(7.6,2,1)) 2 5 ((10),(6,2,2)) 1
(2,(7,5,3) ) 3

Many further strongly maximal signed weights, including those of row-
type can be found using the Haskell software [23] mentioned in the intro-
duction: see the module MaximalTableauFamily.hs for instructions.

4.6. Why maximal weights are not sufficient. In this subsection we
show that, while Theorem certainly requires maximal signed weights,
this is not a sufficient hypothesis for this theorem, and so some stronger
notion, such as the strongly maximal signed weights in Definition is
required. Again this section is not logically necessary, but we believe it is
important to explain what we cannot hope to prove.

Example 4.23. Taking pu/pu. = (2,1)/(1) as in Example suppose
instead we take the non-maximal signed weight ((1), (1)), dominated in the
1-signed dominance order (see Definition by ((2),2), and, to give the
simplest possible example, v = (1) and A = (2). Since this signed weight has
sign —1 and (2)®(N-1)((1), (1)) = ((2)+(N-1))u(1¥ 1) = (N+1,1¥ 1),
the prediction of Theorem — wrongly applied with a weight that is not
even maximal — is that (sy~)08(21)/(1), S(v41,17-1)) is ultimately constant.
To see this is false, let 1 _,¢t_; and ty. be the three semistandard signed
tableaux of shape (2,1)/(1) shown below

N i
SR T T
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(Again 1 stands for —1.) For each N € Ny and L € {0,...,N — 1} there
is a unique plethystic semistandard signed tableau of outer shape (1N )
and inner shape (2,1)/(1) which has L inner tableaux ¢, , N — 1 — L
inner tableaux t_; and a final inner tableau t,,. (Note that only in-
ner tableaux of negative sign are repeated.) These are all the plethystic
semistandard signed tableaux of signed weight ((N + 1),(N — 1)) and so
[PSSYT((1Y), (2. 1)/(1)) (1), (v—1)| = N+ By Proposition [5.6 (Plethystic
Signed Kostka Numbers) it follows that

(sany o s2,1)/1) eN—1)hn41)) = N.

Thus condition (ii) in the the Signed Weight Lemma (Lemma does not
hold when the lemma is applied (as is usual in this paper) with the twisted
symmetric functions defined in Definition this is the first point where
the proof can be seen to fail. Moreover, by a very similar enumeration of
plethystic tableaux one can show that <S(1N) © 5(2,1)/(1)> (N+d)(N—d) = 0
for each d > 1 and N > d; it now follows from the identity

N—lh

S(N+1,1N-1) = e(N—1) (N +1) — e(N—2)h(v42) + -+ (=1) (2N)

that (s~) o s@1)/(1), S(w41,18-1)) = N for all N € Ny, showing that in fact
the plethysm coefficient is not stable.

The non-uniqueness seen in Example [£.23] is completely typical of the
non-maximal case, and always leads to a similar obstruction to our proof
strategy; indeed in most such cases, there is no stability result to be proved.
But as the following example shows, mere maximality is not enough.

Example 4.24. The two tableau families of shape (2, 1), size 4 and signed
weight (@, (6,4,2)) are

] [afa] [1]2] [1]2]
s\ Y EP B

] [afa] {a]2] [1]3]
= {Y B )

Each of § and 7T is the set of entries of a unique plethystic semistan-
dard signed tableau of outer shape (1*) and inner shape (2,1), and so
[PSSYT((1%), (2, 1))(® (6.4 2))‘ = 2. Moreover, there is no tableau family of
shape (2,1) and size 4 with signed weight strictly dominating (@ , (6,4, 2))
(Note that such a family has only positive entries.) But, by the uniqueness
part of Lemma the signed weight (@, (6,4, 2)) is not strongly maximal.
Theorem [I.2]is therefore inapplicable. If, ignoring that one of the hypotheses
fails to hold, we nonetheless take v = @, u = (2,1) and A\ = &, we wrongly
conclude that <5(M,M,M,M) © 8(2,1), S(6M,aM,2M)) 18 ultimately constant.

To see this is false, first note, analogously to Example [£.23] that given
0 < L < M, there is a unique plethystic semistandard tableau T}, of shape
(M, M, M, M) whose first L columns have entries S and whose final M — L
columns have entries 7; the families occur in this order because, as seen
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after Definition we have

1[2] [1]3]
I E

in the signed colexicographic order. The maximal tableau families of shape
(2,1), size 4 and sign +1 have weights, in the usual sense for unsigned
tableaux, as defined after Deﬁnition (8,1,1,1,1),(7,3,1,1) and (6,4, 2).
Since (6,4,2) has the least number of parts, it need not be compared with
(8,1,1,1,1) or (7,3,1,1) in Definition M(c), and so the only reason why
(@, (6,4, 2)) fails to be a strongly maximal signed weight is that S and T
have the same weight. Since the signed weight (@ , (6,4, 2)) is maximal, any
tableau family of shape (2, 1), size 4, sign +1 and entries from {1, 2,3} has
weight dominated by (@, (6,4, 2)) Hence

PSSYT((1%),(2,1)) ={T,:0< L< M} (4.4)

(6M,4M,2M)
and PSSYT((1%),(2,1)) = @ if 7 > (6M,4M,2M). By the basic result
on Kostka numbers mentioned before Lemma we have s am2nm) =
hrranm2nr) + f where f is a linear combination of complete homogeneous
symmetric functions h, with 7 > (6 M,4M,2M). Hence

<5(M,M,M,M)05(2,1)7 5(6M,4M,2M)> = <S(M,M,M,M) ©5(2,1) h(GM,4M,2M)>

= [PSSYT((M, M, M, M), (2.1))  (snransanry| =M +1.
(Alternatively this is a corollary of the Signed Weight Lemma (Lemma,
applied with the singleton sets P(M) = {(GM, 4M, 2M)}) In particular,
the multiplicity is unbounded.

The previous paragraph also indicates where the proof of Theorem [I.2]
breaks down. Applying Definition with respect to the signed weight
(@ , (6,4, 2)) — which according to this definition is illegitimate as the signed
weight is not strongly maximal — each non-exceptional column of a plethys-
tic semistandard tableau 1T € PSSYT((M, M,M, M), (2, 1)) may be either
S or T. Thus there is no canonical tableau family that can be inserted as
the entries in a new column of height 4 to define a bijection between the sets
of plethystic semistandard signed tableaux for M and M + 1 and the key
result Lemma (1) fails in the attempt to adapt the proof of Theorem

in {175

We remark that an alternative way to see that the conclusion of The-
orem is false in the previous example uses the highest-weight vector
methods in [8]. Let V7 denote the Schur functor for the partition v, let E
be a 3-dimensional vector space, let 17, be as defined in the previous ex-
ample, and let F'(17) be as defined in Definition 2.3 of [§]. Generalizing
Example 7.5 in [§], for each L, the vector

F(Tp) € VMMM (g21)(B))
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is highest weight of weight (6M,4M,2M). The vectors F(T7,) for 0 < L <
M are linearly independent because the multisets of semistandard (2,1)-
tableau entries of each T}, are distinct. It again follows that (s(asar,a,01) ©
5(2,1)> S(6Mam2n)) = M + 1 for each M € N.

Example 4.25. In the previous example the problem was that there were
two semistandard signed tableau families of the same maximal weight. The
other potential problem solved by Definition [£.10] is seen only in relatively
large examples, such as the following. Take u = (3). There are three
maximal semistandard signed tableau families of shape (3) and size 17 having
only positive entries, each obtained from

(fafe], [2]a]2], [1]2]2]. [2]2]2], [1]1]3], [1]2]3], [2][2]3], [1][3]3]. [2]3]3]

by taking the union with the eight tableaux shown in the table below.

Signed weight Extend by

[313[3] [L][1]4] [1]2]4] [2][2]4],
[1]3[4] [1]1]5], [1]2]5], [2]2]5]
[1]1[4] [1]2][4] [2][2]4] [1]3]4],
[2]3[4] [1]1]5], [1]2]5] [1]3]5]
[1]1[4] [1]2]4] [2][2]4] [1]3]4],
[1]4f4] [1]1]5], [1]2]5], [1]3]5]

(2,(17,16,11,4,3))

(2,(18,15,10,5,3))

(2,(19,14,9,6,3))

That these families are maximal can be checked by hand, or more quickly, us-
ing the Haskell software [23] mentioned in the introduction using display $
maximalTableauFamilies ColType Closed 17 (ssyts 5 [3]). LetT,U
and V be the plethystic semistandard signed tableaux of outer shape (1'7)
and inner shape 3 having as their entries the three families above. From the
table above which lists the (3)-tableau entries in the signed colexicographic
order from Definition [3.8] one can see that any plethystic tableau of the
form

(o] - Jrfu] - Julv] - V] (4.5)
is semistandard. Observe that
2(18,15,10,5,3) = (19,14,9,6,3) + (17,16,11,4, 3).

Thus two of the 2N columns of length 17 in a plethystic semistan-
dard signed tableau of outer shape (2N,.17.,2N) and inner shape (3) may
be replaced with two columns without changing the weight. (The
columns must then be reordered as in to respect the semistandard
condition). Hence are at least 2V plethystic semistandard signed tableaux
of outer shape whose signed weight is 2(18 N, 15N, 10N, 5N,3N). Similar
arguments to the previous Example now show the plethysm coefficients

(8(a17) 0 8(3), S(18M,15M,10M,50,30)) for even M do not stabilise, even though
the relevant signed weight is maximal.

We remark that each tableau family in the previous example is a downset
for the majorization partial order < defined by comparing tableaux entry
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by entry; this is a necessary, but not in general sufficient, condition for
maximality. For instance the family of weight (17,16, 11,4, 3) is 2y
[1]3]4 |j ul3]3]3 |j with three incomparable maximals in the dominance
order. This leads to an efficient algorithm implemented in [23] for finding
maximal, and so strongly maximal, tableau families.

5. SYMMETRIC FUNCTIONS AND PLETHYSTIC SEMISTANDARD SIGNED
TABLEAUX

5.1. Basic results. We refer the reader to Stanley’s textbook [20, Ch. 7]
for an introduction to the Hopf algebra A of symmetric functions and to [14]
for a careful development of plethysm and the formalism of plethystic substi-
tutions. The elementary and homogeneous symmetric functions e; and h,
are defined for arbitrary weights m € W, while the Schur functions s, are
labelled by partitions as usual. The minimum we need for our purposes is:
e Young’s rule (horizontal strip addition) and Pieri’s rule (vertical strip
addition) as stated in (7.65) and after Example 7.15.8 in [20];
e the coproduct A on A satisfies Asy/\, = > s./x, ® 5/ and is com-
patible with the inner product (see the proof of Lemma ;
e the formal definition of substitution by an alphabet with mixed signs,
namely

f[_xlv X2y -5 Y1,Y2, - ] = Zfii[_xlv —I2, .. ’]fi+[y17y25 e ] (51)

7
where Af =37, f; ® f;" (this follows from the equation for s/, [A — B]
on page 177 of [14], using the result on the coproduct just mentioned,
and that the Schur functions s are a basis for A);
e the negation rule

sa[—x1, —x2,.. ] = (=1)Msy [z, 2, .. ] (5.2)

which is a special case of [14, Theorem 6],
and finally the rule for a general plethystic substitution into a Schur function
given in [14, Theorem 10]. We shall not state this rule here, since it is lengthy
and we only need it once, in the proof of Lemma 5.5} the reader may then
either refer to [I4], or take it on trust that it has the effect we claim.

Remark 5.1. Let v/v, be a skew partition. By the adjointness relation in
Corollary 7.15.4 of [20] we have s,/,, = > {5y, 1,55)S; Where the sum is
over all partitions o of |v/v,|. Since the plethysm product is linear in its
first component, i.e. (f+g)oh = foh+goh forall f,g,h € A, it follows
that for any skew partition g/,

Sv/ve ©Spujps = § <SV7SV*SU>SO' O S/ ux
o

with the same condition on the sum. This reduces an arbitrary plethysm
of skew Schur functions to the case dealt with in this paper. On the other
hand, since the plethysm product is not linear in its second component (this
is already clear from the negation rule) there is no further reduction to
plethysm products where both factors are Schur functions.
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The following definition is standard.

Definition 5.2. Given a symmetric function f expressed in the Schur basis
as » ., casy we define the support of f by supp(f) = {\ € Par : ¢y # 0}.

For example by (2.2), we have supp(e)hs1)) = {(6,2),(7,1),(6,1,1),
(5,2,1), (5, 1,1, 1)}

5.2. Enumerating semistandard signed tableaux. Our first result is
the twisted generalization of the basic result, see for instance [20, (7.30),
(7.36)] that (sg/g,,hs) is the number of semistandard tableaux of shape
B/ B« and weight A\. When S, = &, this quantity may also be familiar as the
Kostka number Kpy. In our signed weight notation it is [ SSYT(8/8x) |-
(Semistandard signed Young tableaux are defined in Definition and their
signed weights in Definition )

Lemma 5.3 (Twisted Kostka numbers for skew shapes). Let 3/, be a skew
partition and let (v~,~v%) be a signed weight of size |3/Bs|. Then

<Sﬁ/ﬁ*7 €y— h7+> = ’SSYT(/B/ﬁ*)(W*,'yJF)"

In particular B € supp(e,-h.+) if and only if SSYT(8) is mon-empty.

vt
Proof. The inner product on A ® A is defined in the natural way by linear

extension of (f ® f,g® ¢') = (f,g)(f' @ ¢). By the identity (f,gh)x =
(Af, g ® h)agr we have

{38/, €y~ Tyt ) = (D835, €4~ BNyt ) ren = Z<37/ﬁ*®35/77 7 ®@hyt)aea
T

where the sum is over all partitions 7 of |5, + |7~|. The right-hand side

is > (57/8,,64)A(88/7; hyt)a- By the remark before the proof, the sec-

ond factor is |[SSYT(8/7)(z,+)|- Applying the omega-involution (see [20)

Theorem 7.14.5]) to the first factor gives

(878, €=) = (s71/p, hy-)-
The right-hand side is the number of semistandard tableaux of shape 7//f,
with positive entries of weight =, and so equal to |[SSYT(7/Bs)(y- )| by
the obvious bijection conjugating tableaux and switching signs of the integer
entries. Since negative entries always precede positive entries in the order
in Definition [3.7] the pairs of tableaux enumerated by the two factors are
in bijection with SSYT(8/8)(y- 4+)- The final claim is now immediately
obvious on taking 5, = &. O

Lemma 5.4. Let f be a symmetric function and let (o, a") be a signed
weight of size deg f where a~, at are partitions. Then (f,e,—hqo+) is the

coefficient of (—37)"‘_3/3‘+ in fl—x1,—x2,...,Y1,Y2,...].
Proof. Let A(f) = Y., f7 ® f. Since f is a symmetric function, so are
each f; and f;". By [20, (7.30)], the complete homogeneous and monomial

symmetric functions are dual bases of A. Hence the coefficient of yo‘+ in
[y, y2, ... is (f;", ho+). Similarly, now also using the negation rule (5.2)),
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the coefficient of (—z)* in f;[—x1,—22,...] is (f;,eq-). The lemma now
follows by applying (5.1). O

5.3. Enumerating plethystic semistandard signed tableaux. We can
now extend Lemma (Twisted Kostka Numbers) to plethystic signed
tableaux.

Lemma 5.5. Let v be a partition and let ju/p. be a skew partition. Then

(Su © Su/#*)[—xl, —T2,...,Y1,Y2,.. ]
= Z |PSSYT(V7 :U’/:u*)(oa—,a"')| (_x)a_ya"'
(a™,at)

where the sum is over all signed weights (o™, a™) of size |v||p/px|. Moreover,

[PSSYT (v, 11/ 115) (0 aty| = [PSSYTT (v, 1/ 1) (0= 0t |-
Proof. By Lemma (Twisted Kostka Numbers) and Lemma we have

su/u*[_ml? —x2,--, Y1, Y2, - ] = Z ‘SSYT(M/M*)(a*,oﬁ)‘ <_:L'>Ofya+
(a=,at)

where the sum is over all signed weights (o™, a™) of size |u/p|. Therefore
(80 ° su/p)[—21,—22,. .., Y1,2,...] = sy[A] where the plethystic alpha-
bet A is all semistandard tableaux of shape 1/, having entries from Z\{0}
ordered by the signed colexicographic order in Definition [3.8] Note this al-
phabet has formal symbols (i.e. tableaux) of both positive and negative sign
and that the sign of a semistandard signed p/pus-tableau of weight (o™, a™)
from the displayed equation above, namely (—1)*"|, agrees with the sign
defined by Definition Moreover, negative tableaux are less than positive
tableaux. Therefore, by the definition of general plethystic substitution [14,
Theorem 8], taking D to be the negative tableaux in A and E to be the
positive tableaux in A, S,[A] is the generating function enumerating, by
their signed weight, the v-tableau T having entries from A, such that for
some subpartition § of v,

(i) the negative entries in T form a subtableau of shape 5 and are strictly
increasing along rows and weakly increasing down columns;

(ii) the positive entries in 7" form a subtableau of skew shape v/ and are
weakly increasing along rows and strictly increasing down columns.

Since (i) implies that all negative entries of T" are in boxes above or left of
the positive entries of T', it follows that T is a plethystic semistandard signed
tableau of outer shape v and inner shape p/ (14, as defined in Definition
Moreover, since the weight of a plethystic tableau is, by Definition the
sum of the weights of its u/u.-tableau entries, the sign attached to each
plethystic tableau in PSSYT (v, p1/f1x) (o~ a+) 18 (=1)l”|. This completes the
proof of the displayed equation in the statement of the lemma. For the sec-
ond claim, observe that we could instead order A by the sign-reversed colex-
icographic order, and take D to be the positive tableaux in A and E to be
the negative tableaux in A. We then obtain the displayed equation, modified
by replacing |[PSSYT (v, N//‘*)(a*,w)‘ with [PSSYTT (v, N/N*)(or,oﬁ)}' O
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Proposition 5.6 (Plethystic Signed Kostka Numbers). Let v be a partition
and let p/p. be a skew partition. Let (a,a™) be a signed weight of size

[/ b -
<SV O Su/pr Ca— ha+> = |PSSYT(V7 :u/)u*)(a—,a"') |
Proof. This is immediate from Lemma [5.5] and Lemma O

The special case v = (1) of the proposition just proved recovers Lemma
Note also that, by the final part of Lemma [5.5] Proposition [5.6] implies that
(80081, €a-Pat) = [PSSYTT (v, N/l‘*)(a—,oﬁr)" For example, the three el-
ements of PSSYT((2,2), (3))((3)7(7’2)) were seen after Definition these
may be compared with the three elements of PSSYTT((2,2), (3))((3)’(7’2))
shown below in the sign-reversed colexicographic order

Lafed|[afafaf) fafafjlafaef) j[afafuf)[a]1]1]

[afufj[afafe]) j[afafafjlafa]e]) j[af1]i])[1]2]2]

Remark 5.7. The only property of the signed colexicographic order we used
in the proof of Lemma [5.5| was that negative tableaux are always less than
positive tableaux. We are therefore free to use any other order < that has
this property, obtaining plethytic semistandard signed tableaux defined as in
Definition but whose inner tableaux are instead semistandard with re-
spect to <. An analogous remark holds for the sign-reversed colexicographic
order. We use this freedom in the proof of Theorem

We end this section with an immediate application.

5.4. A generalized Cayley—Sylvester formula. By Proposition [5.6] us-
ing that s(k—f,f) = h(k—f,f) — h(k—€+1,€—1)7 for any ¢ with 1 < 14 < k?/2, we
have

<3V O Sp/pes 3(mn—£,é)>
= |PSSYT(V7 M/#*)(@,(mn—f,()” - ’PSSYT(V’ :U‘/:u*)(ﬁ,(mn—ﬁ—‘rl,é—l)ﬂ

for 1 < ¢ < mn/2. Special cases of have appeared throughout the lit-
erature on plethysms, especially in the context of representations of SLa(C).
The most important case occurs when v = (n) and g = (m). Observe that
an element of of PSSYT((n), (m))(g,(mn—e,e)) is determined by the number
of 2s in each of its n (m)-tableau entries. The corresponding non-negative
sequence of length n may be interpreted as a partition of ¢ having at most n
parts, each part having size at most m. For example when n = 4 and m = 4,

(5.3)

[fafafaafafef2)j[afa]2]2]|[1[2]2]2]] < (3,2,2).

This bijection shows that (s(,) © 5(m), S(mn—e,)) 15 the number of partitions
of ¢ contained in an m X n-box minus the number of partitions of ¢ —1
contained in an m xn box. This is one form of the Cayley—Sylvester identity.
The bijective proof just given is similar to that in [II], where it is derived
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using symmetric group methods. For many further applications of (/5.3)),
and related results such as Stanley’s Hook Content Formula, see [18].

6. TWISTED DOMINANCE ORDER AND TWISTED SYMMETRIC FUNCTIONS

In this section we define the ¢~-twisted dominance order and twisted
symmetric functions. Twisted symmetric functions interpolate between the
homogeneous and elementary symmetric functions, in an analogous way
(see Remark to to the way twisted dominance orders interpolate be-
tween the dominance order and its opposite order. This is made precise by
Lemma

6.1. /~-decomposition. The following definition and notation is shown di-
agramatically in Figure [6.1

Definition 6.1. Fix ¢~ € Ny. Given a partition o, we set o~ = (o7, ... ,02_)
and ot = o0 — 0~/. We say that the ordered pair <0*,0+> is the £—-
decomposition of o and write o« <a’, a+>.

T
!
|
\O- ..
|
|
|
|

FIGURE 6.1. The partitions in the ¢~-decomposition <U*, U+> of o € Par.
Note that o~ has at most ¢~ parts and that o, > fl(c"), so o is
(¢(c™),£(cT))-large in the sense of Definition

The relevant ¢~ will always be clear from context. The £~-decomposition
of a partition may be used as a signed weight (see Definition , but since
this is not always the case, we use angled brackets to make a visual distinc-
tion. For example, the 0-, 1-, 2-; 3- and 4-decompositions of (4,3,3,2,1)
are (2, (4,3,3,2,1)), ((5),(3,2,2,1)), ((5,4),(2,1,1)), {(5,4,3),(1)) and
((5,4,3,1),@); the 2-decomposition is shown in the margin.

Remark 6.2. Not all ordered pairs of partitions are ¢~-decompositions: in
fact (o, a*) is an £~-decomposition if and only if £(a~) < £~ and o >
¢(at). Note also that if this condition holds then the partition « such that
ae (a,a")is (€(a”) + 1,£(at))-large in the sense of Definition and
hence, as is sometimes all we need, ({(a™), {(at))-large.
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Example 6.3. Let u be a partition. By Definition row 4 of t,—(p)

has the first u; entries from the infinite sequence —1,...,—¢", i, i,.... The
greatest semistandard signed tableau ¢,- (1) has signed weight
(we- ()" we- (1)) = (™ ™). (6.1)

In particular, if £~ = 0 then we have w,— (u) = p; this is the well-known fact
that the greatest weight of a semistandard u-tableau is u.

Note that in the previous remark, <,u*, ,u*> is the £~-decomposition of the
partition p. More generally, we have the following lemma which is critical
in its generalization Proposition [6.5]is important in

Lemma 6.4. Let /7, be a skew partition. Then the signed weight

(we— (7/7%) " we- (T/T*)+)
is the £~ -decomposition of a partition.

Proof. The greatest semistandard signed tableau t,- (7/74) of signed weight
(we- (T/7), wp+ (/7)) is defined in Definition Let d be the length of
the partition wy— (7/7,)*. If d = 0 then the result is immediate, so we may
suppose that d € N. Thus d is the greatest positive entry of ¢,— (7/7).
Choose the leftmost box of t,- (7/7,) containing d, in position (i, j) say. By
the construction of t,- (7/74) in Definition ty-(7/7%) has entries 1,...,d
in positions (i —d + 1,7),...,(4,7). In particular, each such row has a
positive entry. By the construction of ¢,- (7/7«) in which negative entries
from —1,...,¢ are placed before positive entries, each of the rows i — d +
1,...,i of t;— (7/7) begins, after skipping any boxes not considered in [7]
because they are in [r], with [1] 2] --- [¢=]. Hence w,- (7/7+),-, which
counts the number of entries of —¢~ in t(7/74), is at least d. Equivalently,
wy- (/7)™ = £(wg- (7/7%)"). The lemma follows. O

We have already seen in Lemma that if (K=, k") is a strongly maxi-
mal signed weight then = and k" are partitions. We now build on this to
show that one potentially nasty technicality does not arise: in fact <f£_, m+>
is an ¢(k~)-decomposition. This result generalizes Lemma since, by
Lemma (we- (1/ 11x) ™, wy— (/) ) s the strongly maximal signed weight
of the singleton strongly maximal tableau family {¢,- (u/p«)}. We use this
result in the proof of Lemma [I3.21] part of the proof of Theorem [I.2]

Proposition 6.5. Let (k=, k") be a strongly mazimal signed weight. Then
(K7, KT) is a well-defined {(k™)-decomposition of an ({(k7)+1,4(k"))-large
partition.

Proof. Set £~ = {(k™); thus (K, k") is a strongly ¢*-maximal signed weight
for some ¢*. (The value of ¢t will not be relevant in this proof.) If /~ =0
then k=~ = @ and the result holds trivially. Similarly if there are no positive
entries then x* = & and the result is obvious. Therefore we may assume
that k™ # &. As already noted, by Lemma [4.15] k= and x* are partitions.

Let p/p. be the shape and let R be the size of (k~,k"). By (a) in
Definition we have k= = Rwy- (/pe)~. Let d = £(wp- (/1) ") and let
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e = ((k"); note that d is the greatest positive entry in ¢,— (u/p.) and e is
the greatest positive entry in the unique tableau family of shape u/ i, size
R and signed weight (k, k™). Denote this tableau family 7.

By maximality (Lemma [4.13), ¢,- (/) is an element of 7. Again by
maximality, there is a tableau in T containing d+1 obtained by incrementing
the entry in a single box of t,— (11/ 11+ ). Repeating this argument, we see that
there exist distinct tableaux t(g),%(441),---,te) € T such that, for each
k€ {d+1,... e}, the tableau t() has k as an entry. (For instance this can
be seen in Example 4.18((ii), by considering the entries in the box (1,m).)
Therefore R > e —d + 1. By Lemma every tableau in 7 agrees with
to- (u/py) in its negative entries. Hence the number of entries of tableaux
in 7 equal to £~ is Rwy—(1/ps)s—. Using this for the first equality below,
and recalling that by definition d = ¢(wy- (1/p4)*), we obtain

Ko = Rwp— (p/ pa) - = RU(wp-(p/pe) ") = Rd > d+(R—1) > d+(e—d) =e.

Hence r,. > {(x*) and by Remark (K=, k") is a well-defined ((k~)-
decomposition of an (£(k~) + 1,£(k*))-large partition. O

6.2. The ¢ -twisted dominance order. The sets used in applications
of the critical Signed Weight Lemma (see Lemma below) are subsets of
intervals for a partial order on partitions defined using the £~ -decomposition
in Definition [6.1] and the signed dominance order in Definition [4.1

Definition 6.6 (¢~ -twisted dominance order). Fix £~ € Ny. The ¢~ -twisted
dominance order is the partial order defined on partitions of the same size
by m < ¢ if and only if <7r’, 7r+> < <a’, a+>, where < is the signed dominance
order on the set W,- x W.

An example is given following Remark below. In practice we shall
often use the following lemma to work with the ¢~ -twisted dominance order.
Recall that € denotes the dominance order on partitions of arbitrary size.

Lemma 6.7 (Characterization of the /~-dominance order). Let m and o be
partitions of the same size. We have m < o in the £~ -signed dominance order
if and only if both

(a) 7~ €4 o~ and
(b) [7*| = [o*] and 7= Lo + (|7 — |o™]).

Proof. From the equation
o 0~
Y or = ar=lo| x| = (ol = |o*]) = (In| — |7*]) = |7*| — |o]
=1 =1

we have Yoy m; + 0 wf < S 07 + 30, o) if and only if o1, wf <
(|7t —|o*]) + Z,’;:l o;. The lemma now follows from the definition of the
dominance order and the ¢~-twisted dominance order. O

Remark 6.8. It is obvious from Definition [6.6] that the 0-twisted domi-
nance order is the ordinary dominance order. If £~ > p then the ¢~ -twisted
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dominance order on partitions of size p is the reverse of the usual dominance
order. Whenever ¢/~ > 1, the greatest partition in the ¢~ -signed dominance
order is (1P).

Example 6.9. In the 1-twisted dominance order on partitions of 8, the neg-
ative component o~ of each partition o has exactly one part. Let o= = (b)
where 1 < b < 8. By Lemma 0B (6,2) if and only if (b) » (2) and
ot 4+ (6 —|o*])>(5,1). If b <6 then ot € {(8 —0),(T—0b,1)};ifb=7
then ot = (1) and if b = 8 then 0™ = @. The up-set of (6,2) is therefore as
claimed in in the overview in It is shown in the Hasse diagram in
Figure See for a continuation to the ‘cut’ up-set used in

7<(8’ ~ /:\ e
s £55d33:3dd:¢
7),
( )|( ) o (1
(3,1,1,1,1,1) (@aypt 1 -
((6),(2)) @,eylo 1 1 -
YRR @.ayl1 2 11 .
N RRE R .30 0 1 0 1 -
1> (7!”)
((5),(3)) ()20 1 2 1 1 1 -
N . @lo o 0o 0o 1 0 1 -
gi(”?é;ﬁg (3,1,1,1) @eEmlo o0 1 2 0 1 1 1 -
o ((4),(4)) @oenlo 00 000 1 0 1 -
bll/ AN @amlo 00 0 1 0 2 1 1 1
<§4§,<’321§> (6.1.1 @.69l0 0 0 0 0 0 0 0 1 0 1
N }“ ”\ @6p\o 0 0 0 00 1 0 2 1 1 1
(5,2,1) (7’1)
N
(6,2)
((2),(5,0))

FIGURE 6.2. Hasse diagram of the up-set (6,2)< in the 1-twisted domi-
nance order on Par(8), as seen in in the overview of the proof in
By Remark this up-set is also the interval [(6,2), (18)] 4. The total
order < refining < is indicated by vertical height. The matrix with en-
tries SSYT(0) (- r+) for m, 0 € (6,2)F relevant to condition (b) in the
definition of a stable partition system (Definition is shown to the right,
with row and column labels ordered by the total order in Definition [6.14]
It is lower unitriangular by Lemma We use - to show a zero implied
by this lemma.

For a further example of the twisted dominance order see Example [6.13]
In practice, we find the following informal interpretation, using the standing
notation shown in Figure[6.1]is helpful: the partitions larger than 7 in the £~ -
signed dominance order are exactly those obtained from w by a combination
of box moves that are either: down and left within w—, up and right within 7,
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or from " to w~. The final possibility is responsible for the equalization of
parts in condition (b) in Lemma6.7]

In particular we have the analogue of the well-known property of the
normal dominance order that o < 8 implies £(cv) > ().

Lemma 6.10. Let a and S be partitions. If a <€ 5 in the £~ -twisted domi-
nance order then ¢(at) > £(5T).

Proof. By Lemma [6.7|(b) we have o™ < 3+ + (|a*| — |3*]). Hence by the
property of the dominance order just mentioned, ¢(a™) > ¢(87). O

6.3. Twisted symmetric functions and twisted Kostka numbers.

Definition 6.11 (¢~ -twisted symmetric function). Fix £~ € Ny. We define
the £~-twisted symmetric function g, for a partition 7w by g, = e~ h_+.

For example if £~ = 0 then g = h,+ and if £~ > a(n) then g, = e,-,
or equivalently, g = e». Thus as claimed at the start of this section, the
¢~ -twisted symmetric functions interpolate between the homogeneous and
elementary symmetric functions.

The following lemma is vital when verifying condition (i) in the Signed
Weight Lemma (Lemma. Examplefollowing illustrates the iterative
part of the proof. We require Young’s rule and Pieri’s rule: see references
in The support of a symmetric function is defined in Definition [5.2

Lemma 6.12 (Twisted Kostka matrix). Let m € Par(n) have (- -decomposi-
tion (m=,m*) where (=) = {~. If o € supp(e,-hy+) then o &= m. Moreover
we have (e h +,57) = 1.

Proof. We describe the summands of e,.-h,+ combinatorially. By Pieri’s
rule, if sg € supp(e,-) then § I 7', or equivalently, ' &> 7. Since ' has
at most ¢~ parts, we have 3~ = ' and hence f~ > n~. Set k = £(7"). The
product sgh,+ may be computed by repeated applications of Young’s rule:
starting with v(0) = 3, let s,(;4.1) be a chosen Schur function summand of
S+(i)h+ for each i such that 0 <4 < k. To find the possible (i + 1), we fix
b; and b € Ny with by + b = 7}, then

e add a horizontal strip of length b; to [y()~'] to obtain [y(: +1)~'];

e add a horizontal strip of length b to [y(z)]\[v(i +1)~"].

Let 0 = (k) be the Schur function obtained after iteratively applying this
procedure to all parts of 7*. Since f~ I> 7™, and subsequent steps add boxes
to each [y(i)™'], we have o~ » 7~ and condition (a) in Lemma holds.
The horizontal additions to each successive [y(:z)™'] in this sequence used
in total |7*| — |o"| boxes. Moreover, the b boxes added to [y(¢)]\[v(7) ]
at each step i lie in rows 1 up to ¢ of [y(2)]\[y(¢)~']. It follows that o™
satisfies o+ + (|7*| — |o*|)>7*. This gives (b) in Lemmal6.7} Hence, by this
lemma, ¢ & 7. Finally, if 0 = 7 then 8 = 7~ and ~(i) = (a7,...,n) for
each i. Since the sequence ¥(0),...,v(k) is uniquely determined, we have
(ex—hgt,8z) =1, as required. O
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Example 6.13. Take /- = 2 and let m = (4,4,4) with 2-decomposition

(m=,7%) =((3,3),(2,2,2)).

