SYLOW SUBGROUPS OF SYMMETRIC AND
ALTERNATING GROUPS AND THE VERTEX
OF S(kp—p.1") IN CHARACTERISTIC p

EUGENIO GIANNELLI, KAY JIN LIM, AND MARK WILDON

ABSTRACT. We show that the Sylow p-subgroups of a symmetric group,
respectively an alternating group, are characterized as the p-subgroups
containing all elementary abelian p-subgroups up to conjugacy of the
symmetric group, respectively the alternating group. We apply the char-
acterization result for symmetric groups to compute the vertices of the
hook Specht modules associated to the partition (kp — p, 17) under the
assumption that k = 1 mod p and k # 1 mod p?.

1. INTRODUCTION

In this paper we prove two main theorems. The first gives a new character-
ization of the Sylow p-subgroups of the symmetric groups &,, and alternating
groups 2A,.

Theorem 1.1. Suppose that G is either A, or G,. Let p be a prime and
let @ < G be a p-subgroup. Then Q is a Sylow p-subgroup of G if and only
if Q contains a G-conjugate of every elementary abelian p-subgroup of G.

It is easily seen that this characterization of Sylow subgroups does not
hold in a general finite group. When n is large compared to p, the Sylow
p-subgroups of &,, and 2l,, are much larger than the elementary abelian
p-groups they contain. For example, if n is a power of 2 then a Sylow 2-
subgroup of &,, has order 2", whereas the order of the largest elementary
abelian 2-subgroup of &,, is 2/2. This gives another indication that Theo-
rem 1.1 is a non-trivial result. We state some open problems suggested by
this theorem in the final section of the paper.
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Theorem 1.1 is motivated by an application to vertices of indecomposable
modules for the symmetric group. We recall the key definitions. Let F
be a field of prime characteristic p, let G be a finite group and let M be
an indecomposable F'G-module. A subgroup @ of G is said to be a vertex
of M if there exists a F'Q-module U such that M is a direct summand of
U4 and Q is minimal with this property. This definition was introduced
by Green in [13], where he showed that the vertices of M form a single
conjugacy class of p-subgroups of G. We note that the vertices of M do not
change under field extensions of F' [17, Theorem 1.21]. Vertices play a key
role in the Green correspondence [14], and in Alperin’s Weight Conjecture
[3]. But despite the importance of vertices to local representation theory,
there are relatively few cases where the vertices of particular families of
modules have been computed. Our second main theorem is as follows.

Theorem 1.2. Let p be an odd prime. Suppose that k =1 mod p and that
k # 1 mod p?. The Specht module S¥*P=—P1")  defined over a field of prime
characteristic p, has a Sylow p-subgroup of &y, as a vertex.

We prove Theorem 1.2 as a corollary of the following result, which is of
independent interest.

Theorem 1.3. Let p be an odd prime and let E be an elementary abelian
p-subgroup of &y, If either

(i) E has at least two orbits of size p on {1,...,kp}, or

(ii) E has at least one orbit of size p* on {1,..., kp},

then E is contained in a vertex of the Specht module S P=P1") " defined over

an algebraically closed field of characteristic p.

The proof of Theorem 1.3 uses two key techniques: generic Jordan type
for modules over elementary abelian p-groups (see [11, 26]), and the Brauer
correspondence for modules, as developed by Broué in [5]. The isomorphism
Skp—p,17) = AP g(kp—11) (see Section 5) is used throughout the calculations.

Background. We now survey the existing results on vertices of Specht
modules, emphasising the different techniques that have been used. We
begin with results that, like Theorem 1.2, apply to Specht modules labelled
by partitions of a special form. Note that, by [18, Corollary 13.18], Specht
modules are always indecomposable in odd characteristic.

The simplest case is a Specht module S* in a block of abelian defect. In
this case S* has dimension coprime to p and by [13, Corollary 1], its vertices
are the defect groups of its block; these are elementary abelian.