The Schur function summands of e, - are all sg such that 5<(3,3)". For this
example we take f = (2,2,1,1). The partition 7" specifies three Young’s
rule additions of two boxes [ [ ]. The sequence of partitions v(0), (1),
~(2), v(3) in the proof is, for one particular choice of Young’s rule additions,
(2,2,1,1), (4,2,1,1), (4,3,2,1), (5,3,3,1). The final partition o = 7(3) has
2-decomposition <(4, 3), (3,1, 1)>

1]1] 1]1] 1[1]3]

At step 2 we added one box to [y(1)~'] and one box to [y(1)*], taking
by = by = 1; in the other two steps by = b; = 0. As expected, conditions (a)
and (b) in Lemma 6.7 hold, with (3,3) € (4,3) and (2,2,2) < (3,1,1) + (1).
Moreover,

((4,3),(3,1,1)) < (5,3,3,1) B 1((3,3),(2,2,2))

as expected from the conclusion of Lemma If instead we had chosen
B = (1°) then a possible sequence ending with o = (4,3,2,1,1,1) is

1]1] 1]1]2] 1[1]2]

in which by = b; = by = 3 and correspondingly |7*| — [¢T| = 3. Again
conditions (a) and (b) in Lemma hold, now with (3,3) € (6,3) and
(2,2,2) <(2,1) + (3) and again the conclusion of Lemma holds since
((6,3),(2,1)) < (4,3,2,1,1,1) &> 7.

Figure has an example of the matrix (e;—h+, S5) in Lemma Tt is
an instructive exercise to show that the many zeros in this matrix correspond
to pairs of partitions incomparable in the 1-twisted dominance order. For
a further example of the conclusion of Lemma [6.12] calculation shows that,
restricted to partitions of length at most 3, e(33)/(33) and €(33)h(4,1,1) have
supports

{(5,5,2),(6,4,2),(7,3,2),(8,2,2)},
{(6,3,3),(6,4,2),(7,3,2),(8,2,2)}

respectively, corresponding to the part of the up-sets seen in Figure 8.1]lying
above (5,5,2) and (6,3, 3), respectively.
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6.4. Twisted total order. While not logically essential, it is useful to have
a total order that makes the twisted Kostka matrix seen in Figure [6.2|lower-
triangular. These matrices are used in (b) in the critical Signed Weight

Lemma (Lemma [7.3).

Definition 6.14. Fix /- € Ny. We define the £~ -signed total order by m <o
if and only if (7=, 7") < (07,0") where < is the lexicographic order on
compositions.

Equivalently, m# <o if and only if 7= < 0~ or 7~ = ¢~ and 7t < o7,
where < and < are the lexicographic order on partitions (now possibly of
different sizes). It is easily seen that < is a total order refining the £~ -twisted
dominance order. For example, in the 2-signed total order we have

((3,3),(3,2,1)) <((3,3),(3,3)) <((3,3), (4,1,1)) <((3,3), (4,2))
corresponding to (5,4,3) <(5,5,2) <(6,3,3) <(6,4,2). (See Figure for
the Hasse diagrams.) Moreover ((3,3), (4,2)) <((4,2),7+) <((4,3),07) for

any partitions 7% of 6 and o of 5.

6.5. Up-sets and twisted intervals. For a fixed £~ € Ny, and partitions
7,  of the same size we define the twisted interval [7y, 0]« by

[v: 6]« = {0 € Par(p) : v <o <4}

where < is the £ -twisted dominance order. We define the up-set of a
partition A of size p by

A = {0 € Par(p) : 0 > A}
Equivalently, by Remark AT = [\ (p)]« when £~ = 0 and \Y =
[\, (17)]< when ¢~ > 1.

Example 6.15 (Length bound recast as an interval). In the overview in
we used (without giving full details) the stable partition system (P(M)) /e,
defined using the 1-twisted dominance order by

PM) = {5 € Par(8 +2M) : 0 & (6 + M, 2,1M), (0) <4+ M}.
Let o € Par(8 + 2M). Observe that
o) <4+ M = o 44+ M) <= o<(5+M,13M),

where the final implication holds since (5 + M, 13™M)— (4 + M), (4+ M))
is the greatest partition in the 1-twisted dominance order with negative part
(4 + M). Therefore an equivalent definition of P(M) is

PO = [(6+ M, 2,1M), (5 + M, 13 4
=1[(6,2) ® M((1),(1)),(5,1,1,1) & M((1),(1))]«

where < is the 1-twisted dominance order, as claimed in §2.5

It is a special feature of the 1-twisted dominance order that the only
restriction imposed by the comparison on negative parts is a bound on the
length of the partition. See for an extended example more typical of
the general case.
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7. SIGNED WEIGHT LEMMA

In this section we prove the critical Signed Weight Lemma (Lemma [7.3))
and give the related results and definitions needed to apply it to prove our
main theorems.

7.1. Stable partition systems. We isolate the two more technical hy-
potheses of the Signed Weight Lemma in the following definition.

Definition 7.1. A partition system is a sequence (P(M))cn, of sets of
partitions such that all partitions in each P(M) have the same size, together
with a function F : Par — Par such that F(PM)) C P(M+1) for all M € Ny.
For each 7 € Par, let g, be a symmetric function of degree |7|. We say the
partition system is stable with respect to the family g, if
(a) F:PM) — P(M+1) jg a bijection for all M sufficiently large;
(b) if M is sufficiently large then (gr, s5) =(9p(r), SF()) for allm, o € PUM)
and moreover, the matrix K (M) with rows and columns labelled by
PM) and entries K(M)ro = (gx, 85 is invertible.
If (a) and (b) hold for M > L then we say the system is stable for M > L.
Given k € N, the k-subsystem of (PM)) e, is (P*M)) ey, with function
F¥ i.e. the k-fold composition of F.

Note in particular that the conditions imply that the matrix K (M) is
constant for M sufficiently large. It is routine to check that a k-subsystem
of a stable partition system for the family g, is a stable partition system,
again for the family ¢g,. For an extended example of a stable partition
system, see The general results we need on stable partition systems are

in §9

Example 7.2. Let g = h,; for all # € Par and let F' : Par — Par be
defined by F(0) = o + (1). Then, given any partition A\, we claim that the
sets {o € Par(|]A\| + M) : 0 > A+ (M)} form a stable partition system.
First note that provided M is sufficiently large, every partition p such that
w> X+ (M + 1) satisfies g1 > po and so is in the image of the map f.
(Explicitly, it suffices to take M > |A| — 2a(A); this is the bound L from
Corollary we explain why it applies after this example.) Hence (a)
holds. By a special case of Lemma (Twisted Kostka Numbers), the
matrix K (M) in condition (b) is the matrix of Kostka numbers:

K(M)ro = (So,hr) = | SSYT(0)|

for o, € P(M), and provided M is sufficiently large, we have Krr(1yotr) =
K., since the relevant semistandard tableaux have the form shown below
with 1s in the shaded region, and so are in bijection by removing the hatched
box and shifted the boxes right of it one position left. Hence (b) holds.
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The argument for (b) is seen in more generality and detail in the extended
example in and the proof of Proposition which shows that for (b)
the same bound L > |A| — 2a(\) as (a) suffices.

We leave it as an instructive exercise to use the Signed Weight Lemma
with the stable partition system in Example to prove the stability of the
plethysm coefficients (s(,4a1) © S(m), Sxtmum) and (S() © S(m-a1)s Satnnr) i
Foulkes” Conjecture. Of course this also follows from our main theorems;
in the context of their proofs, one should think of {a € Par(mn + M) :
o > A+ (M)} as the interval [A + (M), (J]A| + M)]q for the 0-dominance
order. With this interpretation the stability of the partition system follows
from Corollary applied with k* = (M), k= = @ and w = (|\|), giving
the bound M > L([A, (|A])], (1)) = |A| — 2a(X). (This is the first bound in
the corollary; the remaining three impose no restriction, as is generally the
case when ¢(x~) = 0. Alternatively since the interval is ‘unsigned’ one can
use Proposition ) See for a related example where we reinterpret a
stable partition system as a sequence of intervals.

7.2. Signed weight lemma. The following key lemma specifies the overall
strategy of the proofs of Theorem [I.1] and

Lemma 7.3 (Signed Weight Lemma). Fiz ¢~ € N. Set g = e,-h,+ for
each m € Par. Let v™) be a sequence of partitions and let ,u/,u*(M) be a
sequence of skew partitions, each indexed by M € Ny. Let PM) be q stable
partition system for M > L with respect to the symmetric functions g, and
the function F : Par — Par, such that the common size of all partitions in
PAM) s |y /M|, Suppose that

(i) if M is sufficiently large and 7 € P(M) then

supp(gx) Nsupp(s,on © s, an) S PM),
(ii) if M is sufficiently large then, for all # € PM),
‘PSSYT(V(M)a N/ﬂ*(M))(ﬂ:ﬁ) |= |PSSYT(V(MH) ’ N/N*(MH))(F(W):F(w)ﬂ -
Then, provided M > L and M meets the bounds required by (i) and (ii),

<SV(M) o Su/#*(lw) s So’> = (SV(I\/I+1) o Su/u*(lw+l), 5F(a)>
for all o € PM),
We hope to convince the reader, both by the proofs of our main theorems,
and the extended example in §§ below, that Lemma [7.3]is both powerful and
practical, and not as technical as it appears at first sight. In particular we

note that by Lemma if o € supp(e,-h,+) then o B> 7 in the /~-twisted
dominance order, and so condition (i) can be tested in practice.
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Proof of Lemma[7.3. To simplify notation we set pt™) = s () o 8,1/, () for
M € No. Let M > L be given and let 7 € P(M). Recall the matrix K (M)
from Definition [7.1b). By hypothesis (i), we have

gr = Z K(M)TI'TS’T + G7r
TeP(M)

where the symmetric function G satisfies (pM) G,;) = 0. By Defini-

tion (b) K (M) is invertible, hence for o € P(M) we have
Z K(M);;QW =S¢ + Z K(M);;GW'
weP (M) rePp (M)
Substituting gr = e, h,+ we obtain s, = Y. cpan K(M);}e—hy+ + E,
where, since E, is a linear combination of the G, we have (p(M ), E;) = 0.

By this equation for s, and Proposition [5.6] we get

(M, s0) = S K(M),[PSSYT (™), /w0 -
reP M)

. (1)

The same argument applies with M replaced with M + 1 and o € PM)
replaced with F'(o) € P(M+1). Hence we also have

<p(M )78F(0')> = Z K(M,);‘%g)p|PSSYT(V(MI)7M/M*(Ml))(p*7p+)" (72)
pep(]\l’)

(Here we reduce clutter by writing M’ for M + 1.) By Definition [7.1fa),
the set P(M) labelling the rows and columns of K (M) and the set P
labelling the rows and columns of K(M') are in bijection by F. Therefore
we may take and replace each p with F(7) and the sum over p €
PM') with a sum over 7 € P(M). By Definition (b) we have K(M)yr =
K(M") p(o)p(x)» and s0 K (M)g3 = K(M') (o for all 7,0 € POD). This
matches up the first factors after the sums in the right-hand sides of
and , and hypothesis (ii) immediately implies the second factors are
equal. Therefore the right-hand sides agree. Comparing the left-hand sides

gives the Signed Weight Lemma. O

!

8. EXTENDED EXAMPLE OF THE SIGNED WEIGHT LEMMA

This section is not logically essential. Instead it is intended to illuminate
stable partition systems defined in Definition |7.1| and the ¢~ -twisted domi-
nance order defined in Definition and to show the strategy in the proofs
of our two main theorems using the Signed Weight Lemma (Lemma .

8.1. A stable partition system defined by a length bound. We con-
tinue in the setting of Example so £~ = 2. Our aim in this subsection
is to show that the partition system

PM) = {o € Par(12+4M) : o & (4 +2M,4,4,2M) 4(0) <3+ M} (8.1)
is stable with respect to the map F': Par — Par defined by
A e ((19),(2) = A+ (2) U ().
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We remark that, using the idea seen in Example there is an alternative
definition of the sets P(M) as intervals for the 2-twisted dominance order. We
explain this in §8.4]at the end of this section, and hence deduce the stability
of the partition system from the relevant general result, Corollary

Stability is not immediate. Indeed, from the Hasse diagrams in Figure[8.1
we see that F' is not bijective when M = 0: for example, the partition
(6,6,2,2) is clearly not in its image. Suppose that N > 2 and take o €
Par(12 + 4N). By hypothesis

o (4+2N,4,4,2Y) = ((3+ N,3+ N), (2 +2N,2,2)).

Since o~ » (3+ N, 3+ N) and, by definition of P(M) we have £(o) < 3+ N,
we have {(0) = 3+ N. By definition of the 2-twisted dominance order, we
have 0= = (3+ N,3 + N) and hence ot > (2 4+ 2N,2,2). Since N > 2, it
follows that of — 0§ > 2. Therefore every partition in P(V) is of the form
A ((1%),(2)) and so F is bijective for M > 1. This verifies condition (i) in
the definition of a stable partition system (Definition .

Continuing we now check condition (b) in the definition of a stable par-
tition system (Definition . We have g, = e,.—h +, where 7~ and n* are
defined using the ¢~-decomposition with £~ = 2. The key result we need is
Lemma (Twisted Kostka Numbers). By this lemma, for =, o € Par, we
have (gr,ss) = |SSYT(0)(x- r+)|. Since K(M)zs = (gr,ss) by definition,
the matrix K (M) is invertible for all M by Lemma and it only remains
to show, if M > 1, then there is a bijection

SSYT(0) (r— ) — SSYT(F(U))( F(x)- F(m) )

for each pair o, m € P(M),

Example 8.1. To give some idea why there is a natural bijection we take
M =1andw=(6,4,4,2),0 =(7,5,2,2). Figureshows the two elements
of each of SSYT((?,5,2,2))((4’4)’(4’272)) and SSYT((9,5,2,2,2))((575)’ 6.2.2))"
Observe that, when M = 2, the two tableaux of shape (9,5,2,2,28 each
has a removable in positions (3,1) and (3,2) and two adjacent boxes
in positions (1,6) and (1,7) in its top row. Removing these boxes
and shifting the remaining boxes in the first column strictly below row 3
up by one row and the remaining boxes in the top row strictly right of
column 5 left by two columns pairs up the sets of tableaux. (We admit here
it would be more natural here to define the bijection by removing
from the positions (3 + M, 1) and (3 + M, 2); we choose the complicated
specification to agree with the proof of Proposition (Tableau Stability)
using Lemma ii).) Note also that the two tableaux for M = 1 have
and in boxes (1,6) and (1,7), so removing the four boxes from
the positions (3, 1), (3,2), (1,6), (1, 7) hatched in Figure [8.2] gives tableaux of
signed weight ((3,3),(3,2,1)) and ((3,3),(3,1,2)), not ((3,3),(2,2,2)) as
required. Correspondingly, the unique element of SSYT(5, 9, 2))((373)7(272’2))
is as shown in the margin, so there is no possibility of a bijection between

P0) and PO,
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(8,2,2) (10,2,2,2) (8+2M,2,2,2M)
((3,3),(6)) ((4,4),(8)) ((M’7M’)7|(6+2M)>®
(7,3,2) (9,3,2,2) (7+2M,3,2,2M)
((3,3),(5,1)) ((4,4),(7,1)) <(M’,M’),|(5+2M,1)>
(6,4,2) (8,4,2,2) (6+2M,4,2,2M)
((3,3),(4,2)) ((4,4),(6,2)) ((M',M") 4+2M 2))
/ (6,3,3) (8,3,3,2) / (6+2M,3,3,2M)
(5:5.2) ((3,3),(4,1,1)) (7.5.2.2) ((4,4),(6,1,1)) (5420 ,5.2.9M) M MY, (442M,1,1))
((3,3),(3,3)) ((4,4),(5,3)) (M7, M), (3+2M3\)>
(5,4,3) (7,4,3,2) (5+2M,4,3,2M)
((3,3),(3,2,1)) (6,6,2,2) ((4,4),(5,2,1)) (442M,6,2,2M) (M’,M"),(3+2M,2,1))
(4.4),(4.4)) | (M7, M),(2+2M 4))
N\ (6,5,3,2) N (4+2M,5,3,2M)
<(4,4)7(|47371)> <(M’,M’)7(|2+2M,371)>
4,44 6,4,4,2 44-2M,4,4,2M
((3,5)7(2,%2» ((454)7(4,2?2» <(M(’7M’),(2+2M7%2)>

FIGURE 8.1. Hasse diagrams of up-sets in the 2-twisted dominance order.
The total order < refining < defined in Definition is indicated by
vertical height. On the left is the up-set of (4,4,4) < ((3,3),(2,2,2))
restricted to partitions of length at most 3. (This is part of the up-set
relevant to Example and the following remark.) This poset maps
under A — A @ ((1,1),(2)) into the up-set of (6,4,4,2) < ((4,4),(4,2,2))
restricted to partitions of length at most 4, shown in the middle; the two
partitions not in the image of the map are highlighted. In turn, for each
M > 1, the middle poset is in bijection, by iterating this map, with the up-
set of (4,4,4) & M((1%),(2)) = (44 2M,4,4,2") = ((3+ M,3+ M), (2 +
2M ,2,2)> restricted to partitions of length at most M, as shown on the
right. (To save space we write M’ for M + 3.)

More generally, fix N > 2, let o, 7 € P(V) and let t € SSYT(0) (. t)-
We know that 0~ =7~ = (3+ N,3 4+ N). Hence t has 3+ N entries of —1
and 3 + N entries of —2 which, since negative entries cannot be repeated
in a row, must form the first two columns of ¢t. Therefore position (1,2) ¢
contains 2. Moreover, by Definition |7 - , o satisfies 01 — o9 > 1 and since

= (4 +2N,4,4,2Y)", it is immediate from Definition [6.6] . that

7t > (44 2N,4,4,2Y) = (242N, 2,2).

and so 7 > 2+42N. Therefore ¢ has at least 2+ 2N entries of 1, necessarily
in its ﬁrst row, and we see that boxes (1,6) and (1,7) of ¢ both contain 1.
Removing this and deleting from positions (3,1) and (3,2) and
then shifting boxes left or up (as seen when N = 2) defines a bijection
SSYT(J)(meJr) — SSYT(fil(O'))(ffl(ﬂ.)fj‘fl(ﬂ.)Jr).
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1[2]1]1]1]1]3] 1[2]1]|1]|1]1]2]
1|2 1|2 3
1|2 1|2
1|2 1|2
tl2fiffrfefafefs] [af2]r|t]tifufrf1]2]
112(2(2]3 1|2
12 12
1|2 1|2
1|2 1|2

Ficure &8.2. The two semistandard signed tableaux in the sets
SSYT((775,2,2))((4,4)7(47272)) and SSYT(('975,2,2,2))((575)7(67272)). The
hatched boxes are inserted by the F insertion map.

R T S T S T
csizaiéecss
(44,8 (1 -
(44),(71y] 1 1 -
(44),62)) 1 1 1 -
(44,061,111 2 1 1
(44,3011 1 1 0 1 -
(44),21n1 1 2 2 1 1 1
(44),44h11 1 1 0 1 O .
(49,431%11 2 2 1 2 1 1 1 -
((44),(422)0\1 2 3 1 2 2 1 1

FIGURE 8.3. The stable transition matrix K (1) in Example with en-
tries K(1)zo = |SSYT(0)(x—,»+)|- Columns are labelled by the parti-
tion o, rows by the 2-decomposition of 7. We use - to denote a zero
entry implied by Lemma [6.12] The entry highlighted in bold counting

SSYT((?, 5,2, 2))((4 1),(4,2,2)) is used in Example

Example 8.2. The stable transition matrix K (1) is shown in Figure
below. It was computed using the MAGMA code available as part of the
arXiv submission of this paper by SignedUpsetMatrixCut (2,1, [6,4,4,2]
: SG := [10,2,2,2]);. The entry relevant to Example [8.1] is highlighted
in bold in the bottom row. The rows (recording the signed weight defining
the relevant product e,-h,+) and columns (recording the relevant Schur
function, or shape of the semistandard signed tableau) are ordered by the
total order < refining <0 defined using the ¢-decomposition in Definition 6.1}
As remarked at the end of it is instructive to check that the entries of 0
correspond to pairs of partitions incomparable in the 2-twisted dominance
order.
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8.2. Cut up-sets and the plethysm <3(3)+(M) o 3(4),3(474’4)@]\4((12)’(2)%
The special case of Theorem for the strongly maximal signed weights
((1%), (m — d)) seen in Example [{.18[i) asserts that, if d is even, then the
plethysm coefficients (s, (ar) © S(m), Sx@n(4),(m—q))) are ultimately con-
stant. To prove this using the Signed Weight Lemma, we need a stable
partition system (P(M))yen, such that A @ M((1%), (m — d)) € PO for
each M € Ny. As we saw in the overview in §2| we cannot usually take
PMM) to be the up-set (A ® M (k™ k)=, where < is the d-twisted domi-
nance order, because typically the sizes of the up-sets grow, ruling out any
bijection between them. In this subsection we shall see this problem in the

particular case of the plethysm coefficients

(8(3)+(M) © 5(4)> S(a,4,4) @ M((12),(2)) (8.2)

and resolve it using the stable partition system constructed in Then
in we use the 3-subsystem of this partition system to prove a different
stability result.

Up-sets are not stable. We take £~ = 2 in the Signed Weight Lemma. The
2-decomposition of a partition 7 (see Definition [6.1)) is then defined by 7~ =
(rh,7h) and 7+ = (m — 2,0 — 2,..., 7 — 2), where 7 is maximal such that
7, > 2. For example, if 7 = (4 + 2M,4,4,2M) then 7~ = (M + 3, M + 3)
and 77 = (2 4+ 2M,2,2). By Lemma if s, is a summand of e - A+
then o & 7. Therefore, taking g, = e, h,+, the up-set of (4 + 2M,4,4,2M)
in the 2-twisted dominance order satisfies condition (i) in the Signed Weight
Lemma. We cannot take the up-sets (4 + 2M,4,4,2M)3] as our partition
system because, they are not stable. Indeed, since 7+« <(3+M, 3+ M), (2+
2M,2,2)) and (23T6TM 16-2042M) (9 — b4+ 3M,3+ b+ M), D) we have

T < (23+b+M’ 19—2b+2M)

for all b < 3 4+ M and hence |(4 4+ 2M,4,4,2M5| > 3+ M and the sizes
of the up-sets tend to infinity with M. This behaviour, that some ‘cut’ is
necessary before a sequence of up-sets becomes stable, is typical.

Cut up-sets are stable. To get around the problem we use that condition (i)
in the Signed Weight Lemma (Lemma does not require that supp(g,) C
PM) for all 7 € P(M) but instead, since v = (3) and uu/py = (4), the weaker
condition that supp(gx) N supp(s(z4arn © s@)) < PM) for all 7 € PM),
Since the support of the plethysm s34 7)o s(4) is contained in the support
of 54y % 3+M X 5(4), each partition in supp(s(sas) © 8(4)) has at most 3 + M
parts. We therefore only need to consider partitions such as (4+2M, 4,4, oM )
for which ¢(c) < 3+ M. This motivates the definition

PAM) = (4 +2M,4,4,2"M)2 N {o € Par(12 +4M) : {(0) < 3+ M}

already given in (8.1) in an obviously equivalent form. We saw in §8.1}
that (P(M)) /ey, is a stable partition system for M > 1 with respect to
F : PM) — PM+D) defined by F(A\) =A@ ((1,1),(2)) = A+ (2) LU (2) and
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the symmetric functions g,. We now use it below and in to prove two
stability results.

Proof that (s(3)4(m) © 5(a)s Sa,4,0@M((12),(2)) 5 ultimately constant. We shall
check conditions (i) and (ii) in the Signed Weight Lemma (Lemma/[7.3). Let
7€ PM). As we saw in §8.1] we have 7~ = (3 + M, 3 + M). Hence

supp(gr) N SUPP(8 (341 © S(4))
Ca¥n{o €Par(12+4M): {(0) <3+ M}
C{loe (4+2M,4,4,2") : 0(0) <3+ M}
= p(M)

where the second line uses Lemma on supp(g-) and the length bound
in the previous paragraph on partitions in supp(s(3+M) o 5(4)), and the third
line follows from 75 (4 + 2M, 4,4,2M). Hence (i) holds for all M € Np.

Now fix M € Ny with M > 1 (so meeting the stability bound) and
7 € PM). For (ii), it suffices to define a bijection

M PSSYT((3+ M), (4)) (32080 01).5%)
— PSSYT((3+ M +1),(4)) (341,30 M+1) 2+ +(2))

Let T be in the right-hand side. Observe that T has 3+ M +1 integer entries
of —1. necessarily lying in distinct (4)-tableau entries. A similar argument
considering —2 now shows that each inner (4)-tableau in 7" is of the form
where 1 < z < y. Since 7 € P(M) we have 7 B> (4 +2M, 4,4,2M)
and hence 7+ 4 (2) > (2+2M +2, 2, 2). Therefore a(r +(2)) > 4+2M and,
of the 8 + 2M positions in the (4)-tableau entries of 7' containing a positive
entry, all but four positions contain 1. In particular, since M > 1, the
leftmost (4)-tableau in T'is[1]2]|1]1]. Hence we may define H by inserting
this inner (4)-tableau as a new leftmost inner tableau in a given plethystic
semistandard signed tableau in PSSYT((3 + M), (4))((3+M’3+M)’7r+ .

We have now checked (i) and (ii) in the Signed Weight (Lemma and
conclude that (s(3)1(ar) © 54y, S(4,4,4)@M((1,1),(2)) 18 constant for M > 1. [0

Computation shows that the stable multiplicity is in fact 1. The stability
of this plethysm is a special case of Theorem and the map H is as in
the proof of condition (ii) of the Signed Weight Lemma in the proof of
Theorem

Example 8.3. Applying the w-involution to the result just proved, we ob-
tain that <8(3+M) 0 5(14), 8(373’3,3)@M((2),(1,1))> is constant for M > 1. This is
not an instance of Theorem since, according to Definition the sin-
gleton strongly maximal tableau families of shape (14) have as their unique
elements the tableaux shown in the margin of signed weights ((4), @) and
(@, (1%)) respectively. Therefore ((2),(1,1)) is not the signed weight of a
strongly maximal tableau family of shape (1%) and size 1. This illustrates

Remark [4.161
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8.3. Re-use of a stable partition system: example of Theorem [1.1

One reason for defining stable partition systems in Definition as objects
of interest in their own right, rather than including conditions (a) and (b) as
hypotheses in the Signed Weight Lemma (Lemma is that the same sta-
ble partition system can be used to prove the stability of multiple plethysms.
Here we use the Signed Weight Lemma to prove the special case of Theo-
rem that (s(3) © S(ay2n,2M)s Sat6n,4,4,28M)) 18 ultimately constant, using
the stable partition system in our running example.

Proof that (s3) © S(at2nm,2M)s S(a+6M,4,4,28M)) 8 ultimately constant. We use
the 3-subsystem (see Deﬁnition of the stable partition system (P()) /e,
from Thus we set QM) = PBM) g0 that

QM) — (44 6M,4,4,2°")? N {r € Par(12+ 12M) : £(r) < 3+ 3M}.
For condition (i) in the Signed Weight Lemma (Lemma [7.3)), observe that

SUPP(8(3) © S(atanr2M)) C SUPP(S(aganraM) X S(apans,2M) X S(a420,2M))

and so, by the Littlewood—Richardson rule, every partition in the right-hand
side has at most 3(M +1) parts. Hence (i) holds by the same argument used
in For (ii), again a similar argument works. Fix M € Ny with M > 1
(so again the stability bound holds), let 7 € QM) and let

Te PSSYT«?’)? (4+2(M +1), 2M+1))((3+3(M+1),3+3(M+1)),7r++(6))'

Since T has 3M + 6 integer entries of —1 and 3M + 6 integer entries of —2,
each (4 4+ 2(M + 1),2M*1)-tableau in T has first column entries all —1
and second column entries all —2. Since 7 € QM) we have 7+ > (2 +
6M,2,2). Therefore a(n* 4 (6)) > 6M + 8 and, of the 6M + 12 positive
entries in the three (4 + 2(M + 1),2*1)-tableaux entries of T', all but four
are equal to 1. Hence removing from positions (2,1) and (2,2) in
each inner (4 + 2(M + 1),2M*1)-tableau and from positions (1, 3)
and (1,4) in each inner (4+2(M +1),2M*1)-tableau, shifting the remaining
entries one position up or left as appropriate, defines a bijection proving (ii).
Therefore, by the Signed Weight Lemma the plethysm multiplicity (s(3)o
S(442M,2M)s S(44+6M,4,4,23M)) i constant for M > 1. O

8.4. Stable partition systems as intervals. A special feature of the sta-
ble partition system P(M) in our running example is that all the partitions
7 € P(M) have the same negative part in their 2-decomposition, namely
(34 M,3 + M). All partitions in P(M) have size 12 + 4M. The greatest
partition in the 2-twisted dominance order (see Definition of 12 + 4M
with these first two columns is (8 +2M,2,2,2M). By the definition in ,
the least element of P(M) is (4 +2M, 4, 4,2M). Therefore for each M € Ny
we have

PO = [(4+2M,4,4,2M), (8 + 2M,2,2,2M)] _

and each P(M) is an interval for the 2-twisted dominance order, but of the
special type where all partitions in the interval have the same negative part.
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This was a deliberate choice in order to give a system that was not imme-
diately stable, but still of manageable size and useful for proving stability
results. We revisit this example in Example [I0.9] showing that the upper
bound in each interval is the partition given by Proposition [10.

To give a more typical example we suppose that instead of the plethysm

coefficients (s(3)4(ar) © 5(4), S(,4,0)0M((12),(2)) 0 (8.2)), we want to prove that
(8(a)+(0) © 5(a): 8(6.6,90M((12),(2)))
is ultimately constant. Since the Schur functions constituents of s(44 1) 054

have at most 4 + M parts we must relax the length bound in P(M), and so
we now define

RM) = {5 € Par(16 + 4M) : 0 &> (6 + 2M, 6,4,2™),((0) <4+ M}

still working with the 2-twisted dominance order. Observe that R(%) contains
(6,6,4), (7,7,1,1), (6,5,4,1), (5, 5,4, 2) with increasing negative parts (3, 3),
(4,2), (4,3) and (4,4) respectively. To show that (R(M)) /ey, is stable we
reinterpret each set R(M) as an interval for the 2-twisted dominance order
using the idea seen in Example[6.15] Observe that (o) < 4+ M if and only if
o~ <(4+M,4+M). Since (10+2M,2,2,2,2M) <(4+M, 44+-M), (8+2M)> is
the greatest partition of 164+4M in the 2-twisted dominance order satisfying
this condition, we have

RO = [(6+2M,6,4,2™), (10 + 2M, 2,2,2,2™)] _.

The stability of (R(M))en, is then a special case of Corollary The
four bounds in this corollary are M > -2, M > 1, M > 2 and M > 1,
respectively, so the stability bound is M > 2. By this corollary, this bound is
a sufficient condition for F : R(M) — R(M+1) to be a bijection; computation
using the Magma [2] mentioned after Definition shows that this bound
is also necessary: |[R(M)| = 40,57, 60,60 for 0 < M < 3.

9. STABLE PARTITION SYSTEMS DEFINED BY TWISTED INTERVALS

In this section we prove the technical result, Corollary that suitable
sequences of intervals in the ¢/~ -twisted dominance order define stable par-
tition systems. These are the stable partition systems we use in the Signed

Weight Lemma (Lemma to prove Theorems and

9.1. Unsigned intervals. Recall from §3| that we write € for the dom-
inance order extended to partitions possibly of different sizes. Given par-
titions v and § each with at most p parts, we define the unsigned interval

[v.81% by
[7,5](;) ={o € Par: y4 o4 §and (o) < p}.
Note that unless || < || the interval is empty.

Remark 9.1. If |y| = || and £(y) < p then ['7,(5](417) ={oe€Par:y<d o046}
since any partition o such that v < o satisfies £(c) < £(7); thus in this case
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we have [y, ] (f) = [v,0]<« and there is no ambiguity in using this simpler

notation.

In our applications, whenever |y| < ||, we will take p = ¢~ where ¢~
is the length of the negative part of the relevant signed weight, and so the
partitions in the unsigned interval [v, ] (f) all have at most ¢~ parts, as in

the ¢~-decomposition (see Definition [6.1).

Definition 9.2. Given partitions A, w with A € w and a non-empty parti-
tion r, all with at most p parts, let £ = ¢(x) and set

_ 2 Z;:ll wi + Wi + W41 — 2 25:1 Y

Ly,
Rl — K41
for k such that 1 < k < ¢ and ki > Kkpy1. Set Ly = 0 if kK = K11 Define
L([)\, w](f), /i) be to be the maximum of L1,..., Ly if p > £ and the maximum

of L1,..., Ly—y and (lw| — [A| — wp) /e if p = £. Set L(]A\,w]$,2) = 0.

We remark that if /(A) < £ and ¢(w) < £ then Ly = (2|lw| — 2|A\| — wy) /K.
Thus the bound in Definition may in this case be strictly less than the
maximum of Lq,..., Ly.

Let k be a partition with ¢(k) < p. Since a € § implies « + kK € S+ K
for any partitions «, /3, adding ~ defines an injective map from [y, 5](41)) to

[v+ K0 + m](!p).

Proposition 9.3. Let A and w be partitions and let k be a non-empty parti-
tion, all with at most p parts. Let F : Par — Par be defined by F (o) = o+k.
Let M € N. The injective map

F: [)\—FMH,,W-FMH](;) — A+ (M + 1)kr,w+ (M—Fl)h}](‘p)

is bijective provided M > L([)\,w];p), K).

Proof. Let ¢ = {(k) and let N = M + 1. Let 7 € [A+ Nr,w + N/@](f).
Observe that 7 is of the form o + x for a partition o if and only if all /
inequalities in the chain

TI—KL2>T2a— Ko 2> ...2Tg— Ky 2> Toql (9.1)

hold. (For instance if 7, < rkj for some k then since 7, — kr < 0 < Tp4q,
at least one inequality fails to hold.) Fix k& < ¢. Using the hypotheses
7P A+ Nk and 7 € w + Nk we have

k—1

k—1 k—1
ZTiSZwi—i-NZHi (9.2)
=1 =1 =1
k k k
ZTiZZ/\i—‘rNZHi (9.3)
=1 =1 =1

k+1 k+1 k+1

ZT,‘SZwi—i-NZHZ‘. (9.4)
=1 =1 =1
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Subtracting (9.2]) from (9.3) we get 7, > — Z 1 wg + Zle Ai + Nkj and

subtracting (9.3)) from (9.4) we get 711 < k+11 Wi — Zle Ai + NEgy1.
Subtracting these two equations in turn, to form the linear combination

—(9.4) +2(9.3) — (9.2), we get

k—1 k
Tk — Th+1 = —QZwZ‘ — Wk — Wi4+1 + 22)\1‘ -+ N(/ﬁ}k — /ﬁ;k+1). (9.5)
=1 =1

Recalling that M = N — 1, we deduce that
(Tk — Iik) — (Tk+1 — I<ck+1) > B + M(I‘&k — Kk+1) (96)

where B, = —2 Zl | Wi — W — Wiy + 2 Zle Ai. Note that if kK = ki1,
the inequality 7 — K > Tk4+1 — K41 holds simply because 7 is a partition.
Therefore by taking M > —By/(kr — kp41) for each k such that ki > ki1,
we deduce from that every inequality in the chain holds. Hence,
provided M > Ly,...,Ly, we may define ¢ = 7 — Kk, knowing that o is a
well-defined partition.