In [27, Theorem 2] the third author used the Brauer correspondence to

n—r,1")

show that when p does not divide n and S¢ is indecomposable, its

vertex is a Sylow p-subgroup of &,,_,_1 X &,. When p = 2 and n is even
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it was shown by Murphy and Peel in [23, Theorem 4.5] that S"~"1") is
indecomposable and has a Sylow 2-subgroup of &,, as a vertex. A key step
in their proof is their Theorem 4.3, which states that if () is an elementary

"*TalT)J,Q is indecomposable.

abelian 2-subgroup of &,, of rank n/2 then S
The analogue of this result for odd primes is in general false: for example,
when p = 5, calculations with the computer algebra package MAGMA [4]
show that if @ = ((1,2,3,4,5),(6,7,8,9,10)) then 5(8,1,1)“’2 is decompos-
able. It therefore seems impossible to extend the methods of [23] to the case
when p is odd and p divides n.

The dimension of S*P—m1") jg (kpr_l), which is coprime to p whenever

r < p. In these cases Skp—m1")

has a full Sylow p-subgroup of &, as a
vertex again by [13, Corollary 1]. When r = p the dimension is divisible
by p if and only if £k = 1 mod p, and divisible by p? if and only if k¥ = 1
mod p?. Theorem 1.2 therefore deals with the smallest case that cannot be
decided solely by dimension arguments.

When p = 2 the Specht module S"~22) is always indecomposable. When n
is even or n = 1 mod 4, it was shown in [6, Theorem 1] that S22 has a
Sylow 2-subgroup of &,, as a vertex, except when n = 4, when the unique

(22) is the normal Sylow 2-subgroup of 4. When n = 3 mod 4,

vertex of §
any Sylow 2-subgroup of G,,_5 X G5 X &9 is a vertex. When p > 3 the third
author showed in [28, Theorem 8.1] that S(®~22) has a Sylow p-subgroup of
the defect group of its block as a vertex.

In the main result of [28] the third author used the Brauer correspondence
to determine a subgroup contained in the vertex of each indecomposable
Specht module. This result was later improved by the first author in [12].
In [21] the second author used the complexity theory of modules to prove a
number of classification theorems on Specht modules with abelian vertices.
In particular it was shown that if p > 3 and S* has an abelian vertex of
p-rank m then X is a p2-core of p-weight m, and that S®*) has a Sylow
p-subgroup of &, as a vertex.

There has been considerable work on the computation of the vertices of
simple Specht modules. In [27], the third author showed that the vertices of

n—r,1")

the simple Specht modules S when n is not divisible by p are the Sy-
low p-subgroups of &,,_,_1 X &,. In [16] Hemmer proved that, when p > 3,
a simple Specht module is a signed Young module, as defined by Donkin [10,
2.3]. By [10, 5.1(3)], it follows that the Young vertices of simple Specht mod-
ules in odd characteristic are certain Young subgroups of symmetric groups
and hence the vertices, in the sense of Green, are the Sylow p-subgroups of
the corresponding Young subgroups (see [8, Theorem 3.7(b)]). In [8], Danz
and the second author identified the labelings of the signed Young modules
isomorphic to simple Specht modules when p > 5. As consequences, the
vertices, Green correspondents, cohomological varieties and complexities of
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all simple Specht modules are known except when p = 3 (see [8, Corollary
6.5, Remark 6.8]).

Finally we note that there has also been considerable work on the vertices
of simple modules for symmetric groups. We refer the reader to [9] for a
survey and to [7] for some recent advances.

Outline. In Section 2 we prove Theorem 1.1 for symmetric groups. Then in
Section 3 we use this result and further arguments to prove Theorem 1.1 for
alternating groups. In Section 4 we give a short proof, using Theorem 1.1,
that Theorem 1.3 implies Theorem 1.2.

We then turn to the proof of Theorem 1.3. In Section 5 we collect the nec-
essary background results on hook-Specht modules. We review the Brauer
correspondence in Section 6 and give a useful general result on the Brauer
homomorphism for monomial modules. The notion of generic Jordan type
is presented in Section 7. Then in Sections 8 and 9 we prove Theorem 1.3,
under the hypotheses (i) and (ii) of Theorem 1.3, respectively.

We end in Section 10 by stating some open problems related to our three
main theorems.

2. PROOF OF THEOREM 1.1 FOR SYMMETRIC GROUPS

For background on Sylow subgroups of symmetric groups and their con-
struction as product of iterated wreath products, we refer the reader to [19,
(4.1.20)].

We need the following notation. Let &4 denote the symmetric group on
a finite set A. For each A C N such that A has size p% where d € N, let
E4 denote a fixed elementary abelian subgroup of &4 of order p?, acting
regularly on A. All such subgroups are permutation isomorphic to the reg-
ular representation of an elementary abelian group of order p?, and so are
conjugate in & 4. We highlight that the precise choice of E4 is irrelevant.

The main work in the proof of Theorem 1.1 comes in the case when
n = mp for some m € N. Suppose that

(1) n=mip+ map® + -+ mp"

where m; € Ny for each i and m,. # 0. Note that this is not necessarily the p-
adic expansion of n. Fori € {1,...,r} and each j such that j € {1,...,m;},

let
i—1

G -0+ Y g

s=1
and let B; = {z; +1,.. .,zj- + p'}. Note that ]B;| = p' for all j such that
j € {1,...,m;} and that the B} partition {1,...,mp}. If m; = 0 then
B = & and we define EBJZ-_ to be the trivial group. For each expression for n
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as in (1), define an elementary abelian p-subgroup of &,, by

E(mi,...,my) :HHEB;;.

i=1j=1
Proposition 2.1 ([2, 1.3 Chapter VI|). The p-subgroups E(mi,...,m;)
where my, ..., m, satisfy (1) form a complete irredundant set of mazximal

elementary abelian p-subgroups of &y, up to &py-conjugacy.

In fact each E(my, ..., m,) is maximal even as an abelian subgroup of &,,;
we leave this remark as an exercise to the reader.

The subgroup E(m) generated by m disjoint p-cycles is critical to our
argument. To emphasise the role played by this subgroup, we denote it
by C(m) below. Informally stated, the next lemma says that C(m) is the
normal base group in any Sylow p-subgroup that contains it.

Lemma 2.2. If Q) is a p-subgroup of &, containing C(m) then C(m)<Q.
Moreover Q/C(m) acts faithfully on the orbits of C(m).

Proof. Let P be a Sylow p-subgroup of &,,,, containing ). By the construc-
tion of Sylow p-subgroups in [19, (4.1.20)], P has a normal base group B
generated by m disjoint p-cycles 7q,...,Tm,. If 0 € P then o permutes the
orbits of the 75 as blocks for its action. It follows that if ¢ € P is a p-cycle
then o € (i) for some k. Hence C(m) = B and C(m) < P. Moreover,
if o € P fixes each orbit of C'(m) setwise then o is a product of disjoint
p-cycles each contained in C(m). Therefore P/C(m) acts faithfully on the
orbits of C(m). O

In particular, Lemma 2.2 determines how an elementary abelian p-subgroup
that normalizes C(m) can act on the orbits of C(m).

Lemma 2.3. Let d € N and let 0 € &a. Let C(p™1) be as defined when
n = p%, so C(pd_l) is generated by p®~1 disjoint p-cycles, and let X be the
set of orbits of C(p?1). Let A= {1,2,...,p%}. Suppose that a p-subgroup
P of &4 contains both “E4 and C(p™1). Then “EAC(p?1)/C(p?1) acts
regularly on X.