If p = £ then rather than M > L,, we have only the weaker hypothesis
that M > (Jw| — |A| — we)/ke. However, in this case £(\) < ¢, (1) < £ and
l(w) < ¢ and

J4 l -1 /—1
ZTZ Zﬁ 1> Z '+ZNﬁi)_(Zwi+ZN’%)
i=1 i=1 i=1 i=1

/-1
:Z)\i— wi—l—N/{g:’)\|—|bJ‘+UJg+Nl€g.
i=1 =1

Hence 1y > Ky, as we require, provided (N — 1)ky > |w| — |A\| — wg. Therefore
in the case p = ¢ we may replace L, with the weaker bound (|w|—|A|—w¢)/ ke,
and again o is a well-defined partition.

It remains to show that o € [\ + Mk, w + M/i]( P Since 7 A+ (M+1)k
we have EZ TP > Zl 1)\ +(M+1) ZZ | ki for each k € N. Therefore
Zle o; > Zi:l XNi+M Zi:l k; for each k € N, and hence o » A+ Mk. Very
similarly one shows that o € w+ Mk. Finally since 7 € [\ + Nk,w + Nk] (f)
we have /(1) < p, and since £(x) = ¢ < p, it follows that (o) < p. Therefore
oA+ Mrw+M /<;](< is a preimage of 7 under F' and since F' is injective,
it follows that F is bijective for M > L([A, ](f), K). g

We give one of the smallest examples in which the bound in Definition
and Proposition [9.3] is 2: see Examples [9.13] and [9.15] for cases where two
parts of k agree.

Example 9.4. We take A = (1,1,1), w = (3) and

K Routine cal-
culations show that the unsigned intervals [(1,1, 1), (3 ]

1)
» 35 ) (67 2, 1)]5‘7
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[(7,5,3),(9,4,2)]< and [(10,7,4),(12,6,3)]4 are as shown below

~—
—

(9,4, 2) (12,6,3)

5 o) 9.3,3)| |(254)

21 Vo dEazlo @20 LT3
411 Lot (8,4,3) (11,6,4)
” e (7,6,2) (10,8,3)

B (7,5,3) (10,7,4)

The elements not in the image of the map o AT (3,2,1) are high-
lighted. Setting P(M) = [(1,1,1) + M(3,2,1),(3) + M(3,2,1)]< we see
that F' : P(2) — PG is a bijection. Correspondingly, by Proposition
F : PM) — PM+1) g bijective provided M > L([(1,1,1),(3)]«, (3,2,1))
and the right-hand side is the maximum of max{g%g, g:‘ll =2
T =0.

and

9.2. Twisted intervals. We now extend Proposition [9.3] to the twisted
case. Recall from that for fixed ¢~ € Np, and partitions v, § of the
same size we defined the twisted interval [y, 0]« = {0 € Par(p) : v <o 9§},
where <0 is the ¢~-twisted dominance order. It is obvious that addition of
partitions preserves the dominance order. By conjugating partitions, the
same result holds for joining. Despite this, addition does not preserve the
¢~ -twisted dominance order. For instance, taking /~ = 1 we have

(1), (1)) = (2) 2 (1L, 1) «((2),2),
whereas after adding (1, 1),

((2),(2)) = (3, 1) 2 (2,2) = ((2), (1,1)).
The problem does not arise for addition of § when the partitions involved

are (E*, (6 ))—large, in the sense of Deﬁnition Moreover, joining is better
behaved. We establish this in a series of easy lemmas.

Lemma 9.5. Fiz ¢~ € Ny. Let o, v and 0 be partitions.
(i) If o is (€7,4(8))-large then (a4 6)” =~ and (a +6)* = ot +4.
(i) If L(y) < £~ then (aUy)” =a +7 and (aUy)" =at.

Proof. The most transparent proof uses Young diagrams. By hypothesis [«]
contains the boxes (i,7) for 1 < i < ¢(§) and 1 < j < £~. Hence addition
of § creates no new boxes in the first £~ columns of «. Similarly joining ~/
creates no new boxes outside the first £~ columns of a. O

Lemma 9.6. Let k=, k* be partitions. If a is a ({(k7),{(k"))-large parti-
tion then (a @ (k™ k%)) =a +r~ and (a® (k,5%))" =a® +r*. and

adding and joining to a are commuting operations.
Proof. This is immediate from Lemma O

In particular, if K € N and « is a (¢(k7),¢(x"))-large partition then
a® (K —1)(a,a*) is a partition having ¢~-decomposition K{(a~, at). We
use this remark in the proof of Lemma [13.21
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Lemma 9.7 (Twisted dominance order on large partitions is preserved by
adjoining). Let k=, k™ be partitions. Set {~ = {(k~). Suppose that o and
are ({(k7),4(k")) large. Then, working in the {~-twisted dominance order,
adB if and only if a® (k—, k") LB & (K, k7).

Proof. By Lemma [9.6] we have, taking A as either « or f3,

MA@ (k7 ,k%) =X +k (9.7)
(A& (k,5%))" = A" +&". (9.8)
Therefore it is equivalent to show that <a*,oﬁ> < <5*, B+> if an only if
<a‘ + Kk, ot + I€+> < <B‘ + k7,8 + /@+>, which is obvious. O

Lemma 9.8. Fiz (- € Ny and let {* € Ny. Let w be a ({~ + 1,0%)-large
partition. If m<w then m is (£~ + 1,0%)-large.

Proof. A partition §is (¢~ +1, ¢7)-large if and only if /(87) > ¢+. Therefore
l(w™) > ¢t and since 7 < w, Lemma implies that ¢(7t) > £*. O

Lemma 9.9. Fiz ¢~ € Ny and let £+ € Ny. Let A and w be partitions
such that w is (¢~ + 1,0%)-large. If m € [\, w]< then m is ({~,£")-large. In
particular X\ is (0, 01)-large.

Proof. This is immediate from Lemma |9.8|since if a partition is (£~ + 1, £7)-
large then it is (£, ¢")-large. O

The hypothesis in the previous lemma cannot be weakened to the appar-
ently more natural condition that w is (£~, ¢*)-large. For example, both (3, 2)
and (2,2,1) are (2, 2)-large, but the twisted interval [(3,2), (2,2, 1)]« for the
2-twisted dominance order contains (3,1,1) which is not (2,2)-large. See
Remark for one sign that the hypothesis in Lemma([9.9]is in fact the cor-
rect one. By Remark any partition can be made (¢(k~)+1,¢(k*))-large
by sufficiently many applications of the adjoining map A — A @ (K, k") so,
as usual, any ‘largeness’ assumption can be made without loss of generality.

The L bounds in the following proposition are defined in Definition [9.2
Remark explains the different notations for intervals in the dominance
order in the first two bounds in the lemma.

Proposition 9.10 (Partition Stability). Let k= and k™ be partitions. Set
(= =U(k7) and €+ = U(kT). Let w be a (¢~ + 1,£%)-large partition and let
A < w in the ¢~ -twisted dominance order. For each M € Ny, there is an
injective map of intervals for the ¢~ -twisted dominance order

<

Fi[Ae Mk, k)0 e Mk, 1))
— A M+ 1)) w e (M+1)(w 57

defined, using the ¢~ -decomposition, by F(o) = o ® (k~,k"%). This map is
bijective provided M > L where L is the maximum of

. L([)\*,w*](f_>,f(),

o L(\,wt + (M) = [w])a, 1),

o (wi 4wy —2X] +2|XF| = 2lw*|) /(k] — K3),
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o (max(¢(A), %) +|w | = X[ —w,) /K,
where the third is omitted if k] = k5 and the fourth is omitted if k= = &.
Proof. By hypothesis the partitions w ® M (k™ , k") and w® (M +1)(k~, k")
are (E* +1, €+)—large. Hence, by Lemma every partition in each twisted
interval is (f‘,é*)—large. By the ‘only if’ direction of Lemma it now
follows that the map F' on these twisted intervals preserves the £~ -twisted
dominance order. Hence the image of the left-hand twisted interval under F'
is contained in the right-hand twisted interval. Set N = M + 1 and suppose
that M satisfies the inequalities in the proposition. By Lemma and
Lemmaﬁwe have 7 € [A @ N(k™,x"),w & N(k~,x")] if and only if
(a) "+ Nk 47~ €4 w + Nk~

(b)(i) A"+ Nrt J7F 4+ (|)\+] + N|s*| — ’T+’) and |77 < |AT|+ N|kt|;

(b)(ii) 77 Qw* + N&* + (J7*] — |wt| = N|x*|) and |w*| + N|s*| < |[77].
It is easily seen that (b)(i) and (b)(ii) are equivalent to the two conditions
A+ Nt <7+ + (|| 4+ N|st| = |[7F]) Qwt + Ne* + (J]A*] = [w*]) and

W'+ N[sT| < |77 < [AT] + N|sT]. (9.9)
Note that by definition of the ¢~-decomposition (see Definition , A”
and w~ have at most ¢~ parts, where ¢~ = ¢(k~). Thus (a), (b)(i) and
(b)(ii) hold if and only if holds and
77 €N+ N&,w™ + Ne]’

and

™+ (M| + Nt = |77]) € [\ + Net,w' + Net 4+ (A1 — Jw'])]
By Proposition the map

A+ (N-1r 0 +(N=1)r7 ]’ = [\ +Ns",w +Nrlg’

defined by adding s~ is bijective if N —1 > L([A*,w’](ﬁ_), Kk~), as we have
assumed. Similarly, the map -
AT+ (N =Dr"w" + (N = 1" + (A = w)]<
— AT+ N w" + Ne™ 4 (|AT] - Jw'])]<
defined by adding £* is bijective if N —1 > L([A*,w* + (|]A*] — [w*])]«, £1),
again as we have assumed. Hence there exists unique partitions

oT €N +(N-Dr,w +(N-1s7]g’ (9.10)
such that 7~ =0~ + k= and
9 € AT+ (N = Drtwh + (N = Drt + (N = [w'])] (9.11)
such that
77+ (AT + N|&™| = |7%]) =90 + k™. (9.12)

The unique weight ¢t such that ot + kT =77 is

ot =9 — (A + N|x*| — |7]). (9.13)
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We shall show that o* is a partition, provided N is sufficiently large. Sup-
pose first of all that k] = 3. Then by (9.12), 91 —vV2 = i + (|AT|+ N || —
|7F]) — 75 > |AT|+ N|k*| — |77| and hence by (9.13)), o7 — 05 > 0, with no
condition on N. Now suppose that k] > k3. By (9.11]), we have
P — 9y =209 — (191 +192)
>2(A + (N = 1)&])
= (wf +wy + (N =1)(] +53) + (IX*] = [w]))
=2\ —wf —wy + (N = 1)(k] — k3) = [AT] + [w|

By (9.13),
of —o5 =1 —Jy — N[ = N|&"[+ |77

> U1 — g — AT + wT|

> 2\ —wi —wi + (N —1)(k] — K3) = 2|AF| 4+ 2|w?]
where the middle line follows from the first inequality in that |w™| +
N|k*| < |77| and the third line by substituting the expression for ¥, — 2
just found. Hence it suffices if
wi +wg — 22T + 2|2 — 2|wT|

Ri =Ky

which, setting M = N — 1, is the third condition.

We have now defined partitions ¢~ and ot such that, provided <0‘, 0+>
is a well-defined £~ -decomposition, the partition o defined by o« <a‘, a+>
satisfies 0 @ (k~, k") = 7. If £~ = 0 this is immediate, so we may assume
that /- > 1 and k" # &. We then require o,_ > {(o*). By (9.10) we have
0" 4w + (N —1)k". Define a weight ) by ¢; = o; for 1 < j < ¢~ and
Y- =0, +|w |+ (N = 1)[s~| — |o~|. After this equalization of sizes, we
have ¢ < w™ + (N — 1)x~. Since each side has at most ¢~ parts, it follows
from the dominance order that ¢,- > w,_ + (N — 1)k,_. Now using that
W+ (N =D~ = o] = [w [+ N|&~| = |77 < (Jw™ |+ N|&~]) = (A7 +
N|k~7]) = |w™| — |A7| we obtain

o >w,_ + (N =1k, —(lw|=[X7])
By (9.11) we have 9 > AT 4+ (N — 1)k*, and since ¢(k*) = ¢ we have
L(o") =L(¥) < max(€(AT),£1).

Therefore, comparing the two previous displayed equations, a sufficient con-
dition for o to be well-defined is

W (N =1k, = (Jw™| = [A7]) = max(£(A7), £7).

Rearranging and, as before, setting M = N — 1, this becomes the fourth
condition. (]

N-1>

This shows that twisted intervals for the ¢~-twisted dominance order,
defined for suitable large partitions, satisfy condition (i) in the definition of
a stable partition system (Definition for the map F' in Proposition
(Partition Stability). We remark that the example in §8.4] shows one case
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where the third bound, required in the middle part of the proof, is the only
bound that is tight and Example below shows that the most technical
fourth bound may also be the only bound that is tight.

9.3. Positions for tableau stability. We must now verify condition (b)
in the definition of a stable partition system (Definition . The critical
positions in tableaux are defined below. In this section, only the case where
px = @ is needed: the definition is used in full generality in below.

Definition 9.11. Let = and k" be partitions. Fix ¢~ = {(k~) and let
¢t =U(kT). Let p/ps be a skew partition. For 1 <r~ </~ and 1 < rt < /+,
(a) the r—-top position of p/py is (max(f(,@),ﬁ(u*),ﬁ, u;,ﬂ),T’),
(b) the r~-bottom position of p/p. is (k+r__ —k__ ,,7") where (k,r7)
is the r~-top position of p/ .
(c) the r*-left position of p/p. is (r*, ¢~ + max(a(u*),u:++1)),
(d) the r*-right position of ju/p. is (r*,k+ k[, — k[, ;) where (r, k) is
the r*-left position of /.

Note that if p,+ < £~ then ,u:;H = 0 and so the r*-left position of /4
is (r*,4~ 4+ a(py)) and is not contained in [p]. Similarly, if p, = @ and
uT = @ and k* = @ then since p~ has at most £~ parts, the £~ -top position
is (0,¢7). We therefore refer to ‘positions’ rather than ‘boxes’.

Example 9.12. Take v~ = (1,1) and k* = (2). The map F : Par —
Par in Proposition is defined by F(0) = 0 @ ((1,1),(2)) = o + (2) U
(2). The numbers in the diagrams below show the 1-top, 2-top and 1-
left positions in the partitions obtained from (2) and (1,1) by adjoining
according to F'. Following our usual convention, top positions, relevant to
the insertion of negative entries, are marked by bold numbers. For instance
the 2-top position is (1,2) in every partition.

1 (1/2 1/2 1/2

1 |1/2 1/2 1/2

Since k] = k5 the 1-top and 1-bottom positions coincide in every case. (We
shall see in Definition that this makes them irrelevant to our applica-
tion.) The 2-bottom and 1-right positions are indicated by lighter shading;
to reduce clutter, the number is not given, but can be inferred from the
column, for bottom positions, or the row, for right positions. For example
the 2-bottom position is (2, 2) in every partition. Since k5 —k3 =1-0=1,
the 2-bottom position is always one position below the 2-top position and
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since k] — k4 =2 — 0 = 2, the 1-right position is always two positions right
of the 1-left position.
For a further example in the general skew case, also showing the behaviour

when £(u*) > ¢(k"), see Example

9.4. The F insertion map on tableaux. We now show how these posi-
tions can be used to define a bijection between semistandard signed tableaux.
We admit the following results are technical, and so we give two substantial
examples. See also Example and for two earlier bijections; both can
now be seen to be instances of F.

Example 9.13. Consider the twisted intervals
PO = [(4,2) + (2M) U (2M), (3,2, 1) + (2M) U (2")] «.

for the 2-twisted dominance order. By Proposition (Partition Stability),
the map F : P(M) — P(M+1) defined by A — A @ ((1,1),(2)) is bijective
for M > 0. (Note that (3,2,1) is (3, 1)-large; the four bounds on M are
respectively M > -1, M > -1, M > —% and M > 0.) This gives a bijection
between the row and column labels of the matrices K (M) in condition (b)
of a stable partition system (Definition , as indicated below. We include
the set P(-1) = [(2), (1,1)]« below: even though (2) is not (3,1)-large, the
proof of Proposition still applies; the bounds on M are now M > 0,
M >0, M >0and M > 1, so the necessary restriction on M comes from
the technical final paragraph of the proof.

5 333 3¢ 2
D (3,2),)) 1 (43),3) (1 -
2), 1 -
<(i(1;2<1 1> o1 1 @@y 1 1 -
e (22,2 \2 1 1 (33, \2 1 1

The tableaux enumerated by the bottom left matrix entries of 1, 2 and 2
are shown below.

1271 . 1|20 1|
12 — [a]2

1 12

o 1]

1|2]1] 7 |12 1

11 L2

2 1|1

o 2

We saw in Example that the 2-top and 1-left positions of (3,2,1) are
both (1,2); these positions are shaded dark grey in all tableaux. Insertion
of in the two positions (2,1), (2,2) below the 2-top position, moving
each box in columns 1 and 2 one row down, gives a semistandard tableau.
Similarly insertion of into the positions (1,3), (1,4), right of the
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1-left position, moving each box in row 1 two columns right, again gives
a semistandard tableau. These operations commute. The inverse map is
defined by deleting|{1]2]and |1]1]from the 2-bottom and 1-right positions
in the (5,2,2,1)-tableau; these positions are again shaded and the newly
inserted boxes which should be deleted are hatched. We therefore have a
bijection

SSYT((3,2,1)) L SSYT((5,2,2,1))

((2,2),(2)) ((3,3),(4))°

This bijection establishes, via Lemma (Twisted Kostka Numbers), that
the bottom-left entries (e(22)h(2), 5(3,2,1)) and (e 3)h(), $(5.2,2,1)) of the sec-
ond two matrices above are equal. This bijection is generalized in Defini-
tion in general k, — k., rows of length r and x" — ;7 ; columns of
length r are inserted/deleted. This feature may be seen in this example:
for instance, since kK] = k5, there was no need to consider the 1-top and
1-bottom positions.

Generalizing this example, we now define the insertion map F in the
general skew case; this generality is needed later in the proof of Proposi-
tion Note that when o, = @ then the only hypothesis needed is
that o is (¢(k™),¢(x"))-large. Recall from Definition that YT (0 /o) is
the set of signed tableaux of shape o/o,; note the tableaux in YT (0/ a*)
are not necessarily semistandard.

Definition 9.14. Let £~ and " be partitions. Let /o, be a ({(k™) +
a(oy), £(k*))-large and (£(k7), £(p1.))-large skew partition. Define
F:8SYT(0/o.) = YT(o/ox ® (K, k"))
by performing (1) then (2) below:
(1) starting with = = 1 and finishing with r~ = /(x7), insert __ —
K,—, Dew rows each with entries —1,..., —r~, each with their right-
most box immediately below the r~-top position of o;
(2) starting with r* = 1 and finishing with r* = £(x"), insert s, —x [,
new columns each with entries 1,...,r", each with their bottom box
immediate right of the r*-left position of o.

Itk =k_
T

~—41 Or K = £, then there is nothing to do in that step.

The partitions £~ and k' will always be clear from context. It has to be
checked that F is well-defined (meaning that the insertions give a tableau
of skew partition shape), but as we shall see in Lemma this is not hard
to prove. Our aim, achieved in Proposition [9.19] is to show that

F SSYT(O’)(W_JJ,_) — SSYT(O' D (/{_, H+))(ﬂ_+ﬁ_’ﬂ_++ﬂ+).
is a well-defined bijection for ¢ and « suitable elements of a twisted interval
for the ¢(k~)-twisted dominance order. Example shows the special case
where 0 = (3,2,1) and ™ = ((2,2), (2)) < (4,2).
To help guide the reader through the remaining technicalities we give a
further ‘unsigned’ example below. This example, like many others in this
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paper, was created with the help of the Magma [2] code available as part
of the arXiv submission of this paper using TwistedIntervalInjectionM(
1, [3,3,11, [2,1,1] : q := [4], NSteps := 2); varying the param-
eters to [1,1]1, [2]1, [4,2], q := [3,2,1] gives the bijection in Exam-
ple[9.13

Example 9.15. Take k= = @, k™ = (3,3,1) so £~ = 0 and T = 3. By Defi-
nition L([(2,1,1),(4)]«, (3,3,1)) = 1; the only strictly positive quantity
coming from the case k = 2. (Note that we disregard the case k = 1 since
k1 = ka.) Therefore, by Proposition the F map adding (3,3,1) is an
injection
[(27171)7 (4)]51 [(5747 2)7 (77 3, 1)]S [(87773)7 (107672)]57

and the second map is a bijection. (We remark that Proposition could
also be used; the intervals are then interpreted for the 0-twisted dominance
order, which by Remark [6.8]is the usual dominance order on partitions, and
the additional bounds are, as expected, irrelevant.) Figure shows the

Kostka matrices (hgr,s,) for 7, o in each interval; and several features of
the F bijection

SSYT((7,3,1))

+(3,3,1) +(3,3,1)
—_— _—

f
(@,(:42) SSYT((10,6,2))

(2,(8,7,3))
establishing the equality <h(574’2)7 8(7’371)> = <h’(8,7,3)’ 8(10,6,2> of the bottom-

left matrix entries of 2.

9.5. Technical lemmas on positions. In the following lemma we use
L([)\,w](f), k) and L([A*,w* + (J]A*] — |w*])], k) 4, defined in Definition[9.2]
(See Remark [9.1] for the difference in notation.) We remark that the bounds
in the following lemma are the first, second and fourth from Proposition [9.10]
(Partition Stability), so whenever the conditions for this proposition hold, so
do the conditions for this lemma. Informally, given that Proposition [9.19]is
a corollary of the following lemma, we say ‘partition stability implies tableau
stability’.

Lemma 9.16. Let k= and k" be partitions. Set {~ = (k™) and (T =
(k™). Let X andw be (¢, £)-large partitions and let A Qw in the £~ -twisted
dominance order. Let L be the maximum of the twisted interval bounds

° L([A*,w*](ﬁi),/{),

o L% wr + (X = o] 5 i)

o (max(¢(AT), %) +|w™ | = A | —w, ) /K,

omitting the third if Kk~ = @. Let o and w be partitions in the interval

N @ Mk, 5"),we M, 5]

for the €~ -twisted dominance order such that o is ({=,0%)-large. Let t €
SSYT(0)(r~ nty- If M — 1> L then
(i) the r=-bottom position of t contains —r~ ifr~ <{~ and k__ >
(ii) of k= # & then the £~ -bottom position of t contains —{~;
(iii) if k= # & and K+ # & then the box ({7,£7) of t contains —(~;

KT*+17-
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FiGURE 9.1. Kostka matrices for the intervals [(2,1,1),(4)]«,
[(5,4,2),(7,3,1)]«, [(8,7,3),(10,6,2)]« labelled to show the bijec-
tion F between the two larger intervals defined by adding (3, 3,1). Observe
that while (7,3,1) = (4)+(3,3,1) and (5,4,2) = (2,1,1)+(3,3,1), we have
[SSYT((4)) 4 (2.91y)| = 1 ut [SSYT((7,3,1)) 5 (54| =2 50 in the step
from the first interval to the second we do not have tableau stability, in the
sense of Proposition [9.19] even if we consider only those partitions in the
image of the addition map. Below the matrices we show the 1-, 2- and 3-left
and 1-, 2- and 3-right position for the partitions (4),(7,3,1), (10,6, 2);
note the 1-left and 1-right positions coincide. At the bottom we show
the bijection F : SSYT((7,3,1)) , 5.4, — SSYT((10,6,2)) s 7,
defined by inserting two columns of length 2 immediately right of the
2-left position (2,1) and a single column of height 3 immediately right
of the 3-left position (3,0), using 2/3 and 3/2 to indicate the two boxes
that have a choice of entry. The shading and hatching conventions are as
Example 9.13] This gives a bijective proof of the equality of the bottom
left entries of 2 in the two larger matrices marked in bold.

(iv) the r*-right position of t contains r* if r* < £* and x', > /{;H.

(v) the £*-right position of t contains (*.

and ‘right’ with ‘left’, except that

(ii) if ot = & and k¥ = & then the £~ -top position is (0,07);

S8z a=a T Za=asa
T S SE58285
RS 1 T
1 1 - 1 1 -
1 - 10 1 - 10 1 -
11 - 2 1 1 1 2 1 1 1
2 1 1 1 0 1 0 1 10 1 0 1 -
21 2 1 11 21 2 1 11
L] [ TT] q T TT]
2 2
3_ 3
i i2pe g 2
2] 223 Pl PIRE
3| B

Moreover if M > L then the same results hold replacing ‘bottom’ with ‘top’

(iv) and (v) if o,+41 < €7, and so the r*-left position is (r*,0~), then it

contains a negative entry.

Proof. First note that, by Lemma we have ()\ &) M(/{*,fﬁ))’ =\ +
Mk~ and three further analogous equations replacing — with + or A with w.

We also record a key observation on where negative entries lie in ¢:
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(—) The negative entries of ¢ lie in the boxes in [a] where « is a subpar-

tition of o such that a(«) < ¢~ and |o| = |77|.

For (i), there is nothing to prove if k=~ = @. Let r~ < £~. Since o
is (€7, 4%)-large, we have o, > {*. Hence the r~-top position of ¢ is
(o —D r~). Suppose for a contradiction that this position has either a
positive entry, or some —s with —s > —r~ in the order in Definition
meaning that s > r. In either case, (—) implies that the total number of
entries of ¢ in the set {—1,...,—r"}isat most oy +---+0,_  +o0,_ 1 -1
(We suggest the reader refers to Figure |9.2] to see (— ) graphlcally it is also
helpful to note that o; = a;. for1 <5< E‘. See Figure for a reminder
of this notation.) On the other hand, ¢ has exactly 7] +--- + O o

such entries. Hence
r——1

ZO’ +o,_ Jrl>z:7r (9.14)
Using 7 B /\@M(/{ 1€+) and S0, by Lemma 6.74a), 7= » A\~ + Mr~ we
haveZ:J 1T >Z:J 1A —i—MZ] 1 K. Hence

r——1

ZO‘ +o, +1>Z)‘ +MZK, (9.15)

Since 0 € [A @ M(m‘,ﬁ*),w ® ]\J(K‘,Fﬁ)]Q we have 0 dw @ M(k™,k")
and so by Lemma (a)7 o~ 4w + Mk, we also have for each F,

k k k k k
DN AMY k<Y 0, <> wi + MY k. (9.16)
j=1 j=1 j=1 j:l j=1

Taking k£ = r~ in (9.15) and k =7~ + 1 in ) the right-hand inequality
and subtracting we get o, < >77_ 1 w; — Z 1 A; + Mk, Hence by
another use of the right-hand inequality in takmg k=r-—1,

r——1 r——1 —_1
Zaj‘—i-a <2Zw tw, o tw Z)\ —i—MZH + Mk e
= j=1 j=1 =1
Now and the previous inequality imply
r——1 r—
2 witw_ tw =23 A >Ms_—k_ ). (9.17)
j=1 —

Taking k = r~ in the definition of L([A~,w~]q ’, ) in Definition we
get 2277;1_1 w; +wp + Wy — 22;;1 Aj < M (i~ — Kp—11). This contra-
dicts . Hence, provided we have the first condition on M that M >
LA\, w ]“ ’,k7), (i) holds for top positions

The r~-bottom position, lies K- =K. boxes below the r~-top position.
Supposing similarly that it does not contain r~ we deduce that the total
number of entries of ¢ in the set {—1,...,—r"}is at most x_ —r __, plus
the left-hand side of (| - Running the same argument, using the same
inequalities (9.15) and (9.16) to obtain with x _ subtracted

_/ir_—‘r
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from the right hand side, which is therefore (M —1)(x,_ — £, ;). We then
get a contradiction as before from M —1 > L([A~,w % ', x7).

For (ii), we may assume that k= # &; then by Definition the ¢-
top position of p/pu, is (max(¢(o+),£+),£7). If o* = & then we are in the
exceptional case at the end of the statement of the lemma; otherwise, since
o is (07, €%)-large, this is a box of ¢t. Suppose for a contradiction that this

box does not contain —¢~. The analogue of (9.15) is

-1 I I
D oy +max(U(ot), £) > AN+ MDY ky = |AT[+ Mk |.
Jj=1 Jj=1 Jj=1

By

=1 -1 -1
Zaj’g ij*—}—MZm;:|w‘]—w2_—|—M|/<_|—M/£;_ (9.18)
j=1 j=1 j=1

obtained from the upper bound in we deduce |A7| —max({(cT), (1) <
lw™| —w,. — Mk,_. By Lemma since o B> A, we have ¢(o") < £(\T).
Therefore
Mr,- <|w™| = [\ —w, +max(£(A), 1), (9.19)

This contradicts the third bound in the statement of this lemma, namely
M > (max(¢(A*),0*) + |w™| = [\"| —w,_)/k,-. This proves (ii) for the
top position. The modifications for the £~-bottom position are precisely
analogous to (i), leading to with r,_ subtracted from the right-hand
side, and with M replaced by M — 1, as required.

Part (iii) follows from (ii) because the ¢~-top position is (k,¢~) where
k > ¢+, and since this position contains —¢~, so does position (¢, £~). This
argument is indicated in the caption to Figure[9.2

For (iv) and (v), we first note that if k¥ = & then there is nothing to
prove. Suppose that k™ # @. By (iii) we have

(+) The positive entries of ¢ in {1,2,...,¢"} lie either in boxes in the
first £~ columns of ¢ in rows strictly below row ¢*, or in boxes (i, j)
with 4 </t and j > ¢~.

This restrictions from (—) and (+) are shown diagrammatically in Figure[9.2}

By (+), there are exactly |o~|—|n~| positive entries in the first £~ columns

of t. Let »* < £ and suppose, as we may, that x.+ > r,.+,1. The r*-
left position of ¢ is (r*, ¢~ + o7 ). If o, | = 0 then (iii) implies that
this position contains a negative entry, as required in the exceptional cases
for left-positions. We may therefore assume that a;; 41 >0, so the rt-left
position is not in the first £~ columns of ¢. Suppose, for a contradiction, that
this position does not contain r*. The total number of entries of ¢ lying in
the set {1,...,7"} is then at most [0~ | = [7~ |+ o] +- -+ 0o +o5 | — 1.
On the other hand ¢ has exactly 7y +---+ ', | + 7', such entries. Hence

rt—1 rt
lo~| — |77 | + Z ol +ol, >Z7Ti+. (9.20)
i=1 i=1
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FIGURE 9.2. Entries in a tableau t € SSYT(0) (- »+) when o is (£7,£%)-
large showing the conditions (—) and (+) in the proof of Lemma[0.16] The
positive entries not in the first T rows lie in the regions marked +. Note
that by (iii) in Lemma the box in position (£7,£T) contains —¢~.
We have shown the case where £(c™) > T, and so the £~-top position is
(¢(c"),¢7) marked e. By part (i) of the lemma, when M is sufficiently
large, this position also contains ¢, and so the first (c") rows of ¢ are
equal in their first /= columns. The ¢~-bottom position is K, TOWS below
the £~-top position. Observe that since the £~ -top position is in row £(c™),
deleting a row of length ¢~ strictly below the ¢~ -top position and weakly
above the £~-bottom position preserves partition shape: this is relevant to
the bijection F defined in Definition

Now using 7>\ & M(k™,x") and so, by Lemma (b), w4 (A +
M|s*]) — |7T+|) > AT+ Mk™, we have

o - .
Doaf =Y N MY kF = M= M|+ |7 (9.21)
=1 =1 =1

In exactly the same way, since 0 B> XA @ M (k~, k'), we have, for each k > 1,
Dot =D N AMY K — X = M| + o7 (9.22)

and using 0 Sw® M (k~,k*) and so o+ Jw* + (|oF| — |w| = M|s*|) + MK,
we have

k k k
dof < wi+ MY kot - |wt| — M|k (9.23)
=1 =1 =1
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for each k. Taking k = r* in (9.22)) and k = r* +1 in (9.23)) and subtracting
(as before for the negative case) we get

rt4+1 rt

Oy S D wF = D N A Mepeay + V|~ o,
i=1 i=1

Hence
rt—1 rt—1 rt—1
E i+ 0411 < g w +M E k] + 0" — |w| — M|x™|
i=1 i=1 i=1
rt41 rt
+ + + + +
+ Z w; —Z)xl- +M/<T++1+\)\ | — Jw™]
i=1 i=1
rt—1 rt rt—1
— + + + _ + + +
=2 E wi Fwi Fwi E A+ M E K +Me
i=1 i=1 i=1

+lot |+ A = 2wt = MIsT

and so, writing A for the right-hand side above, (9.20) and (9.21)) imply

t t+
[m = lo |+ DA MY s — [N = MIsT[ + || < A
=1 i=1

We now rearrange and simplify using |0~ |+ |[o| = |77| + |7 "] to get
rt—1 rt
M(kh — k5, ) <2 wf+wf +wh | —2) N (9.24)

i=1 i=1
+ ot [+ 2T = 20wt = |7 [+ o7 — |7
rt—1 rt
=2 Z wi Fwh twl - 22:)\i+ + 2|2 = 2|wt.
i=1 i=1
(9.25)

But from the hypothesis M > L([A\*,w* + (|]A*] — |w*|)]a, x*) we have

O Tt bt w23 A Lo — 2wt
M > Zz—l [ rt ri_,_l_ - Zz_l 7 ‘ ’ ’ ’ (926)
Ko+ K’r""Jrl

Comparing with the previous inequality we get a contradiction. This proves
(iv) and (v) for left positions. The modifications for (iv) and (v) for right po-
sitions are precisely analogous to the negative case; the relevant quantity to
subtract from the left-hand side of is K7y — K, S0 we obtain
with M replaced by M — 1, as already seen twice before. This completes
the proof. O

For later use in the proof of Lemma we give the following lemma in
the general skew case.
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Lemma 9.17. Let k= and k™ be partitions. Set £~ = {(k™) and (T = (k7).
Let o /oy be a ((~+a(oy), (+)-large and (¢~ (o)) -large skew partition. The
r~-top position of o /oy is

{(a;_ﬂ,r‘) if rm < (-
(max(l(oy), £+, £(c*)), ) ifr-=4"

and the rt-left position of o is

(r*, O'T++1) if rt < £t
(£+, max(ﬁ’ + a(a*), O'€++1)) Zf rt =/t
Either o, = @ and ot = & and ¢ = 0 or all top positions are in row

max(£(o4),L(o%), ") of o or further below. All left positions are in column
0=+ a(oy) of o or further right.