Proof. By Lemma 2.2 in the case n = p?, the subgroup C(p?~!) is normal in
P and “E4C(p?=1)/C(p?~1) acts faithfully on X. Since E4 acts transitively
on {1,...,p%}, the action of “EAC(p?~1)/C(p®~') on X is transitive. Since
E 4 is abelian, it follows that “EAC(p?=1)/C(p?~1) = 7E4/(C(pT 1) NoE4)
is also abelian and hence it acts regularly on X. U

We are now ready to prove Theorem 1.1.

Proof of Theorem 1.1 when G = &,,. We prove the theorem by induction
on n. Let @ < &, be a p-subgroup containing an &,-conjugate of ev-
ery elementary abelian p-subgroup of &,,. Let n = mp+ ¢ where m € N and
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0 < c¢ < p. If ¢ >1 then by conjugating @) by an element of &,, we may
assume that @ < &,,,. By induction we get that ) is a Sylow p-subgroup
of &,,p, and hence a Sylow p-subgroup of &,. We may therefore assume
that n = mp, and, by induction, that the theorem holds true for &,,.

By replacing @) with a &,,,-conjugate, we may assume that C(m) is con-
tained in Q. Let X = {B{,...,B.} be the set of orbits of C(m). By
Lemma 2.2 we have that C(m) <@ and Q/C(m) acts faithfully on X.

Let H < Gx denote the image of a subgroup H of @ under the quotient
map Q — Q/C(m), regarding QQ/C(m) as a subgroup of &x. We aim
to prove that @ contains a & x-conjugate of every elementary abelian p-
subgroup of Gx.

Let m = ¢y + 22:1 ¢;p® such that ¢; # 0. By assumption there exists
o € & such that @ contains “E({y,...,¢;). (Note that because of the
index shift, this subgroup has exactly ¢;_1 orbits of size p’ on {1,...,mp}.)
We have

t+14i—1

TEly, ..., l) = E_gi.

(4o ) 11;[1;1;[1 0B

Fixi € {1,...,t + 1} and 5 € {1,...,4;_1}. Let Qz be the set of all
k € {1,...,m} such that the orbit B} of C(m) is contained in the sup-
port of EaB;ﬁv ie. Bl C GBJZ'.. Let Xj’: ={Bl : k € Q;} Thus X is the
disjoint union of the X;, the support of Eiji is Ukeg; B} and ?B;ﬁ acts
on X7. By Lemma 2.3 this action is regular. It follows that the elementary
abelian p-subgroup

7B (Lo, ... l) <Gy

has exactly ¢; orbits on X of size p’ for each i € {0,...,t}. Since the ¢; were
freely chosen, we see that () contains a & yx-conjugate of every elementary
abelian p-subgroup of G x. It now follows by induction that @ acts on X as
a Sylow p-subgroup of Gx.

If p* is the order of a Sylow p-subgroup of &,, then

QI =[C(m)|[Q] =p™",

which is the order of a Sylow p-subgroup of &,,,;,. The theorem follows. [J

3. PROOF OF THEOREM 1.1 FOR ALTERNATING GROUPS

Case p > 3. In this case any p-subgroup of &,, is a p-subgroup of 2,.
Hence if @ < 2, contains an 2,-conjugate of every elementary abelian p-
subgroup of 2,, then @) contains an &,,-conjugate of every elementary abelian
p-subgroup of &,, and so by Theorem 1.1 for &,,, we get that @ is a Sylow
p-subgroup of &,,.
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Case p = 2. Let n = 2m. We need the classification of all maximal elemen-
tary abelian 2-subgroups of 2, up to &,-conjugacy. Suppose that

(2) n=2my+2°ms+ -+ 2"m,

where m; € Ny for each i, m, # 0 and m; # 2. For each such expression
define

F(mi,ma,...,m;) = E(mi,ma,...,m;) N2A,.
The reason for excluding the case m; = 2 is that E(2,mq,...,m,) N2, is
properly contained in F'(0, m2+1,ms, ..., m,). Note also that the subgroup
F(m1,ma,...,m,) has exactly two fixed points on {1,...,n} if m; = 1.

Proposition 3.1 ([1, Proposition 5.2]). The subgroups F'(my, ..., m,) where
mi,...,my satisfy (2) form a complete irredundant set of maximal elemen-
tary abelian 2-subgroups of Ao up to Sop,-conjugacy.

In [1] the authors remark that the proposition follows from the analogous
result for G,,. We take this opportunity to provide a complete proof. The

following lemma is required.

Lemma 3.2. Suppose that my,...,m, are as in (2) and mj,...,m, are as
in (1). If F(m,...,my) < 7E(m],...,m}) for some o € Sy, then r = s
and m; =m/ for alli € {1,...,r}.

Proof. If m; = 0 then F(0,ma,...,m,) = E(0,ma,...,m,) is maximal and
by Proposition 2.1 we have m; = m/ for all i € {2,...,r}. Hence mj =0
and the lemma holds in this case. If m; = 1 then F(1,mg,...,m,) is equal

to the subgroup F(0,msg,...,m,). Since E(0,ma,...,m,) has exactly two
fixed points and no orbit of size 2 on {1,...,2m}, we have m} = 1. It follows
that o fixes the set {1,2} and hence E(1,ma,...,m,) < “E(m},...,m}).
We may again apply Proposition 2.1.

Suppose that m; > 3. Let 7, = (2k — 1,2k)(2k + 1,2k 4+ 2) for k €
{1,...,m1 — 1}. Let B]2 for j € {1,...,m,} be as defined after (1) for
the subgroup E(m/,...,m.). If there exist j and k such that 7, € "Esz

then O'(BJQ-) = {2k —1,2k,2k + 1,2k + 2} and an element of “E(m/,...,m})
moves 2k — 1 if and only if it moves 2k + 1. But if £ > 1 then 7,1 €
F(mq,...,m;) and otherwise £k = 1 and 7 € F(mq,...,m,), so this is a
contradiction. Hence all the transpositions (2k — 1,2k) for k € {1,...,m1}
lie in E(mf,...,m}) and so m{ > mj. On the other hand, F(m,...,m;)
has my orbits of size 2 on {1,...,2m} and “E(m/,...,m]) has m) orbits

of size 2 on {1,...,2m}; since F(my,...,m;) < 7E(m},...,m]

') we have

my > m}. Therefore m; = m/. Hence there exist 7,7" € Say, such that
F(my,ma,...,m;) = F(my) x TF(0,ma,...,m;)

E(my,mh,...,m.) ="E(mi) x "E0,mb,...,m.)
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and "F(0,ma, ...,m,) < 7 E(0,ml},...,m.). Both groups have support of

size 2m —2m;. Hence, by the special case m; = 0 we get r = s and m; = m/,

forallie{2,...,r}. O

Proof of Proposition 3.1. Let F be an elementary abelian p-subgroup of
2sa,,. By Proposition 2.1 there exist m/),...,m} and o € Say, such that

F<7BE(ml,...,m))NAgp = 7(E(m],...,mL) N Aspm).

If m} # 2 then E(m),...,m}) N Agy = F(m),...,m.). In the remain-

S
ing case we have E(2,mb,...,m.) N Aay, < F(0,mh + 1,...,m}). Sup-
pose further that F' = F(m1,...,m;). By Lemma 3.2, we have r = s and
m; = m) for all i € {1,...,r}. Therefore the subgroups F(mj,...,m,) for
my, ..., m, satisfying (2) form a complete set of maximal elementary abelian
2-subgroups of s, up to Ga9,p-conjugacy. It is clear from the orbits of these

subgroups on {1,...,2m} that no two of them are conjugate. O
We are now ready to prove Theorem 1.1 in the alternating group case.