Proof. Since o is (£, /(0.))-large, we have o, > {(0,). Since o is (£~ +
a(o,), (*)-large we have o, >{4"and £~ + 0, > +a(o.). Moreover, by

Remark we have 0, > {(0*). Summarising

o, > max({(o4),l(c"), L") (9.27)
o) >a(oy). (9.28)
By Definition [9.11} the r~-top position of o /0, is

(max(ﬁ(m),@(a*), ot a;,H), 7"’)
for each = < ¢~. The claim on the ¢~-top position is now immediate. If
r~ < £, then by (9.27), the maximum defining the row is at least o,_, and
so the position is (UT‘, Jrl,7“’), as required. This also proves the claim on
the rows of these positions. Again by Definition the r*-left position of
o/oy is
(r*, ¢ + max(a(oy), a:++1))
for r* < £, If r* < £*, then by (9.28)), the maximum is at least o,+ and so
the position is (r*, ¢~ + 0:++1), which is as required. If UZ++1 = 0 then the
column of the £*-left position is £~ + a(0y), as claimed, while if o, | >0
then op+ 1 =0~ + U;F_H and so
¢~ +max(a(ox), 0, ;) = max({” + a(oy), Op+11)

as required. This also proves the claim on the columns of these positions. [

Recall from Definitions and that YT (u/p.) is the set of signed
tableaux of shape /i, and SSYT*(1/ 1) is the subset of signed semistan-
dard tableaux of shape pi/ .

Lemma 9.18. Let k= and k* be partitions. Leto /o, be a (€(k™)+a(ox), ((kT))-
large and (0(k~),(04))-large skew partition.

(i) The map F : SSYT*(c/0,) — YT(o/ox ® (K7, k%)) is well-defined.

(i) If t € SSYT*(0/0,) has signed weight (n~,7*) then F(t) has signed
weight (7~ + k~, 7" + Kk*).
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Proof. For (i) we must check that the insertions preserve partition shape.
By Lemma [9.17] each r~-top position is immediately above a row of length
at most 7~ not meeting [o4]. (Note particularly that this holds when r— = ¢~
because the £~ -top position lies in row max(¢(oy),4(c"), £"), as remarked on
in the caption to Figure[9.2]) The definition of F in Definition specifies
that insertions are performed working from bottom to top, top positions
used for later insertions in (1) are not changed by earlier insertions in (1).
Therefore the column insertions are well-defined. By the claim on the rows
of the top positions in the lemma, the left positions are not changed by these
insertions. Therefore the insertions in (2) and (1) commute, and a similar
argument shows that the row insertions in (2) are well-defined. Hence F
is well-defined as required in (i). Part (ii) is obvious from the definition
of F. ]

9.6. Tableau stability. We now show that F is bijective in the case rel-
evant to our stable partition system. We later quote the main part of this
proof of the following lemma in the proof of the extension to the skew case in
Proposition [11.13] Since this extension has other details that are somewhat
fiddly, we do not attempt to continue the unified exposition. We remark
that, by Lemma the hypothesis that w is (E* + 1,£(/@+))—large implies
the same condition on .

Proposition 9.19 (Tableau Stability). Let k= and k™ be partitions. Set
(= =L(k7) and 0+ = {(k*). Let X be a partition and let w be a (£~+1,0(x7))-
large partition such that A<w. Let o and w be partitions in the twisted
interval
AN® Mk ,5"),we MrE ,s")]

for the £~ -twisted dominance order. Provided M is at least the maximum of

e L([A\,w]¢ ) k)

o L([At,wr + (IN] — [w])] 4 57)

o (max(¢(A"), %) + |w™| = A | —w,_) /K,
the map F is a well-defined bijection

F: SSYT(J)(W,mﬂ — SSYT (o @ (k™ /@*))(W,+R,7W++K+).

Proof. By Lemma the partitions A and o are both (¢~ + 1, ¢*)-large and
so (=, *)-large. Hence, by Lemmal[9.1§[i), the map F is well-defined. Fix a
semistandard signed tableau t € SSYT (U) ) By hypothesis the three
bounds on M required to apply Lemma @ all hold, and we have just seen
the required largeness conditions hold. Therefore we have properties (i), (ii),
(iii), (iv) and (v) in this lemma.

By (i) and (ii) for top positions, each of the k. — ., ; new rows of length
r~ < ¢~ with entries —1,...,—r are inserted below a row of ¢ having —r~
in column r~ and so having the same entries in its first 7~ positions. These
row insertions therefore preserve the semistandard condition for columns.

By (iv) and (v) for left positions, each new column of height r* < £*
with entries 1,...,r" is inserted to the right of a column having r* in row
r* and so having the same entries as the inserted column in its first r+
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positions, or as a new column ¢~ 4 1, immediately to the right of a column
having only negative entries. These column insertions therefore preserve the
semistandard condition.

It is clear that the overall effect of these insertions is to change the signed
weight of t from (7=, 7%) to (7~ + k=, 7" + k). Hence F has image in the
set SSYT(U P (n’,ﬁ*))(ﬂ7+,€77ﬂ++n+)) as claimed.

The map F is defined by inserting certain rows and columns into fixed
positions in a tableau, so is clearly injective.

To see that F is surjective, let u € SSYT (o & (ﬁ*,/e+))(ﬂ_+ﬁ_7ﬂ++ﬁ+).
Suppose that x _ > K1
row containing the r~-bottom position of u, and each of the k _ —

Then, by definition of the r~-top position, the

r—+1

rows weakly above it (including the row itself) has length »~. By (i) and
(ii) for bottom positions, the r~-bottom position in u contains r~; since
boxes in column r~ contain entries at least v~ in the order in Definition |3.7]
all entries in this column are r~. Therefore all k__ —r _ 41 rows have the
form —1,...,—r~. Deleting these rows and shifting the remaining boxes in
lower rows up gives a signed semistandard tableau because (as remarked
at the start of the proof of Lemma , by Lemma each r~-top
position is immediately above a row of length at most 7~ not meeting [oy].
Therefore this deletion undoes the insertion map in (1). Our assumption
thatk _ >k _ 1 Is now seen to be without loss of generality, since if equality
holds then no rows were inserted. The argument for right positions and
column deletion is very similar: if k7, > ', 41 then the column containing
the r*-right position of u and each of the k7, — k1, 1 columns weakly left of
it (including the column itself) has length »* and entries 1,...,r". Deleting
these columns undoes the insertion map in (2). (Here it is obvious that
deletion preserves the signed semistandard condition.) Hence F is surjective
and so bijective. O

9.7. Stable partition systems from twisted intervals. We summarise
this section in the following corollary. Recall that the first two bounds are
defined in Definition We remark that (as seen at the start of proof of
Proposition , the hypotheses below imply, via Lemma that A is
(¢~ + 1, ¢)-large; thus adjoining to A behaves as expected from Lemma
and we do no need an explicit hypothesis that A is suitably large.

Corollary 9.20. Let k=, k" be partitions. Set £~ = {(k~) and (T = {(k").
Let g = ex—h + for each m € Par. Let w be a (5_ + 1,6*)—1@7’96 partition
and let A< w in the £~ -twisted dominance order. Let L be the mazimum of
the quantities

. L([)ﬁ,cf]fﬂf(),

o L(AF,wh + (I = lwt)]a, s),
. (w{r +wy — 2] + 2|\ | — 2[w+])/(/ﬁ“ — K3 ),
o (max(¢(A), %) +|w | = A | —w,) /K

omitting the third if k{ = k4 and the fourth if k= = @. Let

PM) — [A@M(/{‘,/ﬁ),w EBM(/{_a“+)]<]



71

for each M € Ny. Then (PA)) yen, is a stable partition system with respect
to the map F : Par — Par defined by F(0) = c®(k™, k") and the symmetric
functions g.. The system is stable for M > L.

Proof. We check the two conditions in the definition of a stable partition sys-
tem in Definition The four bounds above give the hypotheses required
in Proposition (Partition Stability). Therefore condition (a) holds for
M > K. The hypotheses on M in Proposition (Tableau Stability) are
the first two bounds above and M > (Jw~|—w,_ +*—|A~|)/x,_, which is im-
plied by the fourth bound above. The condition that w is (¢~ 41, " +1)-large
holds by assumption. Hence [SSYT(0)(r~ »+)| = [SSYT(F(0))(r(x)-,F(x)+)
for all 7, o € P(M) provided M > K. By Lemmal5.3|(Twisted Kostka Num-
bers) it follows that (e~ hr+, 85) = (ep(m)-hp(r)+) SF(o)) for all m, o € P(M)
provided M > K. Therefore condition (b) holds for M > K. O

10. TWISTED WEIGHT BOUND FOR THEOREM [L.1]

To apply Corollary in the proofs of our two main theorems we need
an upper bound in the ¢~ -twisted dominance order on the constituents of
an arbitrary plethysm. For instance, in the overview in we implicitly
used (see Example the 1-twisted dominance order with the twisted
intervals [(6,2) & M ((1),(1)),(5,1,1,1) & M((1),(1))], arguing that if s\
is a constituent in s(3; a0 s(o) then A < (5,1,1,1) @ M((1),(1)). The
aim of this section is to prove Corollary which gives the upper bound
we use for Theorem En route we obtain Proposition [10.7] which is
of independent interest. We show in Example that, in the case of the
plethysm s(3 1 1m)05(2), Proposition specializes to give the upper bound
obtained earlier by ad-hoc arguments; Example shows the connection
between our upper bound and the extended example in §g]

10.1. Weight large skew partitions. There is an analogous technicality
to that pointed out before Definition about adjoining to partitions. Re-
call from Definition and Lemma that ¢,— (7/74) is the semistandard
tableau of shape 7/7, with greatest signed weight in the ¢~ -signed domi-
nance order. By Lemma [6.4] the signed weight (wy- (/7)™ ,wy- (7/7) ") of
to- (7/7%) is the £~-decomposition of a partition.

Definition 10.1. Fix ¢~ € Ny. Let 7/7, be a skew partition and let o be
the partition such that 7 has ¢~-decomposition (wy- (7/7)~, we- (7/7:)7).
Let a € Ng. We say 7/74 is

(a) (a,€")-weight large for ¢~ if o is (a, £T)-large,

(b) (¢=,£")-weight large if o is (£, ¢T)-large.

We state the definition in this form to emphasise the connection with
Definition When ¢~ > 1, the skew partition 7/7, is (£, ¢1)-weight large
if and only if part £~ of wy- (7/74)~ is at least £T, or equivalently, if and only
if t,- (7/7«) has at least £ entries of —¢~. This is the interpretation we need
most often.
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Example 10.2. From Example 4.5[ where /= = 2, we see that (6,4,4,1),
(6,4,4,1)/(1,1) and (6,4,4,1)/(2,1) are (2,¢")-weight large if and only if
¢t <3and (6,4,4,1)/(3,3) is (2, £*)-weight large if and only if /* < 2. This
is most easily seen using the final characterisation just mentioned: for exam-
ple the tableau ¢2((6,4,4,1)/(2,1)) shown in the margin evidently has three
entries of —2. It is easily checked from the other tableaux in Example
that (6,4,4,1) and (6,4,4,1)/(1,1) are (3, 3)-weight large for 2 because the
relevant partitions o in Definition have (3,3) as a box (or equivalently
the greatest tableaux both have 3 as an entry) but (6,4,4,1)/(2,1) is not,
because, as the marginal tableau shows, 3 is not an entry. Working directly
from the definition, we instead compute

(we-((6,4,4,1)/(2,1)) 7, wp-((6,4,4,1)/(2,1)) ") = ((4,3),(4,1)) < (6,3,2,1)
and note that (6,3,2,1) does not have a box in position (3,3). Thus
(6,4,4,1)/(2,1) is (2,3)-weight large and (3,2)-weight large for 2 but not
(3,3)-weight large. Note also that while (6,4,4,1)/(3,3) is not (2, 3)-weight
large, it is (2, 3)-large, since (6,4,4,1)3 =4 > 2.

We have just seen that ‘(¢~,¢")-large’ does not imply ‘(¢~,¢1)-weight
large’. The following lemma gives the complete picture.

Lemma 10.3. Let 7/7, be a skew partition.
(1) If T/7w is (0~ + a(7), £7)-large then 7/7, is (£, 0)-weight large.
(ii) If /7% is (0, 01)-weight large then T /7, is (¢~,€")-large
Moreover, if ., = & then the converses also hold.

Proof. For (i), by hypothesis [7]\[7] contains all the boxes (i, a(7/7y)+j) for
1<i</¢tand1<j </ . Asin the proofofLemma rows 1,2,..., 0"
of ty—(1/7%) begin [1[ 2] --- [¢=]. (These boxes form part of the heavy
marked region [a] in Figure [11.1}) Hence t,—(7/7,) has at least £ entries
of —¢~ and so 7/74 is (£, ¢ )-weight large. For (ii), we have just seen that
ty-(7/7%) has at least £ entries equal to —¢~. Hence there are at least £+
rows such that (7 — 7,); > £7. It easily follows that (¢*,¢7) € [r] and so
T/7y is (€7, €7)-large. Finally, if 7, = @ then a(7) = 0 and so (i) and (ii)
are opposite directions of the required implication. O

We also have the following remark, analogous to Remark

Remark 10.4. Fix partitions = and k™ and let ¢~ = £(k7), £+ = £(kT).
When k= # @, each application of the map 7/7 — 7/7% ® (K=, k") inserts
r,— new parts of length £7, and so increases the number of parts of length
at least ¢~ by at least x, . Therefore after [{(7y)/k, ] steps, the skew
partition obtained has (¢(74),¢”) as a box. On each subsequent step we
insert ,_ new boxes in column £ which in the greatest tableau all contain ¢~
Therefore the original skew partition 7/7, becomes (£, £*)-weight large after
at most [£(7)/k,_ | +[€*/k,_] steps. Each further step creates at least # .
new boxes containing ¢*. Therefore, when k* # @&, for any a € N, the
original skew partition 7/7, becomes (¢~ 4 a, £*)-weight large, meaning that
(¢*,0~ 4+ a) is a box of the partition corresponding to the signed weight of
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te- (T/Te® M (K, k")), after at most M = [{(r)/k,_ 1+ [C" /1 +[a/K]
steps.

By this remark, there is no loss of generality in assuming in all the results
below that the partitions involved are suitably weight large.

For example, take k= = (2,1,1), k™ = (1,1) and 7/7 = (1,1,1)/(1,1,1),
so that £~ = 3 and ¢t = 2. The tableaux in Figure show that three
applications of the adjoining map 7/7, — 7/7. & ((2,1,1), (1,1)) are neces-
sary and sufficient to obtain a (3,2)-weight large skew partition; this skew
partition is also (3, 3)-weight large. One further application gives a (3,4)-
weight large skew partition. As is typically the case, this beats the bound
in Remark which specifies [3/1] + [2/1] = 5 adjoinings.

I} (2,1,1,1,1) (3,23,13) (4,32,22,14) (5,4,3%,23,1%)
(2,2) ((5,1),2) (7,4,1),2) ((9,5,3),(1)) ((11,6,4),(2,1))
1]2] 1/2]3] 1[2[3][1] 1]2]3]1
1 1|12 1123 112312

- 1 AN T Y B 12 = 112

1 1]2 123 1123

1] 1 1|2 11213

o 1] 1] 1]2
1] 2! 1]

[1] i

FIGURE 10.1. The map /7, — 7/7. & ((2,1,1), (1,1)) applied repeatedly
to the skew partition (1,1,1)/(1,1,1), showing the tableaux tg((l, 1L,1)®
M((2, 1,1), (1, 1))) for M € {0,1,2,3,4}. The corresponding ‘weight’ parti-
tions ws ((1,1,1)®M ((2,1,1),(1,1))) and their 3-decompositions are shown
above the tableaux. In each subsequent step the weight partition grows by
6]9((27 1,1), (1, 1)); note that this is not the case until the weight partition
becomes (3, 2)-large, thus the technical nature of Remark

Finally we have the expected analogue of Lemma

Lemma 10.5. Let k= and &% be partitions. If 7/7 is a (€(k™),{(k"))-
weight large skew partition then

we- (T/7% @ (7, 67)) =wp-(7/7)” + K~
- (/7 ® (57, 51)) " = e (/1) + "

Proof. By Lemmal|10.3(ii) and Lemmawe have (7@ (k™, k%)) =7 4k~
and (7‘ @ (k™ /@*)) = 7% + k~. This implies the two equations. O

10.2. Bounding plethysms by greatest weights. If <a*,oﬁ> is an £~ -
decomposition then so is <nof, n0ﬁ> for any n € N. Therefore, by Lemma
the following definition is well posed.
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Definition 10.6. Let ¢~ € Ny and let n € Ny. Given a skew partition 7/74
we define wérf) (1/7%) to be the unique partition whose ¢~-decomposition is

n{we (7/7) we- (7/7)*)-

We give examples after the next proposition, which is the main result in
this section, giving an upper bound in the ¢~ -twisted dominance order on
the constituents of an arbitrary plethysm.

Proposition 10.7. Let (- € Ny. Let p be a partition of n and let 7/7, be a
skew partition. If sy is a constituent of s, o s,/ then m < wéﬁ (T/7%).

Proof. By Lemma [6.12 s, is a summand of e,—h .+ with multiplicity 1.
Hence, using Proposition (Plethystic Signed Kostka Numbers) for the
first equality below, we have

|PSSYT(p, T/T*)(N*Jr*)‘ = <67r*h7r+75p © 57-/7-*> > <S7T7 Sp © ST/T*> =1.

Let T € PSSYT(p, T/T*)(ﬂ_iﬂgr) and let ¢ be an inner 7/7,-tableau in 7. By
Lemma[t.4] (w- (7/7%) 7, wp- (7/74)*) is the greatest weight (in the (~-signed
dominance order on W,- x W defined in Definition of all signed weights
of 7/7,-tableaux. Thus, writing swt(¢) for the signed weight of ¢, we have

(swt(t) ", swt(t) ") < (wp- (7/7%) s we- (7/7)F)

where we regard either side as a composition, as in the definition of the
twisted dominance order in Definition Hence, summing over all inner
T /Te-tableaux in T', we have

<7r_, 7T+> < <nw5_ (T/7%) "y nwy— (T/T*)+>.

(Note that <7T_ , 7T+> is an £~ -decomposition simply because 7 is a partition.)
By definition of the £~ -twisted dominance order this inequality holds if and
(n)

) (1/74), as required. 0

only if r dw

By Remark Proposition also follows from a special case of
Corollary this alternative proof brings in many technicalities irrel-
evant to Theorem [I.I} and so we much prefer the proof above which is
self-contained to this section. We pause to give two examples.

Example 10.8. Fix ¢~ = 1. Take p = (3,1,1M) and 7/7. = (2). Then

t1((2)) =[1]1], and so wi((2)) = ((1),(1)). Hence
WM (2)) o (44 MY(1,1) = (4 + M), (44 M)) o (5+ M, 13TM),

and w§4+M)((2)) = (54 M,13*M). Note, as claimed at the start of this
section, that the right-hand side is the partition used as the upper bound in

§2.5| (see Example [6.15)).

Example 10.9. Fix ¢~ = 2. Taking p = 3+ M) and 7/7% = (4) in
Proposition [10.7] we obtain

SUPP 8(3401) © S(4) © {)\ € Par(12+4M): A <4 w§3+M)(4)}
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where < is the 2-twisted dominance order. Since t2((4)) = has

signed weight ((12), (2)) we have

w§3+M)((3 + M)) <—>(3 + M)<(12)’ (2)>

and so w£3+M)((3 + M)) = (8 +2M,2*™M) is an upper bound in the 2-

twisted dominance order for the constituents of the plethysm s ) 0 s34y
In particular, if s, appears in s34 1) 05(4) then £(0) < 3+ M, as used earlier
in Correspondingly, (8 +2M, 22tM) is the upper bound in the twisted
interval defining the stable partition system P() used through see
for the twisted interval interpretation.

The following corollary is used shortly in Lemma to verify condi-
tion (i) in the Signed Weight Lemma (Lemma [7.3)).

Corollary 10.10 (Inner Twisted Weight Bound). Let k= and k% be parti-
tions. Fiz £~ = U(k™) and let £ = €(kT). Let p be a partition of n and let
i/ s be an (0, 0%)-weight large skew partition. If sy is a constituent of the
plethysm s, 08,1, @M(r—x+) then
o< wéf) (u/ps) ®nM (K™, KT).
Proof. By Proposition taking 7/7% = p/px ® M (5™, k") we have
aﬁlwé?)(u/u*@M(n*,ﬁ;*)) (10.1)
Since p/py is (€7, €7)-weight large, by Lemma we have

we- (/1 ® M (57, 5%)) = (- (/1) ™ + ME wpe (/pa)~ + MK")

and so
wp? (e ® M (5™, 5%)) = W™ (/1) © nM (5™, ).
Therefore ((10.1]) is equivalent to o < wéﬁ) (/1) @nM (k™ k1), O

This result should be compared to Corollary [13.22] which gives a more
sophisticated bound used in the proof of Theorem

11. PrROOF OF THEOREM [I.1]

We begin in by proving the second part of this theorem where
the stable multiplicity is zero. We then use the Signed Weight Lemma
(Lemma to prove the remaining part of the theorem. In §11.2| we con-
struct a suitable stable partition system. In §11.5| we construct a bijection
satisfying (ii) in the Signed Weight Lemma. Finally in We put together
all the pieces proving Theorem which restates Theorem with an

explicit bound.



76 ROWENA PAGET AND MARK WILDON

11.1. The vanishing case of Theorem We require the following
statistic. Recall that </\‘, )\+> denotes the ¢~-decomposition of a partition A,
as defined in Definition

Definition 11.1. Let (k~,x%) and (n~,n") be signed weights. Set ¢~ =
max(¢(n~),¢(k~)). Let A and w be partitions of the same size. We define
LZ([)\, wla, (7, k%), (17, 77*)) to be the minimum of the quantities

. Wi~ e A
PRRED SR
. W+ S W = A = N
Ry BV
taken in each case over those k for which the denominator is strictly positive;
if there are no such k, we leave LZ([A, w]«, (7, k%), (17, n*)) undefined.

If, as in the first case of Theorem we have (n~,n")4 (K, k") in the
¢~ -signed dominance order (see Definition , then it immediately follows
from the definition of this order that LZ([)\, wla, (K, 6%), (07, 77*)) is defined
for any partitions A and w.

In the following proposition we prove a generalization of the final part of
Theorem [1.1] with an explicit bound from Definition Recall from Def-
inition that wé?) (14/ 11y) is the unique partition whose ¢~ -decomposition
is n{wy- (7/7) 7, we- (7/7) ), where (wy- (7/7:) ", we- (7/7%) ") is the signed
weight of the £~-greatest tableau: see Definition 4.3 and Lemma [4.4, See
Definitions [3.1] and [10.1] for the definitions of ‘large’ and ‘weight large’.

Proposition 11.2. Let k= and k't be partitions. Let {~ = {(k~), Let n~ and
n*t be partitions with £(n~) < £~. Let £* = max({(k"),4(n")) and let p/p
be an (€, 0")-weight large skew partition. Let A be a (¢~,0%)-large partition.
For each M € Ny, let v™) be a partition of n. If (n~,n*) < (k~, k") then

<SV(M> O S/ ®M (K K5T)> 8A@nM(?7in*)> =0
for all
M > LZ(A 0™ (/) e, (57,65, (7, 17)) /n.

Proof. By Corollary [10.10, applied with p = (M) if s, is a constituent
of the plethysm s, ©5,/,, @ M(x-«+) then o< wé?) (/ps) ®nM (K=, k7).
Therefore, by Definition [10.6|and the definition of the ¢~ -twisted dominance
order (see Definition we have

(07,0 (i (/1) @ (/i) ) +0M(x™6%)  (1L1)
in the ¢~-signed dominance order (see Definition [{.1). Since X is (¢7,£%)-
large and ¢(n~) < ¢~ and ¢(n*) < £* by hypothesis, we may apply Lemma
to get that the /~-decomposition of A & nM(n~,n") is <)\* +nMn, AT +
nMn*). We now substitute (A=, A\*) + nM(n~,n*) for (¢7,0") in to
obtain the inequality

A AT +nM (0, n") Snfwe (0/pe) s we- (/i) ") +nM (7, 5%) (11.2)
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Thus, by Lemma [6.7(a), we have, for each k < ¢~,

k k k k
SN HAMY 7 <Y nwyp (/)7 +nM Y K
i=1 i=1 i=1 i=1
and so

HM(Zm—Z ) ane (1/pe); Z/\*

=1

Hence, if Zizl n; > Zi:l k; then nlM is at most the relevant bound from
the first case of Definition The proof for the second family of bounds

is very closely analogous: by (11.2) and Lemma (b) we obtain
k k
NI+HD N MY nf
i=1 i=1

k k
< nfop- (/i) 1+ Y nwe- (p/pe)f +nM Yy ki +nM (In*| = |x7)
=1 =1

and so using [n*| — |kT| = —|n~| 4+ |x~| we have
k k
M (Y - )
i=1 ;

< nlwe- (/i) \+ane (/)i = [N~ !—ZW

=1

showing that nM is at most the relevant bound from the second case of
Definition I1.11 O

11.2. Stable partition system for Theorem The stable partition
system we require to prove the main part of Theorem again comes from

Corollary [10.10

Lemma 11.3. Let k= and k* be partitions. Set £~ = {(k™) and £+ = ((k™T).
Let p be a partition of n and let u/pys be an (£~ + 1,07)-weight large for £~
skew partition. Let A be a partition of n|u/ps| such that X\ < w( (1] )
where <4 is the £~ -twisted dominance order. Let

P(M) = [)\ ©® TLM(K,_, ﬁ*),wéqf) (M/M*) 2] nM(KJ_a KJ+)]§’

Then (P yren, is a stable partition system for the symmetric functions
Gr = €x—hgy+. Moreover, if 1 € PM) and s, is a summand of er_h+
appearing in the plethysm s, 08,/ am(x— x+) then o € PM),

Proof. By the hypothesis that p/puy is (¢~ +1, £7)-weight large for £~ the par-

tition wy— (p1/ps) is (€~ 4 1,£%)-large (see Definition [10.1)) and so w( (1] pxe)
is also (£~ + 1,¢")-large. We therefore may apply Corollary - to deduce
that the partition system is stable. For the ﬁnal clalm by Lemma [6.12
we have o > w. By Corollary m we have o < w (u/,u*) SnM(k™, k).
Hence o € P(M). O
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11.3. Positions for plethystic tableaux: motivating example. The
aim in the next three subsections is to prove Proposition the plethys-
tic analogue of Proposition (Tableau Stability), using the map G on
plethystic semistandard signed tableaux defined in Definition We be-
gin with a motivating example that gives a good idea how to define G using
the earlier map F on semistandard tableaux from Definition We use
this example throughout this section.

Example 11.4. The special case of Theoremtaking v=1(2), n=12,2),
e =2, (k7,67) = ((1,1),(1)) and XA = (8 — b,b) with b € {2,3,4} is that

(8(2) © 8(24M,2,2M)» S(8—b+2M,b,22M)) (11.3)

is ultimately constant. In our proof using the Signed Weight Lemma (Lemma
7.3) we must verify condition (ii), that

[PSSYT((2), (2 + M, 2,2™) (2120124 200) (6-b+201,0-2) | (11.4)

is constant for all M sufficiently large. (Here ((2 4 2M,2+ 2M),(6 — b+
2M,b — 2)) is the 2-decomposition of (8 — b,b) & 2M ((1,1), (1)): see Defi-
nition ) In any plethystic semistandard tableau of signed weight
(24 2M,2+4 2M),(6 — b+ 2M,b — 2)), the inner tableaux s and ¢ have
2 + 2M entries of 1 and 2 and 6 — b 4+ 2M entries of 1 between them. By
the signed semistandard condition in Definition the entries of 1 and 2
lie in the first two columns. Thus when M is large, both s and ¢t have the

form

1,2
1,2

where the two shaded regions in the bottom 2 rows and rightmost 2 columns
are marked with the possible entries. (As ever negative entries may be
repeated in a column, and positive entries repeated in row.) Clearly, almost
all the entries of ¢t and w are determined by their weight. In particular both
s and t are obtained from a tableau for the case M — 1 by inserting
as a new complete second row and as a new complete third column.
By Definition the 2-top and 1-left positions of (2 4+ M,2™) are both
(1,2). Thus these insertions are exactly as specified by the map F from
Definition We have shown that provided M is sufficiently large, the
map

L5t ] —[F&[F0)]
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is surjective (with inverse defined by deleting the hatched boxes and per-
forming suitable shifts) and so the cardinality in is ultimately con-
stant. In fact F(s) and F(t) are semistandard provided that the 2-top
positions of both s and ¢ both contain —2. As we show in Example
using Lemma [11.7] in the following subsection, this holds provided M >
max(3,b + 2),

11.4. Lemma on positions for plethystic tableaux. The critical posi-
tions are defined in Definition [0.17] and were seen in the non-skew case in
the previous subsection. To remind the reader of the general definition we
begin with an example in the skew case.

Example 11.5. We take k= = (2,1) and x* = (1,1) so £~ = (T = 2,
Let u/pe = (7,6,3,1)/(4,3,1). The diagrams below show the 1-left, 2-
left, 1-top and 2-top positions in the partitions /s & M (k~, k") for M €
{0,1,2}. Following our usual convention, top positions, relevant to the in-
sertion of negative entries, are marked by bold numbers. The skew partition
w/ s is (a(ps) + €7, €7)-large as it contains (2,6), and (£, €(u.))-large as
it contains (3,2); all these positions are contained within [u]. Moreover,
also as promised by Lemma the top positions are no higher than
row max(l(p.),(u*),¢T) and left positions are no further left than col-
umn ¢~ + a(ps). The relevant boxes (2,6) and (3,2) are hatched, as in

Figure [T1.1]

1

We remark that if we changed u, = (4,3,1) to (a) with a € {0,1,2,3,4}
then the 1-top and 2-top positions remain unchanged, because they always
lie in rows weakly below max(€(u), ¢, ¢(n")), and this statistic remains 3
since u* = (5,4,1). The 1-left position is also unchanged, but the 2-left
position is now (2, ¢~ + max(a, u)) = (2,2 + max(a, 1)) which is (2,3) if
and only if a < 1. Note that in this case it is possible to insert a column of
height 2 immediately right of column 3, and the entries of this column must
be positive.

Definition 11.6. Let «, p and A be partitions. Let A € Ny. We define
LP (n, Ak A) to be 0if Kk = @ and otherwise to be the maximum of

n Zle i — Zf:l Ai — pi + max (A, pg11)
R — Ri+1

for 1 < k < {(k), omitting any expressions with zero denominator.
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The following lemma is the analogue of Lemma [9.16f The statement,
apart from the change of bounds, is very similar, but the proof is somewhat
easier, apart from some technicalities arising from the skew case, because the
shape is known to be pu/p, ® M (K™, k"), rather than an arbitrary partition
in an interval for the £~-twisted dominance order. The relevant positions
are defined in Definition [0.111

Lemma 11.7. Let k= ,k" be partitions. Set = = €(k~) and £+ = L(kT).
Let p/px be an (€7 + a(py), €7)-large and (07, €(p))-large skew partition.
Let X\ and w be (¢, 0%)-large partitions of n|u/ps|. Let
TeXonM(k™, k"), w®nM(k,&")] .

LetT € PSSYT (p, i/ M (5™, I€+))(ﬂ_77ﬂ,+) andlett be a p/p M (K™, Kk™)-
inner tableau of T'. Let L be the mazximum of

o LP(n, i/ : A=, 5™ : max((ps), £(pt), 1))

o LP(n,p: A kY s a(pe) +£7) + [AF] = Jwt].
If M —1 > L then

(i) the r~-bottom position of t contains —r~ ifr~ < £~ and Kk _ > K

(ii) the £~ -bottom position of t contains —€~; m
(iil) if k= # O and either k™ # & or u, # @ or u*t # & then the box
(max(€(e), £(u*), %), £7) of t contains a negative entry;
(iv) the r*-right position of t contains r* if r* < L% and v}, > &
(v) the £*-right position of t contains (*.
Moreover if M > L then the same results hold replacing ‘bottom’ with ‘top
and ‘right’ with ‘left’, except that
(i) if pe = @ and k* = @ and p*t = @ then the £~ -top position is (0,£);
(iv) and (v) if pp+ 41 < € +a(ps) and so the v -left-position is (r*, 0~ +
a(fix)), then it may contain —(~.

+ .
rt417

)

Proof. Since 1 is (€= + a(u), *)-large, it is (¢~,€*)-large. Therefore, by
Lemma. we have (u® M (k~, k%)) = p +Mr~and (u®M(k, k")) =
ut + Mk*. For use throughout the proof we define a subpartition « of
uw @ M(k™, k") containing p, by

a; =min(pe; + 07, ;) for 1 <i < l(p) + Ma(k™). (11.5)
Thus [/ ] consists of the first £~ boxes in each row of pu/u, @ M (K™, k™), or
the whole row if it has fewer than £~ boxes. We show [a/p] in Figure [11.1]
As a final preliminary, for ease of reference, we record the following imme-

diate corollary of Lemma the r~-top position of p/pus & M(k™, k")
is

(Whoq + Mr_,77) if r- <0 (11.6)

(max(C(ps), (), 7)), 67)  ifr- =0 '
and the r*-left position of p/pe & M (K™, k") is

(r*,ur++1 + M/ﬁ:++1) if rt < £t (11.7)

(07, max(€™ + a(pe), per41)) i+ = L7 ‘
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[O‘/N*]

[7/ 1] —

FIGURE 11.1. Entries in a tableau ¢ € SSYT (11/p @M(/ﬁ,/{*))(ﬂ,,ﬂ)
when p/py is (07 + a(u/py), €4)-large and (7, £(py))-large, and so con-
tains the hatched boxes. The case ¢(u/ps) > £(p*) > £+, in which the
skew part of the partition is most important in determining the quantity
max(£(py), £(uT), £7) defining the row of the £~-top position is shown. The
heavy lines show the region [ /] defined in that contains all nega-
tive entries of ¢ in the proof of Lemma [I1.7{i). It contains the region [7//1.]

shaded in blue which contains all entries of {—1,...,—r~}, under the as-
sumption in this part of the proof that the r~-top position marked e does
not have —r~. In the figure we have taken r— = 2.