Proof of Theorem 1.1 when G =%, and p = 2. As in the proof of Theorem
1.1 for &,, we reduce to the case when n = 2m. The cases m =1 and m = 2
are easily checked, so we may assume that m > 3.

Let @ < oy be a 2-subgroup containing an 2s,,-conjugate of every
elementary abelian 2-subgroup of 2s,,. Without loss of generality we may
assume that F'(m) is contained in Q. Let P be a Sylow 2-subgroup of &gy,
containing ). As in the proof of Lemma 3.2, let 7, = (2k — 1,2k)(2k +
1,2k+2) e Q for k€ {1,...,m—1}. Let (z,y) be a transposition in P with
x < y. If y #x+ 1 then there exists k such that exactly one of x,y lies in
{2k — 1,2k, 2k + 1,2k + 2}. It is easily checked that in this case [(z,y), 7%] is
a 3-cycle. So y = x4+ 1. Moreover, if z = 2k and y = 2k + 1 for some k then
either £ > 1 and (2k, 2k + 1)7,_1 contains a 3-cycle, or £ = 1 and (2, 3)7»
contains a 3-cycle. It follows that the transpositions in P are of the form
(2k —1,2k) for k € {1,...,m}. Therefore F'(m) < C(m) < P.

By Lemma 2.2, C(m) < P. In particular, Q@ < Ng,, (C(m)). Since
QC(m)/C(m) = C(m)/(C(m)NQ) = C(m)/F(m), we see that QC'(m) =
(@, (1,2)) is a 2-group having @ as a subgroup of index 2.

Let E = E(m1,ma,...,m,) be a maximal elementary abelian 2-subgroup
of &gp,. Let F = E(mi,ma,...,m;) N Ag,. By hypothesis there exists
o € Gy, such that °F < Q). If my = 0 then °F = °F < (). Suppose that
mi > 1. Let Q@ = {c(2m1+1),...,0(2m)} and let 2i —1 < o(1) < 2i. Since
o(1) ¢ Q, similar arguments to those used earlier in the proof show that
{2i — 1,2i} N Q = @. Again similar arguments show that either

(a) (o(1),0(2)) = (2¢ — 1,2i), or
(b) my =2 and (2 — 1, 24) is either (o(1),0(3)) or (o(1),0(4)).
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So

O'E 3

((2i — 1,2i),°F) = in case (a),

(R x E(0,mg,...,m,;)) in case (b),
for some Sylow 2-subgroup R of &,4. In either case, ((2i—1,2i),” F') contains
a Gap-conjugate of E. Clearly, ((2¢ — 1,2:),7F) < QC(m). It follows
that QC(m) contains all maximal elementary abelian 2-subgroups of Ga,
up to Sgpp-conjugacy. By Theorem 1.1 for &,,, we see that QC(m) is a
Sylow 2-subgroup of &g,,. Hence QC(m) NAsy, = Q is a Sylow 2-subgroup
of ngm. O

We note that this proof only used the weaker hypothesis that @) contains
an Ggp-conjugate of every elementary abelian 2-subgroup of 2As,,. As re-
marked in [1], the 2-subgroups F(0,0,ms,..., m,) are not normalized by
any odd elements in 2s,,, and so there are two 2ls,,-conjugacy classes of
such subgroups; in all other cases the 2ls,,- and the Go,,-classes agree. This
may be proved as follows:* if A = {1,...,2%} then Ne,,(E4) is permuta-
tion isomorphic to the affine general linear group AGL4(F2); this group is
generated by translations and transvections, both of which are even permu-
tations of IF%Z when d > 3. The normalizer of E(0,0,ms,...,m,) factors as
a direct product of wreath products Ne,, (Ea,) 1 S,y,, where A; has size 2°.
The permutations in a copy of the top group &,,, act on blocks of size 2
and so are even. Hence Nde(E(O, 0,mz,...,my)) < Agp,. It is easily seen
that ((12)(34)) and ((12)(34), (13)(24)) are normalized by odd permutations
in &4, so these are the only exceptional cases.

4. PROOF OF THEOREM 1.2 FROM THEOREM 1.3

In this section, we deduce Theorem 1.2 from Theorem 1.3 using Theo-
rem 1.1.

Let F be the algebraic closure of F. By [17, Theorem 1.21], for any
FG-module M and H < G, we have that F @ M is a direct summand of
Fop (Mlgt®) = (F ®r M) g1C if and only if M is a direct summand of
M| 1€, Thus the vertices of an indecomposable FG-module do not change
under field extensions of F.

Without loss of generality, we may assume that F' is an algebraically
closed field. Let @ be a vertex of the Specht module S*P—71") where k = 1
mod p and k # 1 mod p?. By Theorem 1.1, it is sufficient to prove that if

kp = mip +map® + - + myp"

where m; € Ny for each ¢ € {1,...,r} and m, # 0 then @ contains a
conjugate of E(my,ma,...,m;). If my # 0 then Theorem 1.3(ii) applies. If

1The proof in [1] is indicated very briefly, but seems to incorrectly assume that if a
subgroup of 2,, is normalized by an odd element then it is normalized by a transposition.
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1

ma = 0 then k = my +map?> +---+m,p" ! and so k = m; mod p?. Hence

mq > 2 and Theorem 1.3(i) applies. This completes the proof.

5. HOOK-SPECHT MODULES

For maximal generality we work in this section with modules over an
arbitrary commutative ring K. The definition of Specht modules given in
[18, Definition 4.3] extends easily to this setting. Fix n € N. Let N =

(€1,...,en) be the K-free natural permutation module for K&,, of rank n.
Then, by definition, S™~11 is the K-free submodule of N with K-basis
{62 — €1y,...,€Ep —61}.

n—rl") ~

We begin by establishing the isomorphism of K&,-modules S
N S(=11) " This isomorphism can be found, most obviously in the case
when K is a finite field of characteristic 2, in Peel’s papers [24, Section 6]
and [25]. When K is a field of prime characteristic p and n = p it was proved
by Hamernik [15]; it is easily seen that Hamernik’s proof also works in the
general case. When K is a field it was proved by Miiller and Zimmermann
in [22, Proposition 2.3(a)]. The proof given here combines ideas from both
[15] and [22].

Proposition 5.1. Let 1 <r <n—1.
(i) The set

{(61'1—61)/\"'/\(61'T—€1):1<’i1<"'<ir§n}

is a K-basis of \" S,

(ii) The map sending (e;; —e1) A A (e, —e1) € N SPLD to e €
S(”_T’lr), where 1 < i1 < -++ <1, < n and t is the unique standard
tableau of shape (n—r,1") having i1, . .., i, in its rows of length one,
s an isomorphism of K&, -modules.

Proof. Part (i) is obvious from the basis of S(~11) above. By (i) and the
Standard Basis Theorem for Specht modules (see [18, Theorem 8.4]), the
map defined in (ii) is a K-linear isomorphism. So all we have to check is
that it commutes with the action of &,,. For the subgroup of G, fixing 1
this is obvious. So it suffices to check the action of the permutation (12).
Let w = (e;; —e1) AN---A(e;, —ep) where 1 < i3 < -+ < i, <m. Ifi; =2
then it is clear that (12)e; = —e¢ and (12)w = —w. Suppose that iy # 2.
For each 1 < a < r, let t, be the standard tableau having 2,4, ..., i;, ceey
in its rows of length 1, where the hat over i, indicates this entry is omitted.
By the Garnir relation (see [18, Theorem 7.2]) involving all entries in the

first column of ¢, and the single box in the second column of t, we have

(12)€t =€ —ey tey— -+ (—1)r€tr.
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On the other hand, the action on the wedge product is given by