For (i), we have r~ < £~ so may suppose k= # &. If s is an arbitrary
/i ®M (K™, k)-inner tableau in 7" then the total number of entries of s in

the set {—1,...,—r"} is at most Z;;l s + MZ;;I ri; . To simplify some

arithmetic steps later, we write this quantity as D~ + p/_ + Mk __ where

T

r——1 r——1

D = pj+M> & (11.8)
=1 i=1

is (as we have just seen) an upper bound on the number of entries of s
in {-1,...,—(r— —1)}. By (11.6) the r~-top position of s is (u;_Jrl +
Mﬁ;ﬂrl, r’). We assume, for a contradiction, that, in some tableau ¢ in T,
this position has either a positive entry, or some —q with —g > —r~ in the
order in Definition meaning that ¢ > r~. Define a subpartition 7 of «
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by
o min(ps; + 77, 1) fl<i<wp ., +Ms__, (11.9)
i = . o :
min(pe +77 = L) ifi>p o+ Me— .

Thus [7/ ] consists of the first »~ boxes in each row of p/p, ® M (k~, k™), or
the whole row if it has fewer than r~ boxes, except that the boxes of u /., at
or below the r~-top position known, by our assumption, not to contain —r—,
are excluded. By construction 7 contains u, and, by our assumption, all the
entries of ¢ in {—1,...,—r"} are contained in [r]. (This is the blue shaded
region in Figure ) Hence using , the total number of entries of ¢ in
the set {—1,..., =7~} is strictly less than D™+, + Mk ;. Then—1
tableaux other than ¢ forming 7" have at most (n — 1)D~ + (n — 1)(p/_ +
Mﬁ;,) entries in {—1,...,—r"}. Therefore T has strictly less than

(n=1)D" +(n =) (.- +M~__)+ D" +py +Mr_ |

T r
= HZ/L; — - +nMZm; — Mk __ —i-u;ﬂrl + Mk,
j=1 J=1
(11.10)

entries in the set {—1,..., —r~}. On the other hand, as 7 &> A & nM (K, k"),
and X is (¢-,¢*) large, it follows from Lemma [6.7(a) and Lemma that
there are at least

T rT
SN +nMY Ky (11.11)
j=1 J=1

entries of ¢ in {—1,...,—r"}. From (11.10) and (11.11)) we obtain
T r
Ny = e = YA > M (s — k), (11.12)
J=1 j=1

This contradicts the first bound. Therefore (i) holds for top positions. For
bottom positions we mimic the proof of Lemma [9.16] and run the same ar-
gument, replacing each ., with pi | +#&__ —k__ , and obtain
with K _ — K _ 41 subtracted from the right-hand side, which therefore be-
comes (M —1)(k__ — We then get a contradiction as before from
the first bound.

For (ii), we may again suppose £~ # &; then by the ¢~-top position
of t is (max((py), £(p*),£*), 7). We may suppose that either p, # @ or
K~ # @ or ut # &, so that this is a box of p/pu,. The proof is then almost
identical to (i) using to replace every appearance of pu/ _ 4, in the
argument for (i) with max(€(pu),¢(u"),£*). This also proves (iii), since the
hypotheses for (iii) imply that (max(€(), €(u*),€*),€7) is a box of p/p*.

Comparing and for r— < £~ and r* < ¢t we see that they
are symmetric with respect to conjugation. While a further non-symmetric
change is necessary later on, this indicates the most conceptual way to

Ky y1):
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prove (iv). Read the proof of (i), replacing u/ with p and k= with s*.
Thus the subpartition 7 is now defined by
o min(p; + 77, py) 1<) <pprqpr+Mr
J min(peg +r = 1) i >l + ML
and the analogue of ((11.10)) is that there are strictly less than

—+ +

nZuj—ur+ +nMZ/<;;T—M/£;’++uT++1+M/<;:++1 (11.13)

i=1 i=1
entries of ¢ in {1,...,r"}. The only non-symmetric change is that from
T X @ nM(k™, k") and Lemma [6.7)(b) we now get
7+ (AN + nM|&"| = |7t]) 2 AT+ nMk*

where |77| < |[A*| + nM|kT|. We must therefore bring in the upper bound
T<dw®nM(k™, k") to get, again by Lemma [6.7(b), [7F| > |w*| + nM|x*|.
Hence
N[+ nM|s*| = 7| < (N +nM|s*]) = (Jo*| +nM]s"]) = X = o]
The replacement for (11.11f) is therefore that there are at least

- _
SN MY = A+ |wt] (11.14)
i=1 i=1

entries of ¢ in {1,...,r"}. From and we get

/l"+ 7'+
0> i = ek g — 3N+ M = Jwt| > M(kE, — w1, ). (11.15)
1=1 i=1

This contradicts the second bound. The modifications for right positions are
precisely analogous to the negative case; the relevant quantity to subtract
from the right-hand side of is k7 — K, and as before we get a
contradiction from the second bound.

For (v) we first note that, by (L1.7)), the £*-left position of ¢ is (¢*, max({~+
alfin), gt 1)) Since g is (07 + alp), £*)-large, we have (u — f)p+ >
0= + a(py) — pye+ > €. Therefore if this position contains a negative en-
try, equality holds and the entry is —¢~. In the remaining case, and for
the ¢*-right position, the proof of (iv) adapts routinely. This completes the
proof. O

Example 11.8. Take p = (2,2), pe = @, (k7,67) = ((1,1),(1)) and
A= (8=1b,b0)«((2,2),(6 —bb—2)) with b € {2,3,4} and n = 2 as in
Example Since w2((2,2)) = ((2,2),9) is the signed weight of the
2-greatest semistandard signed tableau 752((27 2)) shown in the margin, we
have

W57 ((2,2) =2((2,2),2) = ((4,4),2)

and so we take w = (2,2,2,2). Since k] = k5, the important cases of
Lemma are (ii) and (v). We saw in Example that the 2-top posi-
tion and 1-left position are both (1,2), and so the 2-bottom position is (2, 2)

N
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and the 1-right position is (1,3). From (ii) we get that the 2-bottom posi-
tion (1,2) contains 2 in every (2 + M,2,2M)-tableau entry in a plethystic
semistandard signed tableau of outer shape (2) provided
2(24+2)—(242)—24max(1,0)
1-0

(Note that (ii) was proved using only the first bound in the statement of
Lemma [11.7}) From (v), using that |A"| = 4 and |w*| = 0, we get that the
L-right position (1, 3) contains 1 in every (2 + 2M, 2, 2M)-tableau entry in a
plethystic semistandard signed tableau of outer shape (2) provided

M —1>LP(2,(2,2):(2,2),(1,1):1) = =3.

M—1>LP(2,(2,2) :(6—bb-2),(1):2)+4—0
:2.2—(6—6)—12+max(2,2)+4:b—i1—2

(Again note that (v) was proved using only the second bound in the state-
ment of Lemmal[l1.7]) Therefore provided M —1 > max(3,b+2) the hatched
boxes in the diagram in Example contain and and the inser-
tion map from plethystic semistandard signed tableaux defined for M to
plethystic semistandard signed tableaux defined for M 4+ 1 is surjective for
M > max(3,b+ 2), as stated in Example The table below shows the
number of plethystic semistandard signed tableaux of outer shape (2), inner
shape (2+ M, 2,2M) and signed weight ((2+2M,2+2M), (6—b+2M,b—2))
as in and the limiting values of (3(2) O S(24M,2,2M)5 8(8_b+2M’b722M)> as
in (11.3)), for each 0 < M < 3 and b € {2,3,4}.

=b+2.

b M=0 M=1 M=2 M=3 ((14) (IL3) b+2 max(3,b—2)

2 1 1 1 1 1 0 4 3
3 4 ) 5 5 5 0 5 3
4 10 19 20 20 20 1 6 3

1[1]

2[2]

e
—IN|N| DN

e
—IN|N| DN

As expected the values are constant for M > max(3,b + 2). For example,
taking M = 2, the plethystic semistandard signed tableau in the margin
is the unique element of PSSYT((2), (4,2, 2, 2))(676)’(6?2) having 2 in the 1-
right box (1,3) of an inner (4, 2,2, 2)-tableau entry, and so not in the image
of the insertion map from the 19 plethystic tableaux for M = 1 to the 20
plethystic tableaux for M = 2. The insertion map is then surjective at
each subsequent step. The final column in the table above is relevant to

Example below.

11.5. The G insertion map on plethystic tableaux. We now define
the plethystic extension of the insertion map F in Definition Recall
from after Definition that PYT(p, 1u/p«) denotes the set of plethystic
signed tableaux of shape p having entries from the set YT (u/u.) of all
signed tableaux of shape u/p.. Given a plethystic signed tableau T €
PYT(p, pu/ps), we define its conjugate T' € PYT(p', /1) by T'(i,j) =
T(j,i) for (i,j) € [p]. Note that the conjugation is defined with respect
to the outer Young diagram [p]; it does not change the shape of the inner
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tableaux of T. The map F on signed semistandard tableaux is defined in

Definition [0.14]

Definition 11.9. Let x~ and x* be partitions. Let p/pu, be a (€(k~) +
a(pe), £(k*))-large and (£(k7), £(p))-large skew partition. Let p be a par-
tition. Let pl = p if |x~| is even and let p! = p' if |x~| is odd. We define

G : PSSYT(p, u/px) = PYT (o1, 1/ 1 © (57, 1Y)

by applying F to each inner pu/u.-tableau entry of T € PSSYT(p, u/ pix)
to obtain U € PYT(p, u/ps ® (k7,&%)). If |s7| is even then we define
G(T) =Us; if |k~| is odd then we define G(T') = U".

By Lemma[9.1§[i), using the largeness hypotheses on /i, the map G is
well-defined.

The following example is relevant to the special case of Theorem tak-
ing v = (n), p = (m), (k7,67) = ((1),9), that (S(n)(M) © S(m, 1M SxL (17M))
is ultimately constant for any partition A of mn, where (n)M) = (n) if M
is even and (n)M) = (1) if M is odd. In fact, as we mentioned in the
discussion of Theorem 1.1 in [§] in provided £(\) > n, the plethysm
coefficient is constant for all M € Ny. Correspondingly, one can check that
G : PSSYT((n), (m, 1")) \- y+) = PYT((1"), (m, 1**)) is a bijection onto
PSSYT((1"), (m, 1M*1)) = 4 () a5)-

Example 11.10. We take p = (13), u = (4) and A = (8,3,1). Take
¢~ =1 and note that A has 1-decomposition ((3),(7,2)). The map G :
PSSYT((1%),(4)) — PSSYT((3),(4,1)) in Definition for (k=, k") =
((1),2) is shown below on both elements of PSSYT((1?), (4))((3)’(772)):

G |[aqafafa]|[afa]2]2]|[a]1]1]2]

L] G o |[afafafa]|[afa]a]a]|[a]1]2]2]

SR 1 1 '
As expected from the fact that G is a bijection onto PSSYT((3),(4,1)),
the image is PSSYT((3), (4, 1))((6)7(772)). Note that the conjugation in the
outer shape is essential: in each plethystic tableau there is a repeated inner
tableau, and this is permitted because each has sign —1 in the plethystic

tableau of outer shape (13) and each has sign +1 in the plethystic tableaux
of outer shape (3). Moreover, the example

G {afa]2]2]|[xa][2]1]1]
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shows that the convention that, in the right-hand plethystic semistandard
signed tableau, negative inner tableaux are greater than positive inner tabl-
eaux, is essential to make the plethystic tableau semistandard.

The following two lemmas and proposition generalize Example and
show that G respects the semistandard condition on inner tableaux in differ-
ent positions in a plethystic semistandard signed tableau, up to the technical
order reversal required in Lemma (iii). Recall that the signed colexi-
cographic order < is defined in Definition [3.8]

Lemma 11.11. Let 7/7 be a skew partition and let s and t be semistandard
signed tableaux of shape T /7, and the same sign such that s < t in the signed
colexicographic order.

(i) Let 3 andt be the signed tableauz of shape T U (r~) /7y obtained from s
and t by inserting a single new row with entries —1,...,—r~ into each. If §
and t are semistandard then § < t.

(ii) Let 5 andt be the signed tableauz of shape T+ (17") /7, obtained from s
and t by inserting a single new column with entries 1,2,...,r" as column c,
moving the existing columns c,c+ 1,... one boz to the right. If § and t are
semistandard then § < t.

Proof. Let m be the rightmost column in which the multisets of entries in s
and t differ. For (i), since a single new entry of —k is added to column k for
each £ < r~ in both s and ¢, it is clear that m is again the rightmost column
in which the multisets of entries in 5 and ¢ differ. Since § and ¢ have the
same sign, the relative order of § and ¢ is determined by the multisets C(s)
and C(t) of entries of s and ¢ in column m. If m > r~ then C(8) = C(s)
and C(t) = C(t) and hence the greatest entry (taken with multiplicity)
still lies in Z, and hence § < . If m < r~ then C(3) = C(s) U {—m} and
C(t) = C(t) U {—m}, and again 5§ < £. For (ii), note that column m of s
becomes column m + 1 of §, and similarly column m of ¢t becomes column
m + 1 of t. If m > ¢ then we compare § and £ on column m + 1 and get
§ < t. Otherwise m < ¢ and since the inserted column ¢ is equal in § and £,
we still compare on column m and again get § < . O

As mentioned earlier, the following lemma re-uses a large part of the proof
of Proposition (Tableau Stability). Again we use the signed colexico-
graphic order < from Definition [3.8]

Lemma 11.12. Let k= and k* be partitions. Let pu/ . be a (0(57) +a(ps),
((k*))-large and (€(k™), (1)) -large skew partition. Let X and w be (£~ €%)-
large partitions of n|u/uy|. Let

TeMenM(k, k), wdnM(k,&)] .

Let T € PSSYT(p, p/pis @ M(I{_,Ii*—))(ﬂ_iﬂgr) and let s and t be p/py ®
M(k™, k")-inner tableauz of T such that s < t. Suppose that M is at least
the mazimum of

o LP(n,p/ : A7, k7t max(€(py), £(pu*), £(K)))

o LP(n,p: AT, 6% s a(p) +€(k7)) + [AF] = |wt|.
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Then
(i) We have F(s), F(t) € SSYT (/e ® (M + 1) (™, K%)).
(ii) If|k~| is even then F(s) and F(t) have the same sign and F(s) < F(t).
(iii) If |k~| is odd and s and t have the same sign then F(s) and F(t) have
the same sign and F(s) < F(t). Otherwise s is negative, t is positive, F(s)
is positive, F(t) is negative, and F(s) > F(t).

Proof. We have all the hypotheses for Lemma Using the results on left
and top positions from this lemma, the proof of Proposition [9.19| generalizes
to show that F(s) and F(t) are semistandard pu/pe & (M + 1)(k~,Kk7)-
tableaux. The only extra points to note are that, by Lemma [9.17] each
top position is in row #(us) or lower, and each left position is in column
0(k™) + a(uy) or further right, and hence the inserted columns do not meet
s, and, by (iii) in the lemma, inserting or deleting a new row with entries
—1,...,—¢ immediately below the £~-top position gives a well-defined semi-
standard signed tableau. (This is where we need that this position is in row
¢(ut) or lower, as remarked on in the caption to Figure and seen in the
proof of the earlier lemma.) This proves (i).

Suppose that s and ¢ have the same sign. Then, by Lemma[11.11] applied
to each row and column insertion in turn, we have F(s) < F(t). To prove
(ii) and (iii) in the remaining case where s and ¢ have opposite sign, observe
that since s < ¢, it follows immediately from Definition [3.8]that s is negative
and ¢ is positive. If s~ is even then, by Lemmal9.18(ii), F is sign preserving,
and so F(s) is negative and F(t) is positive, and F(s) < F(t), proving (ii).
Finally for (iii), when || is odd then, again by Lemma [9.18ii), F is sign
reversing, and so F(s) is positive and F(t) is negative, and F(s) > F(¢). O

We are now ready to prove the analogue of Proposition (Tableau Sta-
bility). Again we re-use part of its proof. This is the point where we need
the sign-reversed colexicographic order on semistandard signed tableaux, de-
fined in Definition and the corresponding set PSSYTT of sign-reversed
plethystic semistandard signed tableaux defined in Definition [3.10] and mo-
tivated in Example Recall, as seen in this example, in PSSYTT,
negative inner tableaux are greater than positive inner tableaux. The map
G is defined in Definition [11.9

Proposition 11.13 (Inner stability for plethystic tableaux). Let K~ and k™
be partitions. Let p be a partition of n. Let p/ . be a (0(k7)+a(p), (k1)) -
large and (£(k™), £(ps))-large skew partition. Let p' = p if || is even and
let pt = o/ if |k™| is odd. Let w be a (£(k™),L(x"))-large partition and let
A 9 w in the £~ -twisted dominance order. Let w be a partition in the interval

A®nM(s k), wdnM(k, 5]

for the £~ -twisted dominance order. If M is at least
o LP(n,p/ : A7, k7t max(€(py), £(pu*), £(K)))
o LP(n,p: A k% s a(pe) +£07) + [AF| = Jwt].
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then the map G is a well-defined bijection
G: PSSYT(p, pu/p ® M(r™, /ﬁ+))(ﬂ__’7r+)

PSSYT (p', u/pe® (M +1) (K™, H+))(7r*+nn*,7r++n/@+) if |k is even
PSSYTT (o', pu/ p® (M +1)(k~, k")) ) if 17| is odd.

(r=4nk—,mt+nkrt

Proof. Note that we have all the hypotheses for Lemma Let T €
PSSYT(p,u/u* @ M(m‘,/ﬁ))(ﬁiﬁ). By this lemma, after applying F
to each inner p/u, @ M(k™, k" )-tableau in 7' we have a plethystic signed
tableau U of shape p having well-defined entries from SSYT (1] px ® (M +
1)(k~,k*)). By Lemma (i)7 U has signed weight (7~ +nx~, 7" +nk™),
as required.

Suppose that |«7| is even. Then G(T) = U. By Lemma [I1.12[ii), F
preserves strict equality in the signed colexicographic order, it follows that
U e PSSYT(p, /e ® M (K™, n*))(ﬂf+mi7r++m+), as required.

Now suppose that |«| is odd. Then G(T) = U’. By Lemma [I1.12{ii) F
preserves strict inequality in the signed colexicographic order on inner tableaux
of the same sign, it follows that the conjugate plethystic semistandard signed
tableau U’ is semistandard with respect to inner p/p, & (M + 1)(k=,k")-
tableaux of the same sign. Moreover, since in T, equal positive inner
tableaux are repeated only in the same row, and equal negative inner tableaux
are repeated only in the same column, the same holds in U, swapping
‘row’ and ‘column’. Let S be the subpartition of p such that the neg-
ative p/p, & M(k~,kT)-tableau entries in T lie in [§]. In U, since F
is sign reversing, the positive inner p/p, & (M + 1)(k~,k")-tableau lie
in [f] and the negative inner pu/p. & (M + 1)(k~, k')-tableau entries lie
in [p/B]. Therefore the conjugate plethystic signed tableau U’ is semi-
standard with respect to the sign-reversed colexicographic order; that is
U' € PSSYTT (pl, pu/p ® (M +1) (57, H+))(7r*+nn*,7r++nm+) as required.

We have now shown that the image G(T') is in the set specified in the
proposition. Let ¢ be an inner pu/p, ® (M +1)(k~, k*)-tableau entry of G(T).
Using the results on right and bottom positions from Lemma [11.7, and
noting that the removed rows are strictly below row ¢(u,) and the removed
columns are strictly to the right of column ¢~ +a (), it follows as in the proof
of Proposition that t is in the image of F. Hence G is surjective. O

We remark that the bounds in Proposition|11.13|are typically not optimal.

Example 11.14. We continue Example[T1.8|to show how the general bounds
coming ultimately from Lemma [11.7] can be sharpened when one wants the
best possible result, by considering negative and positive entries together.
From the diagram in Example we see that the entries of 1 in the two
semistandard tableaux s and t forming

N
T € PSSYT((2),(2+ N,2,2 ))(2+2N,2+2N),(6—b+2N,b—2)

lie either in the bottom two rows of their first two columns, or in the N boxes
ending their first rows. At most two 1s can be in the first two columns of
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each. Therefore each of s and ¢t has at most 2 + N entries of 1, and if
the 1-right position (1,3) in either s or ¢ does not contain 1 then the total
number of entries of 1 in 7" is at most (2 4+ N) +2 = 4 + N. Therefore
44+ N >6—b+2N and we deduce that N < b—2. Hence if N > b—1 then
the 1-right position (1,3) in both tableaux s and ¢ contains 1. Therefore,
provided M > b—2, and M > 3 (as we needed from Lemma, insertion

of [1|and defines a surjective map

M
PSSYT((2), (2 + M, 2,2 ))(2+2M,2+2M),(67b+2M,b72)

— PSSYT((2), (2+ (M +1),2, 2NI+1))(2+2(JW+1),2+2(M+1)),(67b+2(M+1),b72)

(Note that in this context N becomes M + 1, hence M > b —2 and N >
b —1.) This gives the improved bound max(3,b — 2) shown in the table in
Example Note that the bound from Proposition [9.19]is M > 2, so this
bound still holds.

11.6. Proof of Theorem We prove Theorem with an explicit
stability bound. Note that by Remarks and there is no loss of
generality in the ‘largeness’ hypotheses in the theorem. The L and LP
bounds are defined in Definitions and respectively. (Remark
explains the small difference in notation for the intervals in the first two
bounds.) As long promised, we use the Signed Weight Lemma (Lemma
for the main part of the proof. An example of the six bounds, proving
in is given after the proof.

Theorem 11.15 (Signed inner stability with bound). Let k= and x* be
partitions. Let v be a partition of n. Set {~ = ¢(k™) and ¢t = l(k"). Let
/b be a (07 +alpe), €F)-large and (€=, 4(p.))-large and (€~ +1,0*) -weight
large for ((k™) skew partition. Let w be the partition wéf)(,u/u*) of n|p/ ]
defined in Definition[10.6 Let \ be an (£~,¢%)-large partition. Let L be the
mazximum of

o L([A\ w7 ) 57)/n,
LA w' + (X = fo* ] 5%) f
(wi + w3 — 2XT + 2|XF| = 2|w™|) /n(k] — K3),
(max(¢(A*), 1) + [w| — [A7| = wz_)/nnzn_).
LP(n,p : A~ k5 max(ﬁ(,u*),ﬁ(uﬂ,ﬂ(m*)s
LP(n, p: M, RY s a(pe) + 0(k7)) + [AF] — Jwt|
omitting the third if k] = k3 and the fourth if k= = &. Then

(8,00 © Sp/pue® M(s— +)s SAGRM (5 +))

is constant for M > L, where if |k~| is even then v M) =y for all M, and if
|| is odd then v™M) = v if M is even and v™) = v/ if M is odd. Moreover
if A\dw in the {~-twisted dominance order then the plethysm coefficient is 0
for all M € Ng.

Proof. We apply the Signed Weight Lemma (Lemma. For M € Ny set
PO = N M(r~,w%), w0l (i/pe) © Mk, k).



90 ROWENA PAGET AND MARK WILDON

If A wéqf) (1/114) then Lemma (9.6 implies that
A Mk~ k) Fwl (/) © M(k™,57)

for all M € Ny and hence, by Proposition m (s, © Su/pe ®M(k—k+)>
s,\@nM(,f,,ﬁ)) = 0 for all M € Ng. Thus all the plethysm coeficients are
zero, as claimed in the final part of the statement.

We may therefore assume that A < wg_l) (11/ps). By the hypothesis that
/s is (67 + 1, 07)-weight large, the partition is wéqf) (/py) is (0~ + 1,07)-
large, which is the other hypothesis required in Corollary Hence, by
this corollary, (P(M)) /ey, is a stable partition system with respect to the
map 7 +— 7 @ (K, k") and the symmetric functions g, = e,-h,+. We take
the subsystem (QM))y/eny, where QM) = P(M)_ Up to the factor 1/n, the
first four bounds in our hypotheses are those in Corollary Therefore
QW) ig stable for M > L.

We are now ready to verify the conditions in the Signed Weight Lemma
(Lemma [7.3) taking v(™) as already defined, p/p, M) = p/p. ® M(k~, k"),
and QM) as our stable partition system. Since A @ nM(k—,k") € QM)
this implies the theorem.

Condition (i) in the Signed Weight Lemma. By Lemma the stable
partition system QM) satisfies condition (i) of the Signed Weight Lemma

(Lemma for the plethysms s, © 8/, @ M(x— xt)-

Condition (ii) in the Signed Weight Lemma. We must verify that
PSSYT (v, 10/ i) o |

11.16
_ ‘PSSYT(V(MJrl)’ u/u*(M—i-l)) ( )

(r=+nk", 7T +nkt) ‘

for all M € No. By hypothesis 11/, is (€(k7) 4+ a(p), (k+))-large and
(¢(k™), £(p))-large as required in Proposition . The final two bounds
on M in the statement are those required by Proposition Fix M € N
at least these bounds and let p = v(M). By this proposition we have

|PSSYT(p, 1/ s © M (™, H+)(7r—77r+)‘
B IPSSYT (o, pu/ pi ® (M‘l‘l)(l"i_,I{,+))(ﬂ,7+nnfﬂr++nﬁ+)’ if |k~| is even
[PSSYTT (pf, p1/pie ® (M+1)(x", H+))(ﬂ_+nﬁ_’ﬂ++nﬁ+)‘ if |k~ is odd

for all 7 € QM) If |x~| is even then vM*+D) = pf = p = p(M) and we
have ((11.16]). Otherwise we use the final part of Lemma to obtain

‘PSSYT:F (p,’ ,u/,u* S (M + 1)("{_7 H+)(7r_+nﬁ_,7r++nn+)‘
= ‘PSSYT(p/’ 'U’/'u’* ® (M + 1)(I€7’ ﬁ+)(7r7+nn*,7r++nn+)

)

and since p/ = vM*D and p = VM) we again get (I1.16). Therefore the
stable partition system QW) satisfies condition (ii) of the Signed Weight
Lemma. U
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Example 11.16. We use Theorem to show that the plethysm coeffi-
cients (st o sﬂ,Jr(lé(Hr))u(lM),s/\,HW(M)u(lnM)} in relevant to [8, The-
orem 1.1] are constant for all M > 0. (All we need about v is that it is a
partition of n.) Take k= = (1) and k* = @ in Theorem and replace v
in the theorem with vf and p in the theorem with p/ 4 (14#)). Since ¢~ = 1,
the negative part of a partition « is simply (¢(«)) and the 1-decomposition
is

((l(a)), (1 = 1,..., 04— 1)) (11.17)

where k is greatest such that oy > 2. Therefore the negative part of \' +
(17 is max(£(N), nl(y')). Denote this quantity P. Since the greatest
signed tableau t(y/ + (1Y) of shape i/ + (1)) defined in Definition
has £(y) entries of —1, we have w™ = (nf(y)). Therefore the first bound in

Theorem [T1.15] is
L((P). ()Y, (1)) = ") =P =nl) _ P

n n

(Note that the exceptional case in Definition applies, giving a smaller
bound than that obtained by using L;.) Since k™ = &, the second and third
bounds vanish. Now observe that, by (11.17), if £(\') < nf(y') then the
positive part of X + (1" is X, while if £(\') > nf(y) then the positive
part has length at most £(\'). Therefore £/(A*) < £(\) and the fourth bound
is at most

max({(N'),0) +nl(p') — P —nl(y') < (N)y—-P

n n

<0.

Since the positive part of i/ + (14)) is 4/, the fifth bound is

LP (n, (1 + (1) (PY, (1) : max(0, £(4'), 0))

(
() = P — ) + max(E), 6, 0)
1-0 -
Since k* = @, the sixth bound vanishes. Hence, as claimed earlier in §1.7]
the plethysm coefficient is constant for all M > 0. Finally, note that a
semistandard signed tableau of shape p’ + (15(“/)) can have at most £(u)
entries of —1. Therefore if ¢(\) > nl(y), and so P > nl(y'), the set
PSSYT(UT, + (18(“/)))((é(>\/))m+) is empty for any partition 7. Correspond-

ingly, since £(\) > nl(y') implies that then A ¥ w in the 1-twisted dominance
order, it follows from the final part of Theorem [I1.15] the plethysm coeffi-
cient vanishes when M = 0. Since this is its constant value, it vanishes for
all M € Np.

We end this section with a generalization of the final part of the example
above. Observe that when u, = @, the greatest signed weight w,—(u) is
simply the €’—decom}(aosition of p and so it is immediate from Definition [10.6]
that the partition w/f) (1) has ¢--decomposition n{u~,u"). Hence, by the
definition of the /-twisted dominance order in Definition [6.6] we have \ <
wérf) () if and only if (A", A") < n(u~,u*). Therefore, the final part of
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Theorem |11.15(implies that, unless (A7, A™) < n(u=, u*),
<3V OSu@M(k—kt)s SA@nM(H*7n+)> =0

for all M € Ny. This justifies the remark after Theorem [1.1]in the introduc-
tion.

12. THE POSITIVE CASE OF THEOREM [L.1]

In this section we state the special case of Theorem when k= =
@, and then the still more special case where u, = &. As mentioned in
Remark by applying the w involution, these special cases easily imply
the analogous special cases where k¥ = &. The L and LP bounds are
defined in Definitions and respectively. By Definition wt(t)
is the positive part of the signed weight of a tableau having only positive
integer entries.

Corollary 12.1. Let k be a partition. Let v be a partition of n, and let
/e be a (a(py), £(k))-large skew partition. Let \ be a partition of n|u/ i
with £(X\) > €(k). Let t be the semistandard tableau of shape /s having 1,
2, ..., M;' — ,u;j as its entries in column j, for each j < a(p). Suppose that
wt(t) is (a(pe)+1,4(k))-large. Setw =nwt(t). Then (5,08, +Mw: Sxtnix)
s constant for

L[\ w]a, &

([n]),LP(n,,u A K a(m)))

If X A w then the plethysm coefficient is 0 for all M € Ng. Moreover ifn 4 &
then (8,08, +Mw> Sxtndn) = 0 for all M > L where L is the minimum of

k k
DoisiWi — i A
k k
n(Zizl M — D ie1 “i)
taken over those k such that the demominator is strictly positive.

Proof. The final part is immediate from Proposition [11.2] applied with k= =
n~ = @ and k* = K, n* = 1. For the main part we apply Theorem
with k= = @ and k" = k. By Definition w is Wo (,u/,u*) and so by
Lemma [4.4] we have wt(t) = wo(p/px) " Therefore by Definition [10.1} the
condition that /s is (a(px) + 1, (k))-weight large for 0 in Theorem [11.15
is equivalent to wt(¢) being (a (,u*) + 1,¢(x))-large. The condition that A is
(1,€(r))-large simplifies to £(X) > £(x) Of the six bounds, the first is 0, the
second simplifies to L([\,w]<, k), the third to (w; + w2 — 2A\1)/n(k1 — K2)
which is either one of the bounds contributing to L([\,w]<, k), or ignored
because k1 = kg, the fourth and fifth bounds are 0 and the sixth simplifies
to LP(n, pu: A\, 5t a(py)). O
Corollary 12.2. Let k be a partition. Let v be a partition of n, let u be
a partition of m and let \ be a partition of mn such that ¢(u) > ¢(k) and
U(N) > (k). Then (s, o SutMr,Sr+nMr) 5 constant for M at least the
mazimum of

M > max(

n Z::1 Hi — Zle Ai — fy + Hrg1
Ry — Rp41
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for 1 < r < U(k), where any terms with zero denominator are ignored. If
A np then the plethysm coefficient is 0 for all M € Ny. Moreover if n 4 &
then (s, 0 Syt M, Sxtnin) = 0 for all M > L where L is the minimum of

k k
n Zi:1 i — Z¢:1 i
k k
n(Eizl M — Y i1 ”i)

taken over those k such that the demominator is strictly positive.

Proof. We apply Corollary By Lemma [10.3] since pux = @ then the
largeness conditions in this corollary become that p and A are (I,E(n))—
large, or equivalently, ¢(u) > ¢(k) and £(\) > ¢(k). Note that, again since
ty = &, we have wt(t) = p and so the partition w in the corollary is simply
nu, and so by part of the corollary, if A< nu then the plethysm coefficients
are zero. If n =1 then the plethysm coefficient is (s,4nrw, Sa+ax), Which is
obviously constant. When n > 2, the bound M > LP(n,u AR 0) (see
Definition is equivalent to

k k

M (kg = K1) =0 ) i — 3 N — e + [t
i=1 i=1

for each 1 < k < ¢(k). Using that w = npu, the bound we require, namely
that M > L([\,w]«, k)/n is equivalent to

k k
1
M (kg — Kgy1) > - (2 Z n; + npg + Nk — 2 Z )\i)
i=1 i=1

again for each 1 < k < ¢(k). Fixing k the difference of the two right-hand
sides is

k—1 n—2 k n—2 k
(n— 2);Mi+ (n = 2)px — — D> A= - > (i =)
1=

i=1 i=1

which is non-negative because A\>npu. Therefore the hypotheses of this corol-
lary imply that M > L([\,w]«, k)/n, as required to apply Corollary
The final claim of this corollary is immediate from Corollary (]

We remark that if x = (1) then by one further specialization we obtain
that (s, 05, + (M%), Sx4n(MR)) 18 constant for M > nEf{;l i — Zfil i —
ur + pr+1. Except for the assumptions that ¢(A) > R and ¢(u) > R,
which as we mentioned following Remark [3.2] can be dropped, this recovers
Theorem 1.2 in [§].

13. TWISTED WEIGHT BOUND FOR THEOREM

This section is the analogue of culminating in Corollary the
analogue of Corollary giving an upper bound (in a sense made precise
in the corollary) on the constituents s, of the plethysm s, ) o s,/,, such
that o> XA @& M(xk, k") in the ¢(k™~)-twisted dominance order. Here, as in
Theorem vM)  (RM) if the strongly maximal signed weight (s, x")
has sign +1 and v™) = v L (M%) if the strongly maximal signed weight
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(K7, k") has sign —1. We give an overview of the strategy in §13.2| after the
essential preliminaries in the following subsection.

13.1. Adapted signed colexicographic order for a strongly maximal
signed weight. By Lemma if (k,Kk") is a strongly maximal signed
weight then there is a unique semistandard signed tableau family of signed
weight (k7, k") of the same shape, size and type as (k~,k"). By Defini-
tion the sign of (k~,k") is the common sign of the tableaux in this
family; in the sense of Definition [£.7], the family has row-type if the common
sign is —1 and column-type if the common sign is +1.

Definition 13.1. Let (x, k™) be a strongly maximal signed weight of sign .
Let M- ,+) be the unique semistandard signed tableau family of signed
weight (k=, k™). Let T| (k- ,~+) be the unique plethystic semistandard tableau
of outer shape p and inner shape p/u, having as its entries the elements of
M +), where p = (17) ife = +1 and p = (R) if ¢ = —1.

As we mentioned in Remark 5.7 in this section we use the freedom in
Lemma to define plethystic semistandard signed tableaux using an or-
der on their inner tableaux adapted to our strongly maximal semistandard
signed tableau family.

Definition 13.2 (Adapted colexicographic order). Let (7, k™) be a strongly
maximal signed weight of sign €. Let < be the signed colexicographic order if
¢ = —1 and the sign-reversed colexicographic order if ¢ = +1. The (k~,k")-
adapted colexicographic order, denoted <,, is the total order on semistan-
dard signed tableaux of shape ji/ji, defined by s <. t if s € M, ,+) and
t & M~ x+), and, in the remaining case, s <, t if and only if s <.

Observe that, thanks to the choice of the signed colexicographic order
when (k7,x") has sign —1 (and so the elements of M, .+) are all neg-
ative) and the sign-reversed colexicographic order when the (k—, k") has
sign +1 (and so the elements of M- .+) are all positive), the elements
of M.~ +) always come first in the adapted colexicographic order for
(k7,kT). Moreover, by Lemma if (k7, k") is the signed weight of a
strongly ct-maximal singleton semistandard signed tableau family of shape
p/ ps then the family is {ty(.)- (1/ps) b5 since by Remark togry- (1] 1) s
the unique least semistandard signed tableau in the signed colexicographic
order if e = +1 and in the sign-reversed colexicographic order if e = —1, the
adapted order agrees with the usual order.

Example 13.3. Let (k~,x") = (&,(4,1,1)) of shape (2), size 3 and sign
+1. This is the strongly maximal signed weight seen in Example
for which the unique semistandard signed tableau family is M- +) =

{[1]1], [1]2], [1]3]} of column-type. In the adapted colexicographic or-
der for k we have

(]3] <« [1]2] <w[1]3]<x[2]2]<s[2][3] <w...<u[1]1]<s <o

whereas in the sign-reversed colexicographic order, we have

1] < [1]2]<[2[2] < [1]3] < [2]3]<..-<[1]1]<[1]2]<....
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Definition 13.4. Given a strongly maximal signed weight (k=, k"), let
PSSY T (p, 11/ px) be the set of all plethystic semistandard of outer shape p
and inner shape i/, with negative entries from {—1,...,—¢(k~)}, defined
as in Definition but using the (k~, k")-adapted colexicographic order
to order the inner u/uy-tableaux. We say that such plethystic semistandard
signed tableaux are (k~, x7)-adapted. We write PSSY T (p, 11/ 1x) (r— x+) for
the adapted plethystic semistandard signed tableaux in PSSYT(p, 1t/ ptx)
whose signed weight is (7=, 7").

This is the obvious extension of the notation in Definitions [3.9] and B.11l
Note that the plethystic semistandard signed tableau T{,- .+) defined in
Definition is (k~, k")-adapted; in fact, since all its inner tableau entries
have the same sign, it is semistandard for any of our orders on semistandard
signed tableaux.

13.2. Overview and running example. Fix a strongly maximal signed
weight (K7, k1). We shall substantially simplify the exposition in this section
and from onwards by stating and proving all results only in the case
when (k7, k") has sign +1. The modifications for sign —1 are routine and
are indicated briefly in the final subsection.

Remark 13.5. The underlying principle in this section and the next is pro-
vided M is sufficiently large, every (k~,k")-adapted plethystic semistandard
signed tableau in PSSYT, (v + M(17), “//‘*)(/\*+Mn*,A++Mn+) has the ele-
ments of M- .+, which form the inner tableauz of the plethystic semistan-
dard signed tableau T{,— .+, in the top R positions of almost all its columns.
In Definition we say that such columns are ‘typical’. In particular, as
we make precise in Corollary the number of columns whose top R
positions contain semistandard signed tableaux whose total signed weight
is not dominated in the ¢~-signed dominance order by (x~, k") is bounded
independently of M.

We see this principle in the first running example begun below, proving

the special case of Theorem that (s(2,1)4-01(1,1,1) © 5(2)» 5(4,2)+M(4,1,1)) 18
ultimately constant.

Example 13.6. Let (k—, k") = (Q, (4,1, 1)) be the strongly maximal signed
weight of the column-type tableau family {| 1]1],{1]2],[1]3 |} in Exam-
pleof shape (2), size 3 and sign +1. To apply the Signed Weight Lemma
(Lemma [7.3) to prove that (s(2,1)+ar(1,1,1) © 5(2)» 5(4,2)+M(4,1,1)) is ultimately
constant, it is natural to look for a stable partition system (P(M ))aren, such
that (4,2) + M(4,1,1) € PM) for each M € Ny and, for condition (ii), such
that

| PSSY T 41,1 (2, 1) + M(1,1,1),(2)) )|

is ultimately constant for all 7 € P(A), Note that here the first sub-
script refers to adapted plethystic semistandard signed tableau (in the sense
of Definition , whose inner (2)-tableaux are ordered according to the
(@ , (4,1, 1))—sign—reversed colexicographic order. In this case however, since
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there are no negative entries, the distinction between the sign-reversed colex-
icographic order and the usual colexicographic order is irrelevant.

In the special case where 7 = (4,2) 4+ M (4,1, 1) the (2, (4,1,1))-adapted
plethystic semistandard signed tableaux in this set are, when M = 0,

2]2] [1]2]

and, when M =1,

||| ||| 0| ||| 0m) |[m || a2
23] 23] 3] 113]

There are four plethystic semistandard signed tableaux when M = 2. They
are obtained by inserting the tableau T{,- .+) shown in the margin as a new
first column into each of the four plethystic semistandard signed tableaux
for M = 1. Note that since <x in the (@, (4,1, 1))—adapted
colexicographic order, this preserves the semistandard condition even when
we insert into the second plethystic semistandard tableau for M = 1.

In the previous example we saw that inserting 7(,- .+) as a new column
of height R in a (k7,k")-adapted plethystic semistandard signed tableau
of weight A @ M (k~, k") give a bijection establishing hypothesis (ii) in the
Signed Weight Lemma (Lemma. But still it is not obvious how to choose
PM) or that the same bijection will work when A\ @ M (x~, k') is replaced
with an arbitrary 7 € P(M). We continue the example to show one difficulty,
circumvented using the final result of this section (see Corollary .

Example 13.7. Since the greatest partition (6) in the dominance order is
obviously an upper bound for the constituents of sy 1) o sy, Example m
suggests we might apply the Signed Weight Lemma (Lemma with the
stable partition system

[(4,2) + M(4,1,1),(6) + M(4,1,1)]
=1{(4,2) + M(4,1,1),(5,1) + M(4,1,1), (6) + M(4,1,1) }.
for M € Ny. (Here < is the usual dominance order: by Remark this
is the O-twisted dominance order, so we have £~ = 0 and the symmetric
functions in the lemma are h, for m € Par.) However condition (i) in the
Signed Weight Lemma fails when M = 1: we have (8,3,1) € [(4,2) +
(4,1,1),(6) + (4,1,1)]< and since (8,4) > (8,3,1) and s(g4) is a constituent
of 5(32,1) © 82) — for instance, this follows from the generalized Cayley—

Sylvester formula (5.3) in §5.4 — we have

8(8.4) € supp(hg 3,1)) N sUPP(s(3.2,1) © 5(2))-
But (8,4) & [(4,2) + (4,1,1),(6) + (4,1,1)]< since (8,4) and (10,1,1) are
incomparable. It might seem that the problem is that our chosen upper
bounds (6) + M (4, 1,1) are too small to contain all partitions in the support
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of 5(2,1)4M(1,1,1) © 8(2)- However, one can show using Theorem 1.5 of [§] that
the maximal constituents of s(3 1)417(1,1,1) © 5(2) are precisely the partitions

{(5,1)+ (M —a)(4,1,1) +a(3,3): 0<a < M} (13.1)

and since (4,1, 1) and (3, 3) are incomparable in the dominance order, there
is no stable partition system of intervals

A+ (M —8)(4,1,1),w + (M — 5)(4,1,1)]4 (13.2)

with A and w partitions of 65 that contains all the maximal constituents
of (2 1)4M(1,1,1) © S(2) for all M > S, or even for all M sufficiently large.
(Beginning with partition of 65 gives ample freedom to avoid technical issues
to do with ‘largeness’, in the sense of Definition [3.1] and Definition SO
this is not the problem.) Perhaps surprisingly, we conclude that it is essential
to use the lower bound as well. And because a plethystic semistandard
signed tableau of shape (2,1) + M (1,1,1) and signed weight (&, (4,2) +
M(4,1, 1)) may have an exceptional column in the sense of Definition m
(see Example , the stable partition system we define has to start with
partitions of 12. (This corresponds to taking S = 1in (13.2)).) Since (4,2)+
(4,1,1) = (8,3,1) we therefore consider the intervals

[(8,3,1) + N(4,1,1), (12) + N(4,1,1)] (13.3)

for N € Ny. Since k= = &, the (k™ )-twisted symmetric function g, from
Definition used in the Signed Weight Lemma (Lemma is the com-
plete homogeneous symmetric function h,. If 7 € [(8, 3,1)+N(4,1,1),(12)+
N(4,1,1)]  and

o € supp(hx) NSUpp(s(2, 1)+ (N+1)(1,1,1) © $(2)
then, by Lemma applied to supp(h,) we have
o> > (8,3,1)+N(4,1,1) (13.4)

and, by (13.1)), we have
0<4(9,2,1)+ (N —a)(4,1,1) +a(3,3)
=(9—a,2+2a,1—a)+N(4,1,1)  (13.5)

for some a with 0 < a < N. If a = 0 then by o <(9,2,1) +
N(4,1,1)<(12) + N(4,1,1). Similarly if a = 1 then 0 <(8,4) + N(4,1,1) <
(12) + N(4,1,1), which despite involving the problematic partition (8,4) is,
thanks to our choice in , in the interval for all N € Ny. Finally if
a > 2 then we must have N > 1 and we get 01 < 9 — a + 4N which, using
the lower bound on the intervals in (justified by obtained using
Lemma that o > (8,3,1) + N(4,1,1), contradicts that o1 > 8 + 4N.
Therefore condition (i) in the Signed Weight Lemma (Lemma holds for
all N € Nyg. We note that this contradiction was obtained by comparing in
the dominance order just on the first part, and correspondingly, (4,1,1) is
a strongly 1-maximal signed weight.

We continue this example in Example [13.10
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13.3. Exceptional columns and rows. We define the signed weight of a
subset B of the boxes of a plethystic semistandard tableau to be the sum
of the weights of the inner tableaux in B. In the following definition we use
the £~-signed dominance order on the set W,- x W defined in Definition
to compare (¢, ¢") and (k~,x"). Adapted plethytic semistandard signed
tableau are defined in Definition [13.4]

Definition 13.8. Let (k7, k") be a strongly c¢*-maximal signed weight of
shape p/ . and size R. Let T be a (k~, k™)-adapted plethystic semistandard
signed tableau of inner shape u/p,. When (k7, k") has sign +1, we say
that a column of T of height at least R whose top R boxes have signed
weight (¢, ¢") is small if (¢, ¢") < (K, k"), typical if the top R boxes
in the column form the plethystic semistandard signed tableau T{,- ,+) and
exceptional if (¢, ¢T) L (K7, kT). In the latter case we say the column is

(a) large-exceptional if £(¢") > L(kT);

(b) negative-exceptional if |¢p~| < |k7|;

(c) positive-exceptional if |¢~| + ZZC; o7 <|k7|+ Zf; ki
When (k7, k%) has sign —1 we make the analogous definitions replacing
‘column’ with ‘row’, now considering the leftmost R boxes in the row.

The relevant strongly maximal signed weight (k~, ") in this definition
will always be clear from the context. We shall prove in Lemma @(1) a
column is either small, typical or exceptional, and in Lemma @(11) that
an exceptional column is either large-exceptional, negative-exceptional or
positive-exceptional. Note the latter three cases are not mutually exclusive:
in fact any combination of them may hold.

Remark 13.9. If R = 1 then, by Lemma the unique strongly maxi-
mal semistandard signed tableau family of shape p/py is {t,— (11/ps)}. By
Lemma {t,;— (11/p«)} has the greatest signed weight, in the ¢~-signed
dominance order on all ;/u,-tableaux with entries from {—1,...,—¢"}UN.
Therefore in the notation of Definition we always have (¢, ¢") <
(k=, k") where (K7, k%) = (wp- (1/pa) ™, wp- (/1) ) is the signed weight of
to- (u/py), and so there are no exceptional columns or rows. It is instructive
to see how the remaining results in this section specialize to easy corollaries
of Lemma [4.4] in this case: we summarise the situation in Remark at
the end of this section.

Example 13.10. Of the four (&, (4,1, 1))-adapted plethystic semistandard
signed tableaux in the set PSSYT(@,M’M))((B,Q, 1), (2))(&(87371) shown at
the end of Example and repeated in the margin for ease of refer-
ence, the first column of the first tableau has signed weight (@, (3,2, 1)) <
(2,(4,1,1)) so is small. The first column of the second has signed weight
(@, (3,3)), which is incomparable with the strongly 1-maximal signed weight
(@ , (4,1, 1)); this column is therefore exceptional and since the sums on the
left- and right-sides of (c) are 3 and 4 respectively it is positive-exceptional.
The final two tableaux each have first column T{g (411)) of signed weight
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(@, (4,1, 1)); these two columns are typical. The boxes not in the column
of height 3 are not classified by Definition [13.8

This example is continued in Example [13.18] We now give a further
example to show the full generality of Definition [13.8

Example 13.11. Let (k~, k") = ((2, 2), (3, 1)) By Example (ii), this is
the strongly 1-maximal weight of the column-type tableau family M (2 9) (3,1))
of shape (4), size 2 and sign +1 shown below

{(al2]1]1], [a]2]1]2]} -

The special case v = (2,1) and pu/uy, = (4)/2 of Theorem is that
the plethysm coefficients (s(2,1)1(az,01) © S(4), Sanm(3,1)0(2M)) are ultimately
constant for all partitions A of 12. First we take A = (8,3,1) with 2-
decomposition ((3,2), (6,1)). There are three ((2,2), (3, 1))-adapted plethys-
tic semistandard tableaux in PSSYT (2 9) (3,1)) ((2,1), (4))((3’2)’(671)), namely

negative-e negative-e typical

IR [N (YT R | [ YV 3] Y R E F [N BN v

In each of the first two, the first column is negative-exceptional, being defi-
cient in negative entries. In the third the first column is typical. Since the
second column is singleton, it is not classified by Definition[13.8] Growing by
vi—v+(1,1)and A — A& ((2,2),(3,1)) as in Theorem we find that the
four plethystic semistandard tableaux in PSSYT (2.9) (3,1) ((3, 2), (4))((574)7(972))

are
typical negative-e typical negative-e small negative-e typical typical
l11211111l112llllllll2lllll\, l11211111l112llllllll2lll2l\, l11211111l112llllllll2lllll\, l11211111l11211111111111111\_
[1]2]1]2]|[1]1]1]2] [1]2]1]2]|[A]1]1]1] [1]2]2]2]|[A]1]1]1] [1]2]1]2]|[1]2]1]2]

For instance, in the third tableau the signed weight of the first column is
((2,2),(2,2)) < ((2,2),(3,1)) and so this column is small. We remark that
in fact

| PSSYT((2,2),(3,1) ((27 1)+ M(1,1), (4))((3+2M,2+2M),(6+3M,1+M))| =4

for all M > 1; a bijective proof is given by insertion of the plethystic semi-

standard signed tableau shown in the margin corresponding to M (2 2y (3,1))

as a new first column; this is the A map in the proof of Theorem m (In

this case, unlike Example @ the ((2,2),(3,1))-adapted colexicographic
order defined in Definition [13.2) coincides with the usual sign-reversed colex-
icographic order of Definition [3.8] and so using either order, the insertion
map preserves semistandardness.) Computation by computer algebra shows
that the constant value of the plethysm coefficient is 2.

In this case there are no large-exceptional columns because the maxi-
mum positive entry permitted permitted by the signed weight ((3 +2M,2+
2M), (6 +3M,1+ M)), namely 2, is also the length of the positive part of
the strongly maximal weight, namely ¢((3,1)) = 2.




100 ROWENA PAGET AND MARK WILDON

Taking instead A = (6,3,3) with 2-decomposition <(3,3),(4,1,1)>7 the
three elements of PSSYT (22) (3,1)) ((2, 1), (4))((373)’(471’1)) are

dmall large-e typical

[A2[i|AT2[1[1]| |[AT2[|[E(2[1(2)] |ET2Ml|Elels]]

[1[2]2]3]

and the four elements PSSYT (3 2) (31) ((3, 2), (4))((5’5)7(7’271)) are

typical small typical large-e typical typical small large-e
lll2lllll111211111111211111‘7 lll2lllll111211111111211121‘7 lll2llllll11211111111111131‘7 [(1[2]1]1]|[a]2]1]1]
[1[2[1]2]|[1[2]2]3] [1[2[1]2]|[1[2]1]3] [1[2[1]2]|[1]2]1]2] [1[2[2]2]|[1]2]1]3]

We leave it to the reader to verify the annotations above and to show that
the same insertion map gives a bijective proof that

| PSSYT ((2,2),(3,0) ((2v 1)+ M(1,1), (4))((3+2M,3+2M),(4+3M,1+M,1))’ =4

for all M > 1. Here it is helpful to note that since the negative part of
the signed weight is (3 + 2M,3 + 2M), every inner tableau has the form
'1]2]-[-]; this explains the absence of negative-exceptional columns in
this case. Computation by computer algebra shows that the constant value
of the plethysm coefficient is 1.

13.4. Exceptional column bound. The aim of this subsection is to prove
Lemma making the underlying principle in Remark precise. As
promised earlier, to simplify the exposition, from now on we assume that the
strongly maximal signed weight has sign +1. See §13.7| for the modifications
for sign —1.

In the next lemma it is important to note that while the strongly maxi-
mal signed weights defined in Definition are of tableau families having
all elements of the same sign (by (b) the sign is +1 for column-type and
—1 for row-type), the comparison in Definition is with all families of
the relevant shape and size, with negative entries from the prescribed set
{—1, cel —E(/{)} — see the italicised end to the paragraph after Defini-
tion 4.8

Lemma 13.12. Let (k~, k") be a strongly maximal signed weight of shape
W/ s, size R and sign +1. Let T be a (k~, k")-adapted plethystic semistan-
dard signed tableau of inner shape p/p,. Let (¢~,¢T) be the signed weight
of the top R bozes in a column of T.

(i) If (¢7,9") = (K, k") then the top R boxes in the column form the
plethystic semistandard signed tableau T{,— .+

(i) If (9=, ¢") L (K, k"), then the column is large-exceptional, negative-
exceptional or positive-exceptional.

Proof. Part (i) follows from the uniqueness of the plethystic semistandard
signed tableau family corresponding to a strongly maximal signed weight,
proved in Lemma [4.11] For (ii) let (¢~,¢") < (k~, %) and suppose that the
column is not large-exceptional. Let (¢)~, 9 ") be a maximal signed weight in
the dominance order on Wy(,-) X W of a column-type semistandard signed
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tableau family of shape u/p, and size R such that (¢, ¢"7) < (¢, ¢"), as
in Definition By hypothesis, (p=,¢") # (k~,k"). Since the column is
not large-exceptional, by Lemma either (4.2)) holds and we have

lo"| < [¥7] < x|
and the column is negative-exceptional or (4.3]) holds and

+ + +
7|+ 20 of S W+ 22 <IkTl+ 22 k)
and the column is positive-exceptional. O

To state our bound on the number of exceptional columns we need the
statistics on partitions defined in the following two definitions.

Definition 13.13. Given a partition v and R € N, we define Br(v) =
|v| — Rup.

In the general setting of §13.7| this statistic is Bf,(v), and Bg(v) is the
row version of Definition [13.13| needed when (k~, k™) has sign —1.

Equivalently Br(v) is the number of boxes (i,j) of [v] such that either
1> R or V§ < R; these are precisely the boxes not in the top R positions of
a column of height at least R. We shall use many times below that

Br(v+ M(1%)) = Bg(v) (13.6)

for all M € Ny, as can be seen from Figure [13.1

VR M

— 5y —

FIGURE 13.1. The partition v + M (1) with the boxes not in the top
R positions of a column of height at least R shaded. These are the boxes
counted by Bg(v+M (1%)). The diagram also shows that Br (v+M (1%)) =
Br(v) and that we can visualize the boxes added by the summand M (1%)
as lying in columns vg + 1, ..., vg + M.

Note also that if T" is a plethystic semistandard signed tableau of outer
shape v and inner shape p/p, then, by Lemma the contribution from
the boxes counted by Bgr(v) in this tableau to the signed weight of T is at
most

Br(v)(we- (1/7) " we- (/7)) (13.7)
where (w, (1t/pe), wy (11/11+)) is the greatest signed weight of Definition
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Definition 13.14. Given a skew partition pu/u, and £~ € Ny and ¢t €
No, we define A™(n/p) = |we-(1/pe)”| and AT (u/p) = lwe- (1/ 1) | +

Note that A~ (u/px) is the number of negative entries in the ¢~ -negative
greatest tableau t,- (u/ i) of signed weight (we(pe/pe) ™, we(p/pe)*); as we
saw in Lemma this is the greatest signed weight in the £~-signed domi-
nance order (see Definition of a semistandard signed tableau of shape
i/ tie. In particular, no semistandard signed tableau of shape p/p, with en-
tries from {—1,...,—{(x } can have more than A~ (u/ ) negative entries.
The set PSSYT, (V + M(17), M/M*)(ijr) is defined in Definition m

Lemma 13.15 (Bound on exceptional columns). Let (k~, k%) be a strongly
c¢t-mazimal signed weight of shape p/py, size R and sign +1. Set £~ =
(k™). Let v be a partition. Let (A=, A7) and (7=, 7") € Wy— x W be signed
weights. Let
T € PSSYTy (v + M(17), 1/ tx) (- t-
If (m=, 7 ") > (A, A7) + M(k, k") then T has at most
+

(i) Zz:ﬁ(n A large-exceptional columns;

~
>

(u/,u*) + vr|k~| — |A7| negative-exceptional columns;

)A
+ + iy
(iii) Br(v)A*(u/ps) + vr(|e7| + iy 67) — (A 4+ iy Af) positive-
exceptional columns that each are neither large-exceptional nor negative-
exceptional.

Proof. Con81der the integer entries of the inner u/p-tableaux in 7. Ex-
actly Zl 8%{ 4 w7 of these entries are strictly greater than ¢(x*). Since

(m=,mT) > (A, A7) + M(k, k), we have
() e
Z < Z )\Z-*.
i=0(kt)+1 i=0(kT)+
At )

Therefore there at most ) ., | A/ such entries. Now (i) follows since, by
Definition M( ), each large exceptional column has at least one of them.
By Lemma [I3:.12] each remaining exceptional column is either positive-
exceptional or negative-exceptional.

To prove (ii) and (iii), we consider the integer entries of 7" in the sets
{-1,...,—¢}and {—1,...,—¢",1,...,c"}, respectively, and the inner 1/ -
tableaux in which they lie. There are Br(v) such entries not lying in the
top R boxes of a column having at least R boxes. By the remark immediately
before this lemma, the p/p.-tableaux in these boxes have between them, at
most Br(v)A™(u/py) entries in {—1,...,—¢"}. Moreover, by Lemma
each such p/p.-tableau has signed weight bounded above (in the ¢~-signed
dominance order in Definition by (wege—y (1 114) ™ woge—) (1/ 115) ), and
so there are at most Br(v)A" (/) entries in {—1,...,—¢", 1,...,¢"} in
these p/ps-tableaux. FEach remaining u/p-tableau entry lies in the top
R boxes of a column of T" having at least R boxes. As can be seen from
Figure there are vg + M such columns.
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For (ii), suppose that E~(T') of these columns are negative-exceptional. In
a non-negative-exceptional column whose top R entries have signed weight

(¢, 0"), we have, by Definition b), |¢7| = |k~|. Hence the p/p,-
tableaux in the top R rows of the non-negative-exceptional columns have,

between them, exactly (vg + M — E~(T))|x~| entries in {—1,...,—¢~}. By
(4.2) in Lemma in each negative-exceptional column there are at most
|k~| — 1 entries in {—1,...,—¢"}. Summing these bounds gives

.

SN m < Brw)A™ (/i) + (ve+ M — E-(T)) x| + E-(T)(Js"| — 1)

i=1

= Br(w)A™ (u/px) + (v + M)|"| = E~(T).
On the other hand, since (7=, 7%) > (A7, A\*) + M (x~, k") we have
[ = AT+ Mk
Combining the two displayed inequalities and cancelling M|x~| we get
E™(T) < BR(V)A™ (1/pis) + vrlR™[ = [A7]

as required.

For (iii), suppose there are E*(T) exceptional columns of T of height
at least R that are not large-exceptional and not negative-exceptional. By
Lemma [13.12[ii) these columns are positive-exceptional. Let (¢~,¢") be
the signed weight of such a column. Using in Lemma and Def-
inition c), we have |¢p~| + chi1 o7 < |k + ch; ;. The analogous
inequalities are therefore

7+ ) m < BrO)A* (n/p) + (vr + M)(|&7| + ) wf) — EX(T)
= i=1

and
C+ C+ C+
T D> = AT DY N M (s D k).
=1 i=1 =1

Combining these two inequalities and cancelling M (|x~| + Zf; K] we get

C+ CJr
EH(T) < BRw)A* (n/m) +vr(ls |+ D k7)) =[N [= DA
i=1 i=1
again as required. O

Motivated by this result we make the following definition. The statistics
Br(v), A= (p/px) and A*(p/py) are defined in Definitions [13.13) and [13.14]

Definition 13.16. Let (x~,x") be a strongly c"-maximal signed weight of
shape 1/, size R and sign +1. Let v be a non-empty partition and let A
be a partition of |v||u/us|. Fix £~ = €(k~). Define

E™ = Br(v)A™ (u/ps) +vrls=| — |27
E* = Brv)A* (u/p) + vr(ln~| + S A7) = (W 1+ S5
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and if R > 2,
+
Ec"",(/i—,n‘*‘)(l/a ,u/,u* : )‘) = HlaX(E_ + E* + Zf(:)\z(gﬁﬂ,l )‘:ra O)
If R = 1 we instead define Ec+ (.~ ot)(V, p1/pix = A) = 0. Finally we set
Ec*,(n*,nﬂL)(@nU’/:U’* : @) =—-L
Note that since R = (|| + |«T|)/|1t/p«|, there is no need to state R

explicitly in the definition of E.+ (.~ .+)(v, pt/ps © A). The reason for the
technical final case when v = @ will be seen in the proof of Corollary [13.22

Corollary 13.17. Let (k~,k") be a strongly c*-mazimal signed weight of
shape p/ iy, size R and sign +1. Let v be a partition. Let \ be an (Z(Ff),
((k*))-large partition. Suppose that 7> X\ ® M (k~, k%) in the {(k~)-twisted
dominance order. If T € PSSYT,(v + M(lR),,u,/,u,*)(Wiﬁ) then T has at
most Ect (o~ wt) (U, 14/ s+ A) exceptional columns.

Proof. By Lemma the ¢(k~)-decomposition of X is (A~ + Mx™, A" +
M/{+>. Therefore B> XA @ M (k~, k") is equivalent, by the definition of the
¢~-twisted dominance order in Definition to (w7, 7)) > (A" + Mk~ A"+
M /<L+). If R > 2 the corollary is now immediate from Lemma 13.15L given
the definition of Eo+ (.- .+)(¥, /i + A) in Definition [13.16] When R =1 it
follows from Remark O

See Example [13.20] for the bound in this corollary in the running example
of the ‘signed’ case begun in Example [13.11

Example 13.18. Continuing our running ‘unsigned’ example (see Exam-
ples |13.6] [13.7] and [13.10)), let (k~,x") be the strongly 1-maximal signed
weight (@, (4,1,1)) of shape (2), size 3 and sign +1. (Note that this size
can be computed directly from (@, (4,1, 1)) knowing the shape using the
remark immediately after Definition [13.16]) Thus 4/, = (2)/2 and R = 3.
We have ¢~ = 0 and ¢™ = 1. Generalizing slightly, to show more clearly the
effect of columns of height at least R in v, let v = (2,1) + C(1,1,1). The
relevant statistics are B3((2,1) + C(1,1,1)) = 3, and, since wo((2)) = (2)
corresponding to the greatest tableau , we have A~ (u/px) = 0 and
A*(u/ps) = 2. The quantities £~ and E* in Definition are

E-=0
Et=3%x244C—-0—-— )X =6+4C — )
and so E1,(®7(471,1))((2, 1),(2):A) =0+6+4C — X\j + Ay + -+ for any

partition A of 6 + 4C. Taking C = 0 and A = (4,2) as earlier we have
E1 (5,4,11))((2,1),(2):(4,2)) = 2 and so, by Lemma [13.15, a (2, (4,1,1))-

adapted plethystic semistandard signed tableaux lying in the set
PSSYT(5 (41,1 ((2, 1) + M(1,1,1),(2))

(&,77F)
where 7 > (4,2) + M(4,1,1) may have at most two exceptional columns.
For a general C, we note that if A\ = (4,2)+ C(4,1,1) then A\ =4C + 4 and
SO

El,(@,(4,1,1)) ((27 1) + 0(17 17 1)7 (2) : (47 2) + 0(47 17 1)) =2
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giving the same bound; this is expected from the proof of Lemma
because the contribution (4,1,1) to A can only come from a typical column,
equal to the plethystic semistandard signed tableau shown in the margin.
Of course if C' is large and \ is not of this special form then there may be
many more exceptional columns.

We now show by a direct argument that if 7+ > (4,2) + M(4,1,1) and
T € PSSYT (5, 4,1,1))((2,1) + M(1,1,1), (2))(@J+) then T" has at most one
exceptional column. Thus as is usually the case, the bound from Corol-
lary is not optimal. The key observation is that each typical column
contain four 1s as entries of its inner (2)-tableaux, and since the maxi-
mum positive entry is 3 and there are no negative entries, a column that
is not typical, i.e. not equal to the plethystic semistandard signed tableau
T(z,(4,1,1)) shown earlier in the margin, has at most three 1s. The three
boxes in T not in columns of length 3 contribute at most five 1s. (This can
be easily seen from the tableaux in Example [13.6]) Therefore if there are
N non-typical columns, T has at most 4M — N + 5 entries of 1. On the
other hand, since 7 > (4,2) + M(4,1,1), we have 7] > 4 + 4M. Therefore
A4M — N +5> 4+ 4M and so N < 1. Since exceptional columns are non-
typical, this implies there is at most one exceptional column, as claimed,
and moreover, this exceptional column is positive-exceptional. Since the
signed weight of the column is not dominated by (&, (4,1,1)), it is neces-
sarily equal to the plethystic semistandard signed tableau T{4 (3 3)) shown in
the margin, defined by the strongly 2-maximal semistandard signed tableau
family of signed weight (@, (3, 3)) We continue this line of argument in

Example
We finish this example in Example below.

13.5. Signed weight bound in the ¢ -signed dominance order. We
now turn the bound on the number of exceptional columns in Lemma
into an upper bound on signed weights in the ¢~-signed dominance order
in Definition [£.I] We continue to simplify the exposition by assuming
the strongly maximal signed weight has sign +1. See for the mod-
ifications for sign —1. Recall from Definition and Lemma [£.4] that
(we- (1) p1x) ", wp- (/1)) is the greatest signed weight in the ¢~-signed
dominance order of a semistandard signed tableau of shape p/pu,. The
set PSSYT, (v + M(1%), i/ p1s) - o+) is defined in Definition g Small
columns were defined in Definition and the statistic Br(v) in Defini-
tion An example is given after the proposition.

Proposition 13.19. Let (k~,Kk") be a strongly c¢™-mazimal signed weight
of shape u/uy, size R and sign +1. Let v be a partition and let p/u, be a
skew partition. Set E = Et (.~ o+\(V, b/ pix 2 A). Let M € No. Suppose that
T € PSSYT, (v + M(17), ,u/u*)(ﬂ_’ﬂ.) where

(r=, 7)) > (A, AN + M(k,kT)

in the ((k™)-signed dominance order. Suppose that T has d small columns
and that their top R boxes have signed weights (¢7,07),...,(¢y,¢%). If
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M>-vp+d+ E,
(m7,7") L (Br(v) + ER) (we- (/1) s wp- (11/ 1) *)
+(¢1,07) + + (83, 64) + (vr —d — E+ M) (s, x").
and if M > E — vg, the weaker bound
(=, 7") < (Br(v)+ER) (wp- (/1) s we- (/1) *) +(vr — E+ M) (7, &7)
also holds.

Proof. The second bound on (7,7 ") follows easily from the first since, by
the definition of small in Definition we have (¢;,¢;) < (k7,k") for
all 4, and so the first bound is maximized when d = 0. It remains to prove
the first bound.

If R =1 then by Remarkm (57, 57) = (we- (1/px) ~, wp- (/) ) and
there are no exceptional columns. The claim is therefore that

(=, 7") D (Bi(v) + v — d + M) (wp- (1/ p) ™ we- (1 1) *)
+ (o7,07) + -+ (o5, 05).

By Lemma [£.4] each box that is not the top-most box in one of the d non-
small columns of 7' contributes at most (wp-(1/tx) ", we- (/) ) to the
signed weight of T'. There are By (1/ + (M)) + 11 —d+ M such boxes. Since
by (13.6), we have By (v + (M)) = Bi(v), the first bound now follows.
Now suppose that R > 2. Suppose that T" has e exceptional columns, so T'
has eR boxes in the top R rows of exceptional columns. By (13.6)) and (13.7))
and Lemma these boxes, together with the Br(v + M(1%)) = Bg(v)
boxes not in the top R positions of a column of length R, contribute at most

(Br(v) + eR) (we- (1/ p12) ™ e (1/ 112) ™) (13.8)

to the signed weight of T'. Each of the vg—d—e+M columns of height at least
R that is both non-exceptional and non-small is typical (see Lemma [13.12))
and so contributes (£, k) to the signed weight of T'. There are also d small

columns which contribute (¢7,¢7) + -+ + (¢, ¢5). Taken together these
columns therefore contribute

(ve+ M —e—d)(c,&") + (¢7,07) + -+ (¢, 07) (13.9)

to the signed weight of 7. This is shown diagramatically in Figure [I3.2]

The sum of ((13.8) and (13.9) is an upper bound on the signed weight
of T. Since (k~,x™) is the signed weight of a tableau of outer shape (1)

and inner shape /., it follows, again by Lemma that

(k7 k") D R(wp- (1) be) ™ we= (/1) *).-
We conclude that (for fixed d), this upper bound is maximized in the ¢(k~)-

signed dominance order when e is as large as possible. By Lemma [13.15| we
have e < E+ (- o+) (¥, t/pts : A). Therefore we obtain an upper bound on

(m=,7") by substituting E for e in the sum of ([13.8) and (13.9). (Note that
by hypothesis vr —d — E + M > 0 so the right-hand side is a valid signed

weight, having non-negative entries.) This proves the first bound. U
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— VvR+M—e—d — — d — — e—>

typical

—_— 5y —

FicUre 13.2. A plethystic semistandard signed tableau of outer shape
v + M(1%) showing the contributions to the signed weight identified
in the proof of Proposition Each of the Br(v) + eR shaded
boxes has an inner p/p.-tableau whose contribution is bounded by
(wp— (w/ps) "y wo— (1/ps) ™). The hatched small columns contributing
(67, ¢;r) for 1 < 7 < d. The white boxes are in typical columns, the top R
boxes in each contributing (x~, k*). (It is possible that some of the e excep-
tional columns appear to the left of the d small columns.) Note that as M
varies, all but a constant number of boxes are in typical columns and so
their signed weight (per column) is bounded by the stronger bound (k~, k™)
rather than the weaker bound (per box) from (w,— (p¢/ps) ™, wp— (p1/pe) ¥).

Example 13.20. As in Example we take the strongly 1-maximal
signed weight ((2,2),(3,1)) of shape (2), size 2 and sign +1, and take v =
(2,1). We have Br(v) = Ba((2,1)) = 1. Since (wp-(4)) ,w,-((4))7) =
((1.1). ).

from Definition we have A=((4)) = 2, A*((4)) = 4 and from Defi-
nition 03.16 we have

E-=12+14—|A|=6— |\
Et=14+1(4+3)— (A |+ ) =11— x| = A]

and so, if A is a partition of 12 having exactly k parts of size at least 2, we
have

Er (22,6, (2, 1), (4) : A)
=17=2A7 = (M =2)+ A+
=172 - (M =2)+ (A3 =2)+-- + (M —2).

We denote this quantity by F as usual.

The plethystic semistandard signed tableaux relevant to the plethysm
coefficients (s(2,1)+11(1,1) © S(4)s Sa@M((2,2),31)) for M € N lie in the set
PSSYT((272)7(3’1)) ((2, 1) + M(lB), <4))(7r7:7"+)' Since vg = 9 = 1, the weaker
bound from Proposition[13.19]is that if M > E—1and (7~,7%)> (A7, A")+
M((2,2),(3,1)) then

(7, 7" S (1+2E)((1,1),(2)) + (1 — E+ M)((2,2),(3,1))



108 ROWENA PAGET AND MARK WILDON

in the 2-signed dominance order. We consider the two cases in the earlier
Example [13.11] If A = (8,3,1) with 2~-decomposition ((3,2),(6,1)) then
E- =1, Ef = 0 and £ = 1 and so the upper bound in the 2-signed
dominance order is that if (7=, 7%) > ((3,2),(6,1)) + M((2,2), (3,1)) then
(7777 7T+) Sl 3((17 1)7 (2)) + M((27 2)7 (37 1))
= ((3,3),(6)) + M((2,2),(3,1))
for M > 0. If instead A = (6,3,3) with 2~-decomposition ((3,3), (4,1,1))
then E- = 0, E* = 1 but because the proof of Lemma [I3.15| allows as it
must in general, one exceptional column for each integer entry in {3,4,...},
of which there are Aj = 1, we have £ = 0+ 1+1 2 and the upper

bound in the 2-signed domlnance order is that if (7=, 77)> ( ,(4,1,1) )+
M(( ) )7 (37 1)) then

(7, 7" (1 +22)((1,1),(2) + (1 -2+ M)((2,2),(3,1))
=((3,3),(7,—1)) + M((2,2),(3,1))

for M > 1, where just for this inequality, to facilitate comparison, we allow a
negative entry in what would normally be a signed weight. Note in each case

the upper bound is conditional on the lower bound, as we saw is necessary
in Example

We conclude this example in Example [[4.6] in which small columns also
must be considered.

13.6. Signed weight bound in the /-twisted dominance order. We
are now almost ready to prove Corollary [I3:22} it is the analogue of Propo-
sition and Corollary First though we must address the technical
point that to apply Corollary we require an ({(k7) + 1,4(x"))-large
partition as the upper bound.

Lemma 13.21. Let (k=, k") be a strongly mazimal signed weight. Set ¢~ =
(k™). Let pu/uy be a skew partition. Given any K € N and W € Ny, the
pair

K</{_v ’i+> + W<Wg— (:u/u*)_vwﬁ_ (:U’/:U’*)_>
is the ¢~ -decomposition of the ({~ + l,ﬁ(ka*))—large partition

K ® (K - 1)(’437’ K+) 2] W(WZ* (H/H*)i,wa (:U‘/IU’*)i)

where K is the partition with £~ -decomposition </<f, m+>.
Proof. Proposition states that </<J‘, /-1+> is the ¢~-decomposition of an
(E‘ + 1,5(%‘))—1arge partition and so k is well-defined. By Remark K
is (¢(k7),£(k"))-large. Since the parts of {wy— (p/p)™, wp-(1/pe)™) are
partitions by Lemma the same holds for

K (k™ K5+ W{wp- (/1) = we- (10/ 1) ™)
Now by Lemma[9.6|and the following remark, this pair is the £~-decomposition
of the partition £ & (W — 1)(k~, k%) @& W (wp- (/1) ™, wp- (/1) ). This
partition is (6* + 1,6(/@*))—1arge because & is. O
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As some motivation for the definition of w in the following corollary, we
recall from Example that to get suitable upper bounds in a stable
partition system when A\ = (4,1,1) and (v~,x*) = (2,(4,1,1)) we had
to begin with A @ (k~, k"), rather than A\, because there could be a single
exceptional column. The partition « is well defined by Proposition [6.5

Corollary 13.22 (Outer Twisted Weight Bound). Let k be a strongly c*-
mazximal weight of shape /., size R and sign +1. Let v be a partition
and set VM) = v + (MT). Let X be an (€(k™), (k")) -large partition of
l1/psllv|. Let k be the unique partition with ((k™)-decomposition (K=, K*).
Set B = Ect (- o)V, 14/ i 2 A). If v =@ then define w = @ and otherwise
define

Y { ® (Br(v) + BR) (we- (/1) we- (/1))
5 ® (BR(v) + BR) (we- (/)™ we- (/1)) @ (v = E = )7, &)

choosing the case according to whether E > vg or E < vr. Then w is an
(6(k™) +1,£(k%))-large partition of

AN+ (E—vr+1)Rm if E>vp
’)\’ if B <vg.

Suppose that o > X @ M(FF, /€+) in the {(k™)-twisted dominance order. If

o s a constituent of the plethysm s,y 0 sy, then
< w® (—(E—vp+1)+M)(k~,k") if E>vp
T |lwe M(k, k) if E<vg

for all M € Ng such that M > E — vg.
Proof. Let m = |pu/u,| and let n = |v|. By Definition [13.13] we have

E—-vg)R if E>
Ba(v) + ER = VI T mvrIR AE 2 v
lv| — (vr — E)R if E <uvp.
Hence, using that |7| + |k7| = Rm and |wp— (p/ps) 7| + |we- (/ps) ™| = m,
we obtain
] Rm+ (lv|+ (E —vr)R)m if £ >vp
w| =
Rm — (vg — E)Rm+mn+ (vg — E—1)Rm=mn if E<vp
which, since |A\| = |v|Rm, shows that the size of w is as claimed. By
Lemma [13.21] w is (¢{(k7) 4+ 1,£(x™))-large. Note that if v = & then since
E = —1, the final case applies and w = @. Note also that, by Lemma [13.21
(wh,wh)y=r+K(k™,Kk")
+ (Br(v) + ER){we- (/1) we- (/1) ™)
where K =0 if £ > vg and K = vg — E — 1 otherwise. We now follow part

of the proof of Proposition [10.7, By Lemma [6.12] s, is a direct summand
of e,-h,+. Hence, by Proposition [5.6| we have

|PSSYT (v + M (17), B 15) (o oy | = (€0 P, Supaamy © Supp,) > 1.

(13.10)
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By hypothesis o2 A @ M(/(, n*). Hence, by the definition of the ¢(x™)-
twisted dominance order in Definition the largeness assumption on A
and Lemma [9.6] we have

(07, 0") > (A7, M) + M(k™,k").

Suppose that E > vg. Then applying the weaker second bound in Propo-
sition [13.19| to the hypothesis PSSYTy (v + M(1%), i/ pis) - ,+) # & we
obtain

(07,0") Q (k7. w%) + (Br(v) + ER) (we- (1/p1e) s we- (11/ 1) ")
+ (vr — E+M—1)( k1)
=w,w)+(vr—E+M-1)(k,k")
for M > F — vR. By this is equivalent to
cdwd (VR—E+M— 1)(/(,&*),

as required. The proof in the remaining case E < vg is entirely analogous,
now using Proposition [I3.19] to get

(c7,0") < (vg — E)(k,Kk")
+ (Br(v) + ER){(we- (/pe) s we- 1/ 1) ") + M (57, %)

where again, since vg — F > 1, the first two summands are the ¢(k™)-
decomposition of the partition w. O

Remark 13.23. If R = 1 and v # & then £ = 0 and as we show in

g:i@ the conclusion of Corollary @ reduces to o < w (/J,/ x) Where

(11/1x) is as defined in Definition [ The special case of the corollary
is therefore logically equivalent to Proposmon This should be expected,
because the unique strongly maximal signed Welght of shape u/ ., and size 1
is the signed weight of the greatest semistandard signed tableau t,— (1/f14).

The upper bound in Corollary [13.22]is usually far from tight.

Example 13.24. We finish our first ‘unsigned’ running example (see Ex-
amples [13.6, [13.7, [13.10 and [13.18)), with the strongly l-maximal signed
weight (@, (4,1,1)) of shape (2) and size 3, so p/p. = (2)/9. As in Ex-
ample we take v = (2,1) + C(1,1,1) and A = (4,2) + C(4,1,1).
We saw in this example that Bp(v) = Bs((2,1) + C(1,1,1)) = 3 and
Ey o) ((2,1) + C(1,1,1),(2); (4,2) + C(4,1,1)) = 2 for all C € Ny.
Since K = Kt = (4,1,1) we have {(k7) = 0. Since wy((2))" = @ and
wo((2))" = (2), the partition w in Corollary is therefore

@ L) e B+23)(2)
1@ L) e B+23)(2) a8 (C—3)(4,1,1)

choosing the case according to whether 2 > C or 2 < . Remembering
that the O-twisted dominance order is simply the usual dominance order,
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the conclusion of the corollary is that if o > (4,2) + C(4,1,1) + M(4,1,1)
and PSSYT,((2,1) + (C + M)(1,1,1), (2))03 ») # @ then

< (4,1,1)4+9(2)+ (C -3+ M)(4,1,1)
T 14,1,1)+9(2)+ (C—3)(4,1,1) + M(4,1,1)
=(22,,1)+ (C+ M —-3)(4,1,1) (13.11)

for all M > 2 — C. (The unification of the two cases is expected for the
same reason mentioned in Example that columns of signed weight
(@ , (4,1, 1)) are typical.) We verify this bound directly when C' = 0. Recall
from after Definition that wt(¢) is the positive part of the signed weight
of a tableau having only positive integer entries. We saw in Example
that if 7+ > (4,2) + M(4,1,1) then there is at most one non-typical column
in any T' € PSSYT, ((2,1)+ (M, M, M), (2)) and this column is large-
exceptional. Hence T has the form

(@,7t)

L] [ a]][a]a]] w
v
t

where, by counting 1s as in the earlier example, we require 4M +1+wt(t); +
wt(u); + wt(v); > 4M + 4. Similarly, by counting entries in {1,2} and
{1,2,3}, we obtain the necessary and sufficient condition wt(t) + wt(u) +
wt(v) > (3,2,1). If there is an exceptional column then t = and
u:andez’thervzorv:. va:thenThas
weight (M — 1)(4,1,1) + (3,3) + (5,1) = (16,6,2) + (M — 3)(4,1,1) and
ifv= then, very similarly 7" has weight (16,5,3) + (M — 3)(4,1,1).
Otherwise there are two cases:

(a) t =[1]3] and either u =[1]2], v =[1]2]or u =[1]1], v =[2]2]:

(b) t=[2]3]and u=[1]1]and v =[1]2];
in which, once again, T' has weight (M — 1)(4,1,1) + (4,1,1) + (4,2) =
(M —1)(4,1,1) + (3,2,1) + (5,1) = (16,5,3) + (M — 3)(4,1,1) Thus, as
expected from the remark before this example, the upper bound is
easily met.

See Example[15.10|for the stable plethysm from the example above. For a
further ‘signed’” example of Corollary [13.22] used in the context of the proof
of Theorem see Example which continues the running example in

Examples [13.11] and [13.20]

13.7. Results for both signs. We now give the analogous definitions and a
combined final result applicable to strongly maximal signed weights of either
sign. We have already defined exceptional rows in Definition [I3.8] In the
following definition Bf;(v) is the same as Bg(v) defined in Definition

Definition 13.13. (Both signs.) Given a partition v, R € N and a sign
+1, let Bf;,(v) be the number of boxes (i, j) of [v] such that either ¢ > R or
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v; < R and let By(v) be the number of boxes (7, j) of [v] such that either
j>Rorv; <R.

In the following definition Eo+ (.- o+)(v, 1/px © A) is as already defined
in Definition [13.16|if (x~, k") has sign +1. For ease of reference we recall
from Definition [3.74] that we have defined A~ (u/ps) = |wp- (11/px)~| and

A* (1] 1) = lwp- (/1) =]+ 53 wp (/1)

Definition 13.16. (Both signs.) Let (k7, k%) be a strongly ¢"-maximal
signed weight of shape p/u, and size R where R > 2. Let v be a partition
and let A be a partition of |v|[u/p|. Fix £~ = (k™). Set v} = vg and
vy = Vg. Define

E™ = B (") A~ (1/p) + vig|w™| = A7
C+ — C+

ET = B;(”)Aﬂﬂ//ﬁ*) + Vﬁ("‘(‘ + > ie1 "’fj) — AT =2 A

where the sign in the four appearances of =+ is the sign of (k~, k™). Define
+
EC+,(H_,N+)(V7 M/N* : >‘) = maX(E7 + B+ Zf(:)\g(,z+)+1 )‘zra 0)

If R = 1 we instead define Ec+ (,— ot)(V,p1/pix © A) = 0. Finally we set
Ec*,(n*,nﬂL)(@nU’/:U’* : @) = -1

Again we remind the reader that the partition « in the following corollary
is well-defined by Proposition [6.5

Corollary 13.22 (Outer Twisted Weight Bound). (Both signs.) Let
(k=, k") be a strongly ct-maximal signed weight of shape u/p. and size R.
Let v be a partition. Let X be an (((k7), ((k%))-large partition. Set v, = vg
and vy = V. Let

o _ vt MR if (k=, k") has sign +1

vU(RM)  if (k=,Kk") has sign —1.

Set E = Ect (o oty (Vs /11 + A). Suppose that T\ & M(k~, k") in the
0(Kk™)-twisted dominance order and that T € PSSYT,{(V(M),u/u*)(fﬁ).
Throughout + is the sign of (K=, k™).

(i) If (k—, k") has sign +1 then T has at most E exceptional columns and
if (k=,k") has sign —1 then T has at most E exceptional rows.

(i) Let M > —1/;% + E. If T has d small columns whose top R boxes
have signed weights (¢7,¢7), ..., (¢;,¢5) (when (=, k™) has sign +1) or d
small rows whose leftmost R boxes have signed weights (¢7,¢7), ..., (¢, d7)
(when (k=, k%) has sign —1) then

(v"x%) < (BEW) + ER) (wr (/) e (/1))
+ (61, 00) + 0+ (0, 04) + (Vg —d = E+ M) (s, 17)
in the £(k™)-signed dominance order for M > —I/}:.% +d+ E and the weaker
bound

(7, 7") D (BR(v) + ER) (wp- (1/ )~ wp- (/1))
+ (Vg -E+ M) (™, k")
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for M > —1/;% + E also holds.

(iii) Let k be the unique partition with {(k™)-decomposition (k= ,k*). If
v = @ then define w = @ and otherwise define
o Jre (BR() + ER)(wi- (/1) we- (/1))

k@ (BEW) + BR)(wp (/1) wp (/1)) @ (0 — B — 1) (5, 5%)
choosing the case according to whether 2 > V}:.% or b < I/;%. Then w is an
(0(k™) + 1,4(k™)) -large partition of |N| + SR|u/ .| where

o E—-vi+1 ifE>vg
o if E < vi.

Suppose that o B> X @ M(/—i’, K+) in the {(k™)-twisted dominance order. If

So s a constituent of the plethysm s,y 0 s,,, then
qJwa® (—(F - 1/;% +1)+ M) (k, k") if E> 1/;%
o
T lwe M(k,kT) ifE<V§

for all M € Ng such that M > VE - FE.

Proof. In (iii) the size of w and that w is (¢(k~) + 1,£(x"))-large follow ex-
actly as in Corollary note that the sign of (k~, k") is irrelevant to this
first part of the proof. Part (i) is proved in Corollary when (K=, k")
has sign +1; the proof is precisely analogous for sign —1, using the mod-
ified definitions above and the obvious modifications of Lemma [I3.15 and
Remark When the sign is +1, (ii) is the stronger bound in Proposi-

tion [13.19, and (iii) is Corollary [13.22] Again in all three cases the proof is
precisely analogous for sign —1. O

14. PROOF OF THEOREM

In this section we prove Theorem using the Signed Weight Lemma
(Lemma . We begin with the second part of the theorem where the
stable multiplicity is zero in §14.1] In §14.2) we construct a suitable stable
partition system. Then in we prove a final preliminary lemma on the
length of signed weights, closely analogous to a well known result on the
length of vectors in the Type A root system. Then finally in we prove
Theorem which restates Theorem [1.2] with an explicit bound.

14.1. The vanishing case of Theorem Recall from Definition [11.1
that LZ([\, w]«, (k=, k%), (n~,n")) is defined whenever (n=,n") < (k= k"),
and so in particular, whenever (n=,n%) > (k7,k"). See Definition
in §13.70 for the definition of E.t (.- .+)(¥,1t/ptx = A) in its ‘both signs’
version.

Proposition 14.1. Let (v, k") be a strongly maximal signed weight of size
R, shape p/p. and sign €. Set £~ = (k™). Let n~ and n* be partitions
with £(n~) < €. Let ¢t = max({(k"),4(n"). Let v be a partition and let
X be an (£, €%)-large partition of |v||u/ps|. Set V™M) = v 4 (M®) if k has
sign +1 and v™) = v U (RM) if k has sign —1. Set v =vgr and vy = vl
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and let + be the sign of (v, k%). Set B = Eot (o oty p1/pix = A). If
(5=, 5%) < (7, *) then

(8,00 © S/ S M= at)) =0

for all

{LZ(P‘ @ (BE—vg+1)(n,n%),wla, (57, 5%), (17,0")) +(E—vg +1)
LZ([)"W]ﬂv (K™, KY), (77_,77+))

choosing the case according to whether £ > l/ﬁ or E < I/fﬁ, where w is the
relevant partition for the two cases taken from Corollary|15.24

Proof. By Corollary [13.22((iii), if s, is a constituent of s, 0s,/,, such that
o> A@® M(k,k") then

< w@(—(E—u%—l—l)—i—M)(/(,/@*) ifEZZ/;%
wd Mk, k") ifE<1/1j€

for all M € Ny such that M > —V}i% + E. Since (n=,n") > (k7, k") we
may apply this result taking 0 = A @ M(n~,n"). In the second case, when
E < 1/]%, the proposition then follows by an argument very closely analogous

to the proof of Proposition the analogue of ([11.1)) is that if o« <a’, J+>
then

(07,0%) D (r &) + (Br(v) + ER)(w- (1/1e) s wo— 18/ 11) ")
+ (g —E—1)(h,&") + M(k™, k")

and so, substituting (A=, A\") + M(n—,n") for (c7,07"), as it justified by
Lemma 9.6/ since (n=,n") > (k~, k"), the analogue of (11.2) is

AT A+ M, n") L(BR () + ER)(we- (/1) ™ we- (/1))
+ (1/1% — E)Yk™,kT)+ M(k™,Kk")

where since E < 1/1:.%, we add M (k~, k") to a well-defined signed weight. The
application of the inequalities is then exactly as before, giving a contradic-
tion whenever M > LZ([\, w]«, (k7, k%), (n™,n")). In the first case, when
E> 1/1%, we note that because of the shift in M, we now require

—~(E-vE+1)+M>LZ(A& (E—-vE +1)(n ", n),wla, (57,65, (77, 11))

where w is now defined by the first case in Corollary [13.22] The argument
is otherwise the same. (]

14.2. Stable partition system for Theorem The following lemma
is the analogue of Lemmal[I1.3] Again we remind the reader that the statistic
statistic Ee+ (- o) (¥, 14/ s : A) is defined in Definition Here we also
use B;(u) from Definition each definition is given in its ‘both signs’
versions in The partition & in the following lemma is well-defined by
Proposition [6.5]
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Lemma 14.2. Let (k=, k") be a strongly c™-maximal signed weight of shape
/1« and size R. Let v be a partition. Let X be an (((k~) + 1,4(xk"))-large
partition of |v||p/px|. Let I/E =vg if (k,Kk") has sign +1 and let 1/§ =g
if (k=, k") has sign —1. Define

Jan _ )V + M) if (k,Kk") has sign +1

vU(RM)  if (k=, k") has sign —1.

Set E = EC+7(,{—7H+)(I/, i/l = N). Let k be the unique partition with ¢(k™)-
decomposition </<a‘, I€+>. Define w = @ if v = & and otherwise

o { ® (BE(W) + ER) (we- (/1) we- (1] 114)")
k& (B (W) + ER) (we- (111", we- (/i) ) © (v — B —1)(57, 5%)

choosing the case according to whether E > 1/;5 or F < uﬁ. If E> 1/13%E then
set S = 7V§+E+1 and set PM) = & for M < S and
pM) — [/\ OM(K,k"),wd (M —95)(k, /@Jr)]Q

if M > S. IfE<u}j%: then set S =0 and set

PpM) — [A@M(n*,/ﬁ),w & M(ff*’/‘ﬁ)}@

for all M € Nyg. Then (P(M))MGNO 1s a stable partition system with respect
to the map m — m @ (k~, k") and the symmetric functions hy = e —h.+,
stable for M > S + K where K is the mazimum of

. L([)\_ + Sﬁ_,w‘]ﬁ”_),ﬁ‘),

o LN+ S*w + (] + S| — o ]a, 7)),

o (wi +wji —2X — 28k} 4+ 2|A*| + 25|6F| — 2wt |) /(K] — K3),

o (max(¢(A*), (k%)) + |w| = [A| = S|e™| - wz,)/ﬁlf(n,).
and zero. Moreover, if 1 € PM) and s, is a summand of ex_h,+ appearing

in the plethysm s, © s/, then o € PUM),

Proof. By Corollary (iii) in its ‘both signs’ version in w is an
(0(k™) + 1,£(k™))-large partition, of size |A| + SR|u/p|. If E < v then it
is immediate from Corollary applied with A and w that the partition
system (P(M)) /¢y, is stable, and since S = 0, the bounds above defining K
are exactly the bounds defined in the statement of this lemma. If £ > 1/;%
then S = F — I/}:.% 4+ 1 and we instead apply the corollary to the partitions
A® S(k™,k') and w. Since, by Lemma we have (A @ S(k™, k%)) =
A~ @ Sk, and so on, the result from Corollary is that the partition
system (P(N+9)) ey, is stable for N > K, where again K is as defined
in the statement of this lemma. Hence (P(M))y/cy, is stable for M >
S + K. (The reader may easily check that Definition permits any finite
number of the sets P(M) to be empty.) For the ‘moreover’ part of the
result, first note that by Lemma[6.12 o &> 7. By Corollary [13.22[(iii) we have
cdw® (M — S)(k,k%). Hence o € P(M). This completes the proof. [0
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14.3. Box moving bound. Let V,— xV be the abelian group generated by
the set W,— x W of signed weights. Identifying ((al_, con ), (af,ag, . ))
€ V,- XV with (al‘, N N ag,...) as in the definition of the £~-signed
dominance order on W,- x W (see Definition we define eU) € Vo x V
for each j € N by
1 ifi=gj
e = 1 ifi=j+1

0 otherwise.

For example if £~ = 2 then (1) = ((1,-1),2), e@ = ((0,1),(-1)), e® =
((0,0), (1, —1)), and so on. Observe that the e¥/) for j € N form a Z-basis for
the subgroup of V- xV of elements of sum 0. We say that (y~, ") € V- xV
is root-positive if, under this identification, it is a linear combination of the
£\ with non-negative coefficients. Given a root-positive element (6-,B87) €
V,— x V expressed uniquely in the eU) basis as

(B7,87) =) b,
jJeN

we define the root-length of (3=, 3%), denoted ||(8~, 37)]|| by
1878911 = Db (14.1)
J

Note the sum in (14.1)) is a finite sum of non-negative integers. In practice,
it is more often helpful to think of each () as defining a single box move
as in the remark following Example

Lemma 14.3. Fiz ¢~ € N. Let w, 0 and T be partitions such that m <o < 1.
Then T —0 is root-positive and ||(77,77)— (o=, 00)|| < ||(77, 7)) — (7=, 7 1)]|.

Proof. By Definition we have (07,0%) < (77,77) in the £~ -signed dom-
inance order on W,— x W. By Definition this is the usual dominance
order on concatenated weights. Hence by a standard result on the domi-
nance order familiar from the Type A root system, which also follows from
the remark above about single box moves, (7~ —o~, 7" —0™) is root-positive.
Let

(07 = 70" = 1) = Fyenbje?)
(=077 = 0%) = Ten s

where bj, ¢; > 0 for each j. Now (77 —7~, 7" —7%) =3, (b, +¢;)eV) and
since bj + ¢; > ¢; the remaining claim follows. O

The ¢~ -signed dominance order on the set W,-x W of signed weights used
in the following lemma is defined in Definition

Lemma 14.4. Let (¢;,¢;) for 1 < i < d and (k~,k") be signed weights
of the same size such that (¢;,¢;) < (K=, k") in the {~-signed dominance
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order for each i. Then d(k™, k") — ngl(qb;, ®7) is root-positive and

d
|d(k™, k") Z o7, 67|

Proof. By Lemma [14.3) (k~,x") — (¢7,¢*), is root-positive. Write (k= —
— &) =D jen bije¥) where b;; € Ny for all i and j. For each i, at
least one coefficient b;; is non-zero, and so

d d
=360 = (b )0
=1 JjEN i=1
where the total sum of coefficients is at least d. O

14.4. Small columns and rows. Let (k,x") be a strongly c¢*-maximal
signed weight of shape p/pu, and size R. We use ‘/’ to distinguish the cases
when (k, k") has sign +1/—1. Recall from Definition that in each
non-exceptional column/row of a plethystic semistandard signed tableau T
of inner shape p/ ., either the top/leftmost R boxes in the column/row form
the plethystic semistandard signed tableau T{,- ,.+), or the column/row is
small having signed weight (¢, ¢") such that (¢=,¢") < (k~, k") in the
¢(k™)-signed dominance order on set W,- x W defined in Definition
The bound Ec+ (.- oty (Vs ft/ptx : A) in the following lemma is defined in
Definition and the statistic Bf.;(l/) is defined in Definition each
in their ‘both signs’ version in

Lemma 14.5. Let (k, k") be a strongly ct-maximal signed weight of shape
1/ ks and size R. Let v be a partition. Set (= = {(k~). Let X be a (€=, 4(kT))-
large partition of |/ | |v|. Let B = Eot (o~ oty (Vs 1/ p1x = A). Let 1/;% =vR if
(K™, k") has sign +1 and let 1/}jEz = vy if (7, k") has sign —1. Let M € Ny
and set

Jon _ v+ M%) if (k=, k") has sign +1

\vu(BRM) if (v, k) has sign —1.

Let T € PSSYT,{(V(M),,u/u*)(,r_’,ﬁ) be a (k~,k")-adapted plethystic semis-
tandard signed tableau where (7=, m")> (A", AT)+ M (k~, k™) in the £~ -signed
dominance order on Wy—-x W. Set

D=|[(Bg()+ER) (wi-(p/p1) s wi- (/1)) H (g —E) (5, 57) = (A7, A1)
where in this equation the root-length is of a root-positive element. If M € Ny

and M > D+ E — VI% then T has at most D small columns/rows.

Proof. For ease of notation set (w=,w*) = (wp- (1/pts) = we- (11/px)*). Sup-
pose that T has exactly d small columns/rows. The bound in the ‘both
signs’ version of Corollary (ii) states that, in the ¢~-signed dominance
order, (7, %) < (0~ ,0") where

d
(07,07) = (BRw) + ER)(w™,w") + Y (¢;,0") +(vg —E+M—d)(x,x")
i=1
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for M > —ylf + d + E and the weaker bound in the same result is that
(=, 7)< (77, 7") where
(17,7%) = (Bg(v) + ER)(w™,w") + (vg — E+ M)(r ", ")
for M > E — U;tf. Applying Lemma to (m=,7") < (o7,0") (77, 7") we
obtain
d
(7=, 7) = (e, 79| = ||d(s,57) = > ¢il| > d. (14.2)
i=1
where the final inequality uses Lemma On the other hand, applying
Lemma to the chain of inequalities
A A+ Mk, 6 Q(n 7)< (77, 771)
valid for M € Ny with M > —VE +d+ E we get
‘|(777T+) - (7T777T+)H
< ||(BE(v) + ER)(w™,w*) + (V5 — E+ M) (s, K")
— (A2 + M(s,67))||
= ||(BE(v) + ER)(w™,w*) + (vp — E)(k~, k") — (A7, A1)||.  (14.3)
By the same lemma, the right-hand side is the norm of a root-positive ele-

ment. Combining ((14.2)) and ((14.3) we obtain the required bound d < D,
valid for all M € Ng with M > D + E — vp. O

Example 14.6. Continuing Examples [13.11] and [I3.20| we take the strongly
1-maximal signed weight ((2, 2), (3, 1)), defined by the maximal plethystic
semistandard tableau family {[1]2]1]1], [1][2]1][2]} of size 2 and sign
+1, and consider the plethysm coefficients <3(271)+M(171) 08(4); S)\@M((272)7(371)>
for M € Ny. The partition x with 2-decomposition ((2,2),(3,1)) is (5,3).
Let £ = E17((272)7(3,1))((2, 1), (4) : A) Note that BR(V) = Bg((2, 1)) =1.1If
E > 15 = 1 then the first case for w in Corollary and Lemma [14.2
applies and so the partition w is

w=(53)® (1+2E)((1,1),(2)) = (7 +4E,3,2'2F).

If instead E = 0 then the second case for w in these results applies, but now
y;% —F—-1=1—-0-1 = 0, and so the second case defines exactly the
same partition. Similarly, in either case, the statistic S in Lemma [14.2] is
—vy+FE+1=-14F+1=F and so the stable partition system from this

lemma, is
PO = A& M((2,2),(3,1).0 ® (M - E)((2,2),(3,1)]

for M > E. As a small check, note that A\ is a partition of 12 and w is a
partition of 12+ 8F and so the sizes of the partitions defining the interval for
the 2-twisted dominance order agree, as they must. In the remainder of this
example we take A = (8,3,1), the first of the cases in the earlier examples;
note that A is (¢(k~) 4+ 1,4(x%)) = (3,2)-large as required by Lemma m
We show all the ideas in the proof of Theorem [I4.7]by checking the conditions
for the Signed Weight Lemma (Lemma .
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The stable partition system for A = (8,3,1) explicitly. We saw in Exam-
ple that £ = 1, and so w = (11,3,2%) = (8,2,2) & ((2,2),(3,1)). It
is routine to check using the definition of the 2-twisted dominance order in
Definition that the partition system (P()) /ey, is

P = {(8,3,1),(9,2,1),(7,3,2),(8,2,2) } & M((2,2), (3,1))

for M > 1, where the notation indicates that M ((2,2),(3,1)) is adjoined
to all four partitions in the given set. The bounds in Lemma [I4.2] are —2,
—1, =3 and —1 and so K = max(—2,—1,—3,—1,0) = 0. The shift S in this
lemma is —1/]3%E +FE+1=-14141=1. Therefore, Lemma states
that (P(M)) /e, is stable for M > 1. Here the bound is tight, since, by the
definition in Lemma we have P(0) = g.

Condition (ii) in the Signed Weight Lemma for X = (8,3,1). We start
with (ii) because the calculations are helpful for (i). We saw in Exam-

ple [13.11] that

| PSSYT (2,2),(3,1) ((27 1)+ M(1,1), (4))((3+2M,2+2M),(6+3M,1+M))| =4

for all M > 1, giving condition (ii) in the Signed Weight Lemma (Lemmal/7.3)
for the partitions obtained by adjoining to (8,3,1)« ((3,2), (6,1)). It is rou-
tine to check by similar arguments using the 2-decompositions <(3, 2), (7)>,
((3,3),(5,1)) and {(3,3), (6)) of the three larger partitions in P(©) that the
corresponding sets of plethystic semistandard signed tableaux for these par-
titions have sizes 1, 1 and 0 for all M > 0. However, rather than use this
ad-hoc argument, we take the opportunity to motivate the relevant part of
the proof of Theorem Let <7r’7 7T+> be the 2-decomposition of one of
the four partitions in P(M), Then the map defined by inserting the plethys-
tic semistandard signed tableau shown in the margin as a new typical first
column into a plethystic semistandard tableau in PSSYT (29 (3,1)) ((2, 1)+
M(1,1),(4)) (= 7+) is surjective, and so bijective, if and only if every plethys-
tic semistandard signed tableaux in PSSYT((2.2) 3.1)((2,1) + (M +1)(2,2),
(4))(ﬂ_+(371)7w++(2)) has at least one typical column, i.e. one equal to the
tableau in the margin. Since F = 1, each such T has at most one excep-
tional column. By Lemma with (A7, A*) = ((3,2),(6,1)), T has at

most

[|(1+2.1)((1,1),(2)) + (1 —1)((2,2),(3,1)) — ((3,2), (6,1))||
= H((37 3)7 (6)) - ((37 2)7 (67 1)) H
={]((0,1). (0, -1))]|
= ([ +<®)]
=2

small columns. By Lemma [13.12] every column that is not small or excep-
tional is typical. Since £ = 1, there is at most one exceptional column,
and so the insertion map is surjective for M > 3. In fact, as seen in Exam-
ple when (7=, 7%) = (8,3,1) + M ((1,1),(2)), and as follows from the
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ad-hoc calculation earlier in this paragraph, the insertion map is surjective
for all M > 1.

As a further illustration of this bound, we remark that if instead A\ =
(6,3,3) then E = 2, as seen in Example and the bound on the
number of small columns from Lemma is now ||(1+2.2)((1,1),(2)) +
(1-2)((2,2),(3,1)) = ((3,3),(4,1,1))|] = 1/(0,0,3,-2,-1)|| = 4. In Ex-
ample we saw that in fact there is at most one small column in
each plethystic semistandard tableau of outer shape (2,1) + M(1,1), in-
ner shape (3) and signed weight ((3+2M,3 +2M), (4+3M,1+ M, 1)), so
in this case, as is typical, the bound is not very strong.

Condition (i) in the Signed Weight Lemma for X = (8,3,1). As promised
by the final claim in Lemma if 0> (8,3,1) @ M((2, 2), (3, 1)) and s,
appears in sz 1)1a7(1,1) © S(4) then o is one of the four partitions in PM).
in fact, since there are no plethystic semistandard signed tableaux of signed
weight ((3,3), (6))+M((1,1),(2)) equal to the 2-decomposition of the upper
bound (8, 2, 2)69M((2, 2), (3, 1)), only the first three partitions listed in P (M)
appear.

Conclusion. Using computer algebra one may obtain the constant values of
(8(2,1)+M(1,1) © 5(4)s So@M((2,2),3,1)) for o € PO): they are 2, 1, 1 and 0,
attained for M > 1 when ¢ = A = (8,3,1) and M > 0 when o =
(9,2,1),(7,3,2) or (8,2,2). We shall see below in Example that the
bound from Theorem [14.7]is M > 2 for (8,3,1).

We mention that since the insertion map inserts a new column of height R,
it is a new first column if and only if /() < R, and otherwise it must become
a new column vpy 1+ 1. This is the main feature of the general positive sign
case not seen in the previous example; in the negative sign case we instead
insert a new row, and a similar remark applies.

14.5. Proof of Theorem The ‘moreover’ part of Theorem [I.2] has
already been proved in Proposition [14.1l The next theorem proves the
main part of Theorem with an explicit stability bound. Note that by
Remark there is no loss of generality in the ‘largeness’ hypotheses in the
theorem. The greatest signed weight (wy—(1/pe) ™, wp- (/1) *) is defined
in Definition 4.3 and strongly ct-maximal signed weights are defined in
Definition The L bounds are defined in Definition (Remark
explains the small difference in notation for the intervals in the first two
bounds.) The statistics Br(v) and Eq+ (- o) (¥, 1/ pis + A) are defined in
Definition in its ‘both signs’ version in The ‘shift’ S below was
first seen in Example[13.7 and then in the definition of w in its continuation

in Example

Theorem 14.7. Let (k,k") be a strongly c¢"-mazimal signed weight of
a semistandard tableau family of shape p/p. and size R. Set £~ = (k™).
Let v be a partition and let X be a (¢, {(k*))-large partition of |||/ pi]. Set
v, =vgr and vy = vy and let £ denote the sign of k. Set v M) — 1y (RM)



121

if (=, k%) has sign —1 and v™M) = v 4+ (MF) if (=, k%) has sign +1. Set
E= Ec*,(fi*,/ff)(y? :U’//J’* :A) and

g_ E—Vﬁ—f—l ifEZV}%
0 ifE<V;§.

Set

D = |[(BrW)+ER) (we- (1/pe) s we- (/) )+ —E) (57, &5)=(A, A1) .

Let k be the unique partition with £~ -decomposition (k~, k). Define w = &
if v = O and otherwise

o { & (BE(v) + ER) (we- (/1) we- (1] 11))
K ® (BE(W) + ER) (we- (/1) ™, we- (/i) ") ® (v — E = 1)(5~, 5%)

choosing the case according to whether B > 1/]3%E or B < 1/?{:. Let L be the
mazximum of
S+ L([)\* + S/ﬁ*,w’]‘:,n’),
S+ LAY + Skt wh + (M) + S[wF] — [w )], w7),
S+ (wi +wg —2A] — 28k} 4+ 2)AF| + 28|F| = 2Jwt]) /(K] — K3),
S+ (max(¢(A*), 6(k7)) + [w™| = [A7| = S|s™| — wz_)//iz(ﬁ_)
° E+D—V§—|—u§+1,
omitting the third if k| = k3 and the fourth if k= = @. Then

<SV(M) O Su/ues S/\@M(n*,l-c*)>

is constant for M > L. Moreover if A@ S(k™,k") 4 w in the {~-twisted
dominance order then the plethysm coefficient is 0 for all M € Ny.

Proof. We apply the Signed Weight Lemma (Lemma to the stable par-
tition system

PM) — [)\@M(/{,/ﬁ*),w@ (M—S)(’ffa’ﬁ)]g]

defined in Lemma [14.2] The intervals are, as ever, for the {~-twisted dom-
inance order. By hypothesis A is (f‘,f(/{*))—large. By Corollary w
is an (¢(k~) + 1,¢(k*))-large partition of |A| + SR|u/p.|. Again by this
corollary, if o is a partition of |A| + M R|u/ .|, such that o > X @ M (k~, k™)
such that s, is a constituent of the plethysm s,us o s,/,, then o <dw @
(M — S)(k~,k*). But by Lemma[9.6|and the ‘if” direction of Lemma [0.7] if
MA@ S(k™,kT) & w then, writing

AOM(E k") =A@ Sk k") D (M - 8S)(k™,k"),
we have
AOM(KE k) Fwd (M —9S)(x,k").

Hence if A @ S(k7,£") A w then (syg (g wt)sS,0n © 8yy,,) = 0 for all
M > S. This proves the final claim in the theorem. Moreover, we may now
assume that, for all M > S, the twisted interval P(M) is non-empty.
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Condition (i) in the Signed Weight Lemma. By Lemma the stable
partition system P(M) satisfies condition (i) of the Signed Weight Lemma

(Lemma for the plethysms s, 0 s,/ -

Condition (i) in the Signed Weight Lemma. Let M € Ny and let 7 € P(M),
Recall that PYT(v, /1) denotes the set of plethystic signed tableaux of
shape v having entries from the set YT (u/ ) of signed tableaux of shape
w/ k. Let p = (1) if (k=, k%) has sign +1 and let p = (R) if (x, &%) has
sign —1. Recall from Definition that T(,- ,+) is the unique plethystic
semistandard signed tableau of size R, outer shape p, inner shape 1/, and
signed weight (k~, k™). Define

H: PSSYT.(v™), /1) — PYT (MY 1/,

on T € PSSYT,.(v™) 1u/p,) by inserting T4~ x+) as a new column imme-
diately after column vg of T' when (k~, k") has sign +1 and as a new row
immediately after row v/}, of T when (k~, ™) has sign —1. Since T~ x+) has
semistandard entries, all 11/ p.-tableau entries in the image are semistandard.

Suppose that M > E — 1/;5 + VEH. (The reason for adding V;EH to the
bound from Lemma will be seen shortly.) By Corollary [13.22]i), T
has at most E exceptional columns/rows. By Lemma using that A @
S(k™,k") 9w, the bound D is well-defined (i.e. we take the root-length of
a root-positive element) and 7' has at most D small columns/rows. By
Definition a column/row is either exceptional, typical or small. Since
there M + vy columns/rows of T of height at least R, there are at least
M + y; — D — F typical columns, in which the top/leftmost R entries
form the plethystic semistandard signed tableau T, .+). (This requires
our use of the (k—,k')-adapted colexicographic order to order the inner
1/ e-tableau entries of T'; see Figure ) Therefore if M + uﬁ —-D—-FE>
Vi.f 41> the map H inserts T{,- .+) as a new column/row immediately to
the right /below an identical column/row. (Note that this condition implies
M > —lj}j[2 + D + E, and since D is an upper bound for the number of small
columns, the hypothesis on M in Corollary is satisfied.) Hence H is a
well-defined bijection for M > E + D — V;{E + VR4t O

Example 14.8. In the final part of the running example in Examples
and using the strongly 1-maximal signed weight ((2,2), (3, 1))
we saw that (s(2,1)411(1,1) © S()s Sae((2,2),(3,1))) is ultimately constant for
each \ € {(8, 3,1), (9,2,1),(7,3,2),(8,2,2)}. To illustrate Theorem m
we find an explicit bound for (8,3,1). In this context we have R = 2,
By((2,1)) =1, E =1 and (w2((4))*,w2((4))7) = ((1,1),(2)) and we saw
that the bound D on the number of small columns is 2. The fifth bound
in Theorem is therefore 1 +2 — 1+ 0 = 2. We saw earlier that the
other bounds are respectively —2, —1, —3 and —1, and so the overall bound
is 2. We also saw that when A\ = (8,3,1) the constant value was attained
for M =1, so in this case the bound from Theorem [14.7] is not sharp. We
remark that if instead A = (8,2,2) < ((3,3),(6)) then E =0, S = 0 and
w=(53)®((1,1),(2,2) = (7,3,2) < ((3,3),(5,1)) and so we are in the
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final case of the theorem where A< w in the 2~ -twisted dominance order (in
fact A\B>w), and so the plethysm coefficient is 0 for all M € N.

14.6. The case v = @ of Theorem This is a notable and simple
corollary of the theorem. The partitions £ in the following corollary are
well defined by Proposition [6.5

Corollary 14.9. Let (k=,k%) be a strongly ct-mazimal signed weight of
shape p/p. and size R. Fiz (= € Ny and let kM) be the unique partition
with ¢~ -decomposition M(k~,k%). If (k~,k") has sign —1 then

<S(RM) o S“/#*,SK(M)> =1

for all M € Ny and if (k=, k") has sign +1 then the same holds replacing
(RM)Y with (M®).

Proof. We apply Theorem with (k7, k%) and v = A = &. Thus v(M) —
(RM) if (k~, k") has sign —1 and ™) = (MR if (k= k") has sign +1.
Moreover \M) = @@ M (k~, k*) = kM), Therefore the theorem states that
the plethysm coefficients in the corollary are constant for all M at least the
bound in the theorem. Since v = @ we have E = —1 by Definition
and so the case F < V}:.% applies and we have S = 0 and w = @. It is
now easily seen that the first three bounds specified in Theorem [14.7] are 0;
the fourth is £(k*)/k,_ and the fifth is 0 since D is the root-length of the
zero weight. The fourth bound comes from Lemma Inspection of the
proof shows that in this case the stable partition system is P(M) = {%(M )},
which is stable for M > 0, and so this bound can be dropped. Therefore
the constant value is attained for M = 0, and since sy 0s,,/,, = 1 (the unit
element in the ring of symmetric functions) and k() = &, the constant value
is 1, as claimed. O

For example, we saw in Example i) that ((19), (m —d)) is a strongly
I-maximal signed weight of shape (m) and sign (—1)%. The unique partition
kM) with d-decomposition M{(19), (m — d)) is (d™) + (M (m — d)) and so
Corollary [14.9 implies that if d is odd then

($(1M) © S(my, S(aM)4M(m—-d)) = 1

for all M > 0 and the same holds replacing (1) with (M) if d is even. The
analogous stability result, which we believe is even less obvious, obtained
from the case R = 2 of Example |4.18[ii) is that if d is odd then

(8(2M) © S(m)s S(@2M)+ M(2m—2d—1,1)) = 1

for all M > 0, and the same holds replacing (2M) with (M, M) if d is
even. For an example of the corollary in the case of skew partitions see

Example [I5.2]

15. APPLICATIONS OF THEOREM [L.2]

15.1. Theorem for singleton strongly maximal signed weights.
We saw in Lemma that the signed weight (wp—(1/ 1)~ we— (1) pse) ™)
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of the greatest semistandard signed tableau ¢,- (u/p4) in Definitions
and is a strongly c¢"-maximal signed weight where ¢t = ¢(w,- (u/pe)")
is the greatest positive entry appearing in ¢y (1t/ ). In this subsection we
give the special case of Theorem for such strongly maximal weights,
which we call singleton. The L bounds below are defined in Definition [9.2
see Remark [9.1] for the reason for the difference in the notation for intervals.

Corollary 15.1. Let v be a partition of n, let u/p, be a skew partition, and
let X be a partition of [v||p/p]. Fiz €~ € No. Set (k=, k%) = (wp- (1/1e) ™,
we- (p/pe)*). Let v™M) =y (1M) if |k~ is odd and vM) =y (M) if |k~
is even. Then
(8,00) © 81/ SAGM (ki +))

s constant for all M > L where L is the mazimum of

. L([)\*,n/(](f),/ﬁ’),
L(\ et + (INF] = nlwt])] g, 57)
(n/q +nKy — 207 + 2|AT| — 2n|/1+|)/(/£f — K3),
(max(¢(A*), £(k%)) + n|r=| — |A7] - nHZ(n_))/nZ(/{_)
l|n(c=, k%) = (A7, A%)|| - v+ v,
omitting the third if k] = k3 and the fourth if {~ = 0 and so k= = &.
Moreover if \¥w™ (1)) then the plethysm coefficient is 0 for all M € Ny.

Proof. By Lemma (/{’,/{*) is the strongly f(wg_ (,u/,u*)Jr)—maXimal
signed weight of the singleton tableau family {t,- (u/p.)} of shape g/ .
(Note this holds even if - (1/u,) has only negative entries, in which case
the positive part of the signed weight is @.) Since ¢,- (u/p+) has |£7| neg-
ative entries, its sign is (—1)/*"|. Since the tableau family has size R = 1,
Definition states that £ = 0, unless v = @ when E = —1. Either way,
the case EF < VE of Theorem applies. The partition x in Theorem
is the unique partition with ¢~-decomposition (wy- (p/ )™, wp- (1/px) "))
(This ¢~-decomposition is well-defined by Lemma [6.4]) We have
By (v) = n — a(v¥).
If v = @ then the upper bound partition w in Theorem is @, and
otherwise it is
k@ (n—a@®)) (67,6 @ (a(®) —0-1)(k,x") =@ (n — 1)(k™, k")

with ¢~-decomposition n(k™, k") = n{wp- (/)" we- (1/p)™). Thus in

ﬁ)

all cases w is the partition w,”’ (11/p+) defined in Definition [I0.6] Similarly,
we have

D=|[(n—a(®)(x &%)+ (a(v™) = 0) (&, &") = (A7, A1)]|
= HTL(I{_,I{+) - ()\_,)\Jr)H.

Since we are in the case F < I/Ij%:, we have S = 0. It is now very easily seen
that the five bounds in Theorem simplify as claimed. The corollary,

including the final claim that if A< w™ (/1. ) then the plethysm coefficient
is 0 for all M € Ny, now follows from this theorem. O
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Note that the condition for the plethysm coefficient to vanish is the same
as the one in Remark [13.23] The following example illustrates the skew
partition case of Corollary

Example 15.2. Take /- = 2 and p1/p, = (4,2)/(1). The tableau t2((4,2)/(1))

is as shown in the margin and correspondingly

(w2((4,2)/(1)) " w2((4,2)/(1))7) = ((2,2),(1)).

By Lemma this is a strongly 1-maximal signed weight of shape (4,2)/(1),
size 1 and sign +1. Let v be a partition of n. By Corollary the plethysm
coefficients

(Su4(M) © 5(4,2)/(1) SAdM((2,2),1)))

are constant for M at least the bound in this corollary, and the constant
value is 0 unless A <Qw(™((4,2)/(1)) = (n + 2,22"71) & {((2n,2n), (n)).
Note that sy 2y/1) = S(@4,1) + 5(3,2) 1S not a single Schur function, so, as
in Example [£.2T], this result needs the generality of skew partitions. Taking
v = (1,1), the table below shows values for the inner product for vary-
ing partitions A of 12 (shown decreasing in the 2-twisted dominance order),
together with the bound from the corollary.

A 1 2 3 4 5 bound

0
(4,2,1% 0 0 0 0 0 O 0
(3,3,2,2) 1 1 1 1 1 1
1
1
0

(4,4,2) 12 19 22 22 22
(8,1,1) 9 17 17 17 17
(8,2) 7 15 16 16 16

S Ot Ot =

In the first case (4,2,1,1,1)«((5,2), (2)) is incomparable with (4,2,2,2) <
((4,4),(2)) in the 2-twisted dominance order, and so the constant multiplic-
ity is 0. In each remaining case, the fifth bound, ||2((2,2), (1)) — (A=, A%)||
is the largest. For instance s(i4a7,1)0 (S(4,1) +5(3,2))s S(4+M747221M+1)> = 22 for
all M > 3. Similar calculations by computer algebra using the bound from
Corollary show that

(5(1+M,1) ©5(4,1); 5(4+M,4722M+1)> =0 foral M >0
(8(141,1) © 5(3,2)5 5(4+M74722M+1)> =7 forall M > 3;

this illustrates the failure of the plethysm product to be distributive over
addition in its second component.

There are two special cases of Corollary worth noting, first when
/iy = @, and secondly when k= = @.

Remark 15.3. If u, = @ then, by (6.1), we have (wy- ()™, wp-(p)*) =
(=, uT) and we may replace £~ with g~ and % with p* in all the expressions

in Corollary

2][1]

(1
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We use this remark in §15.3| and §15.2] below. Combining Corollary
with this remark it follows that, for any fixed ¢~-decomposition (p~, u*), if

|| is odd then
() © Sps Sns e i)) = 1
for all M € Ny; if || is even then the same holds replacing (1) with M.
For ease of reference in the following corollary for the case k= = &, we

recall that the greatest tableau ¢,- (u/ ) is defined in Definition the L
bound in Definition and the root-length ||a|| in (14.1)).

Corollary 15.4. Let v be a partition of n, let u/u. be a skew partition,
and let X be a partition of |v||p/p«|. Let k be the positive part of the signed
weight of the greatest tableau to(u/py). Then

<Su+(M) O S/ s 3)\+Mn>

is constant for all M € Ny such that M > L, where L is the maximum of
L([\ nkla, k) and |[nk — A|| — 11 + va.

Proof. Apply Corollarytaking 0= =0. Thus (wo (/)™ wo(p/p)*) =
(@,k). Thus the first bound is one that should ignored, The second is
L([)\, nkl<, /-1), the third is the case k = 1 in Deﬁnition and so is implied
by the second. The fourth bound is again one that should be ignored, and
the fifth becomes |[nk — A|| — v1 + 12. O

15.2. Explicit bounds for hook stability. By Lemma[f.I7} if 1 <d <m
then ((d), (m — d)) is a strongly l-maximal signed weight of shape (m —
d + 1,1971), corresponding to the singleton tableau family {tl ((m —d—+
1, 1d’1)) } For instance tl((?), 1,1, 1)) is as shown in the margin.

Proposition 15.5. Let v be a partition of n and let 1 < d < m. Let
vM) =y 4 (M) if d is even and let vM) = v U (IM) if d is odd. If X is a
partition of mn with 1-decomposition ((€(X)), A*) then

(S4(M) © S(m—dp1,10-1) SA4M(m—d) L (14M))
s constant for all M > L where L is the mazimum of
o (IX*]—2X1)/(m — d),
o (2IAT| =2X\ —n(m—d))/(m—d),
o |[((nd), (n(m —d))) = (LX), A*)|| = v1 + vz
Moreover if X 4 (1"4) 4+ (n(m — d)) in the 1-twisted dominance order then
the plethysm coefficient is 0 for all M € Ny.

Proof. We take the singleton strongly maximal weight (x~, k%) = ((d), (m —
d)) in Corollary together with pu/py = (m —d + 1,197 and ¢~ = 1.
By Definition the 1-decomposition of the partition A is ((¢()), (A —
1,..., )\b—l)>, where b is maximal such that A\, > 2. Hence, by Deﬁnition
the first bound in Theorem [14.7]is (nd — ¢(\) — nd) /d, which is non-positive.
(Note the case where ¢(A~) < ¢~ applies since A~ has at most one part.)
Similarly since ¢(k*) = 1 the second bound is (n(m — d) + |A\T| — n(m —
d) — 2X\{)/(m — d) which simplifies to the first bound above. (Again this
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ignores a potentially stronger bound if ¢(A*) < 1.) The third and fifth
bounds in the corollary simplify to the final two bounds above. The fourth
bound is (max(¢(A*),1) + nd — £(A) — nd)/d = (max(¢(A*),1) — £(\))/d
which, since A* has length b < ¢()), is non-positive. Since the partition
w® ((m—d+1,197") with 1-decomposition n{x~, £*) = n{(d), (m — d)) is
(1") + (n(m — d)), the result now follows from Corollary O

For example, taking v = (2,1), m = 4 and d = 2 so p = (3,1) we find

that
(8(24M,1) © 5(3,1)» Sxt(2M) LI (12M))

is ultimately constant, and zero unless A < (7,1°) in the 1-twisted domi-
nance order. (This is equivalent to the condition ¢(A) < 6.) The case
A = (4,3,3,2), for which the sequence of plethysm coefficients is 2, 16, 31,
33, 33, ...isillustrative. Here A* = (3,2,2,1) and so the bounds from Propo-
sition [15.5)are (8—6)/(4—2) =1, (2x8-2x3-3(4—-2))/(4-2) =4/2 =2
and 11 — 2+ 1 = 10 since

1((6), (6))—((4),(3,2,2, 1)) || = [|((2), 8, —2—2,-1)) || = 2+5+3+1 = 11.

Therefore (s(a1n7,1) © 8(3,1)s S(a+2M,3,3,2,12M)) = 33 for all M > 10.

15.3. Explicit bounds for Law—Okitani stability. Using Corollary [I5.]]
and Remark and very similar arguments to the proof of Proposi-
tion [15.5] we can give the first explicit bounds for the stability result dis-
cussed in due to Law and Okitani [I3], and a sufficient condition for the
stable plethysm coefficient to be zero. We exclude the case d = 0 because it
is a special case of Corollary and the case d = m because it reduces to
the case d = 0 by applying the w involution.

Proposition 15.6. Let v be a partition of n and let 1 < d < m. Let
vM) =y 4 (M) if d is even and let vM) = v U (1M) if d is odd. If X is a
partition of mn with d-decomposition <)\’, )\+> then

(8L(M1) © 8(m)s SAL-M(m—d)Li(dM))
s constant for all M > L where L is the mazimum of
n(d—1) - ]\,
(1N —2X7)/(m — ),
(2IAT| = 2X\] = n(m —d))/(m — d),
max(1, (A7) +n(d —1) — |A|,
| ((n%), (n(m —d))) — (A", A0)|| = v1 + v2
Moreover if A (d") + (n(m —d)) in the d-twisted dominance order then the
plethysm coefficient is 0 for all M € Ny.

Proof. By Example (i), ((1d), (m — d)) is a strongly 1-maximal signed
weight of shape (m), size 1 and sign (—1)¢. We take this as (k~,x") in
Corollary together with p/p, = (m) and £~ = d. Observe that s, —
K41 18 non-zero only when k = d. Hence, by Definition the first bound
in Theorem [14.7] is (nd — |[A~| — n)/1, which simplify to the first bound
above. (Note the case where ¢(A~) < ¢~ applies.) Similarly since (k") =1
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the second bound is (n(m —d)+|A\T| —n(m —d) —2XA])/(m —d) which again
simplifies as shown. (Again, as in the earlier proof of Proposition this
ignores a potentially stronger bound if £(A*) < 1.) The third, fourth and
fifth bounds are routine specializations of the bounds in the corollary. Since
the partition w(™ ((m)) with d-decomposition n(x~, k") = n((1%), (m — d))
is (d™) + n(m — d) the result now follows from Corollary O

Example 15.7. We take m = 4, d = 3 and v = (2,1). The table below
shows values of (s 11m+1)08(4), Sxp(aryu3nm)) for small values of M for vary-
ing partitions A of 12 (shown decreasing in the 2-twisted dominance order)
together with the bound from the corollary.

A 01 2 3 4 5 6 bound
(5,3,3,1) 0 0 0 0 0 0 O 0
(6,3,3) 0 0 0 0 0 0 O 0
(7,3,2) 1 1 1 1 1 11 0
(7,4,1) 1 2 2 2 2 2 2 3
(7,5) 1 45 6 6 6 6 7
(6,6) 0 25 6 777 8

In the first case (5,3,3,1) < <(4, 3,3), (2)> is greater than the upper bound
(6,3,3) < ((3,3,3),(3)) in the 3-twisted dominance order, and so the con-
stant multiplicity is 0. For (7,5) the constant multiplicity is indeed 6,
as can be checked by using computer algebra to compute the next three
values, or using the generalized Cayley—Sylvester formula in . Thus
(8(2,1M41) © 8(4),S(74m53M)) = 6 for M > 3. Tt is worth noting that we
can obtain further information about the same plethysm s a1y 0 (g
by instead taking d = 1 in Proposition [15.6), now using the strongly 1-
maximal signed weight ((1), (3)) For instance the proposition implies that
(8(2,1M+1) © 8(4), S(743Mm,5,1m)) = 6 for M > 4; in fact the constant value is
attained for M > 3. Similarly (s(y 1041y 0 S(4), S(64301,6,10)) = 8 for M > 5;
now the constant value is attained for M > 4. These results and bounds
may be verified using the Magma code already mentioned.

15.4. The positive non-skew case of Theorem In this section we
specialize Theorem in two ways at once by assuming that k= = @
and u/p, = &. (Taken separately, these specializations do not lead to
simplifications significant enough to be worth recording.) We begin by giving
the special case of Definition [£.§ and Definition[4.10]since the latter simplifies
greatly in this case. Recall that max T denotes the maximum integer entry
of a family of tableaux with integer entries.

Definition 15.8. Let p be a non-empty partition and let R € N. A family
M of R distinct semistandard p-tableaux with entries from N is mazimal if
its weight is maximal in the dominance order amongst all such families and
strongly c-maximal if whenever ¢ is the weight of a maximal family 7 such
that max 7 < max M then either T =M or > 7 ;¢ < > i, K.



129

It is clear that x is a strongly c-maximal weight if and only if (&, k) is a
strongly c—maximal signed weight in the sense of Definition We give
examples in §15.5] below. In the following corollary, the L bound is defined
in Definition [9.2] The unsigned analogue of the LZ bound in Definition [11.1
is defined by specializing this definition: given partitions A and w of the
same size, and partitions 1 and k, we define LZ([)\,w]ﬂ, K, 17) to to be the
minimum of the quantities

k k
o Doic1 Wi — D Ai
k k :
D1 i = D i Ki
taking those k for which the denominator is strictly positive. Below we have
K <17 so the minimum is well-defined.

Corollary 15.9. Let v be a partition of n, let u be a partition of m and
let A be a partition of mn. Let k be a strongly c-maximal weight of shape p
and size R. Set E =0 if R =1 and otherwise set

o))

E:BR Z/Ll—FVRZIQz ZA—F Z Ai-

i=0(k)+1
Set D = ||(Br(v) + ER)u+ (v — E)k — A||. Let L be the mazimum of

{E—VR+L([A+< ~vr)k, (Br(v) + ER)uls, k) if E > vr
L([\, (Br(v) + ER)u+ (vr — E)K]<, k) if E<vp

and D + E — v + vry1. Then (s, 4 (yry © Sus Sx+mx) is constant for M >
L. Moreover if n is a partition of MR such that k <1 n then <5V+(MR) o
Sus SxyMn) = 0 for all

{E—VR+LZ([)\+( — vr)n, (Br(v) + ER)pla, k1) if E > vg
LZ([\, (Br(v) + ER)pu + (vg — E)k]a, k,1) if E < vg.

Proof. We apply Theorem with k= = @ and k* = k. Thus £~ =0
and (wp- (/) = we- (1/p)™) = (@, 1) by and the following remark.
The sign of (&, k") is +1 so the definitions given in the main part of
apply and v™ = v in the statement of the theorem. It is easily seen from
Definition that E, (g .)(v, it 2 A) is E as stated in the corollary and
similarly from Theorem using that wo(p)” = @ and

_J(Br(v)+ ER)u+ K it E>vp
(Br(v) + ER)u+ (vr — E)k if E<vp

that D is as stated. Since || + SR|u| = |AT| + S|&T| = |w| = |w™|, where
the second equality uses Corollary (iii) and that L([@, 9]«,2) = 0,
the bounds defining L in this theorem simplify to S, S + L([)\ + Sk, w]«, /1),
S+ (w1 +we — 2\ —2Sk1)/(k1 —k2), 0, and D+ E —vg + Vg1, respectively.
If k1 = Ko then the third quantity should be disregarded; otherwise it is one
of the lower bounds appearing in Definition defining L([)\ + Sk, w], HJ).
Finally we slightly simplify L([\ + Sk,w], ) using the lemma that L([a +
K, B+k]a, k) = L([o, B]<, k) —1 to show that L is as claimed in the statement
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of the corollary. The proof of the ‘moreover’ part is very similar, using the
bounds from Proposition with the same specializations and the same
simplification of the LZ bound. O

15.5. Examples of Corollary In Examples and we saw
that (4,1,1) and (3,3) are the two strongly maximal weights of shape (2)
and size 3 and that the corresponding semistandard tableau families are

{[af1], [aT2], [xT38]}, {[al1], [1]2], [2]2]}

respectively.

Example 15.10. In the running example using the strongly 1-maximal
weight (4,1, 1) of shape (2), size 3 and sign +1 completed in Example
we saw that if v = (2,1) + C(1,1,1) and A = (4,2) + C(4,1,1) then E = 2;
this can now be computed more simply using the formula in Corollary
The quantity D in this corollary is

[|(342.3)(2) + (C —2)(4,1,1) — ((4,2) + C(4,1,1))|| = ||(6, -4, -2)|| =38,

independent of the value of C'. Exploiting similar cancellation we have, for
C=0orC=1,

L([(4,2) +C(4,1,1) + (2= O)(4,1,1), (3 +2.3)(2)] , (4,1, 1))
=L([(12,4,2),(18)] , (4,1,1)) = 0.
Now taking C' = 0, Corollary implies that

(8(2,1)4M(1,1,1) © 5(2) S(4,2)+M(4,1,1))
is constant for M > 10; the two bounds are respectively 2 and 10. In fact
it follows from the enumeration of plethystic semistandard tableaux in the
running example that the plethysm coefficient is constant for M > 2; the
constant value is 2.

It is routine to give a similar example using the strongly 2-maximal weight
(3,3). This gives a special case of Proposition below. The proof is a
good example of how stronger bounds than the generic bounds in our main
theorems can be obtained by ad-hoc reasoning. Note that the assumption
0(p) < £ is without loss of generality, as this is necessary for there to be a
semistandard p-tableau with entries from {1,...,¢}.

Proposition 15.11. Fix ¢ € N and let p be a partition with ¢(p) < L.
Let R be the number of semistandard tableaux of shape p with entries from
{1,...,¢}. Set g = R|u|/L. Then for any partitions v and \ with {(v) < R
and L(\) < £,

<SV+M(1R) © S, 3,\+M(q4)>
s constant for M > 0.

Proof. Let T be the strongly maximal tableau family consisting of all semi-
standard p-tableaux with entries from {1,...,¢}. By Lemma this cor-
responds to the strongly /-maximal weight (¢°) of shape p and size R. Since
¢(v) < R we have Br(v) = |v| and since £(\) < ¢, the exceptional column
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bound FE in the corollary is |v||u| — |A| = 0. The bounds in Corollary
are therefore

L([\ vlul<, (¢9) = (wllul = IN = [Vlpe) /g — lv|pme/q < O

and H vl — A H Inspection of the proof of Theorem shows that the
second bound is needed to ensure that the insertion map H, defined by
inserting a new column of height R into a plethystic semistandard tableau
with entries from the tableau family 7, is surjective. But since T contains
all tableaux of shape 1, any column of height R in a plethystic semistandard
signed tableau having u-tableau entries from {1, ..., ¢} is of this special form.
Therefore the plethysm coefficient is immediately constant. (]

Example 15.12. Take yu = (2,1) and ¢ = 3 and the strongly maximal
semistandard tableau family of all (2, 1)-tableaux with entries from {1, 2,3}
relevant to the famous eightfold way adjoint representation of SU3(C) (see
[10, page 179]), containing the 8 tableaux shown below

1[1] [1[2] [afx] [af2] [a[3] [1[3] [2]2] [2
2 ) 2 ) 3 ) 3 ) 2 ) 3 b i b i

3L

The corresponding 3-strongly maximal weight is (8, 8, 8). By Proposition|15.11

(Sy4M(18) © 5(2,1)5 SA+M(8,8,8))

is constant for M > 0, whenever v and \ are partitions with ¢(rv) < 8 and
¢(N\) < 3. For example, taking v = (2) and A = (3,2, 1), the stable value of
the plethysm coefficient is 1.

Many further examples of non-obvious stability results can be given using
the strongly maximal weights found in Example and the table in
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