(12)w = ((e;; —e1) — (ea —e1)) A A ((e5, — €1) — (e2 — e1))
= (e,-l —61)/\"'/\(6% —61)

r
—

+) (—1)"(e2 —e1) Aei, —ex) Av- Aleq, —e1) A Aei, — ex).
a=1
The proof is now complete. O

We now introduce some further ideas from [15] and basic simplicial ho-

mology. For r € N define 6, : A" N — A" N by
T
Srleiy Ao Aei) =D (1) ey Aoe-Ne, Aeeve,.
a=1

The subscript r in the map ¢, will be omitted when it is clear from the
context. By definition A° N = K. We leave it to the reader to verify the
relation

(3) (eiy —€j) Ao Alei, —ej) = d(ej Nei N---Neiy)
for 1 < j,i1,...,0 <n.
Proposition 5.2 (Long exact sequence). The sequence

Opt1

n 5 r 5 r—1 5 s
O—>/\N—>-~—>/\N—> /\N—1>---—>N—1>K—>0
is exact. Moreover if 1 <r < n then kerd, = imd,11 = \" S(n=11)

Proof. The K-linear map defined by e;; A---Ae;, — er Aejp A+ Ne,
defines a homotopy equivalence between the identity map on the sequence
above and the zero map. This shows that the sequence is null-homotopic

and hence exact. Proposition 5.1(i) and (3) imply that im d,4; is equal to
/\T S(nfl,l). 0

We remark that there is an important homological interpretation of Propo-
sition 5.2. Let ej,..., e, be the canonical basis of R™ and fix an (n — 1)-
simplex in R"™ with geometric vertices eq,...,e,. The wedge product e;; A
-+ A e, can then be identified with the oriented (r — 1)-simplex with ver-
For each r > 2, the map 6, : AN — A" ' N
is the boundary map from simplicial homology, acting on oriented (r — 1)-

tices, in order, €;,,...,¢€;,.
simplices. Replace the map é; : N — K with the zero map N — 0. Then
Proposition 5.2 is equivalent to the fundamental result that the solid (n—1)-
simplex has trivial homology (with coefficients in K') in all non-zero degrees,
and its zero homology group is N/ ker§; = K.

We end this section with some further notation and results that are used
in Section 9. Let r € N. Let

I = {(iy,...,ip): 1<iy <---<ip<m, i1,...,ip € NL
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We call the elements of 1) multi-indices. Let
JO ={ie1™ i >1}).
Forie I let e; = e;, A---Ae;.. We say that {e; : i € I} is the monomial
basis of \" N. By (3), the set
(4) {0(exNnej):je J(r)}

is a K-basis for \" S (n=1.1) " corresponding under the isomorphism in Propo-

sition 5.1 to the standard basis of S~"1"). The following lemma gives a

n—1,1)

very useful way to express elements of /" S in this basis.

Lemma 5.3 (Rewriting Lemma). Let u = > ;e pie; € N\ S(=L1) " Then
u = Z pio(er A ej).
jeJ@)
Proof. By (4) we may write
u = Z vio(er A ej)
jeJ)

for some v; € K. Each of the monomial summands in é(e; A e;) involves ey,
with the sole exception of the first summand e;. Therefore the coefficient of
the monomial e;j in the right-hand side of the above equation is v5. Hence
vj = pj, as required. O

Finally we note that if u € A" N and v € A® N, where r, s € N, then
(5) d(uAv)=0d(u) ANv+ (=1)"uAd(v).

6. THE BRAUER HOMOMORPHISM AND MONOMIAL MODULES

Throughout this section let F' be a field of prime characteristic p and let G
be a finite group.

6.1. The Brauer homomorphism. Let V be an F'G-module. For QQ < G,
define

Ve ={veV:ov=uforall oc Q}.
For R < Q < G, the relative trace map Trg : VE 5 V@ is the linear map

defined by
Trg(v) = Z ov

where the sum is over a set of coset representatives for Q/R. The Brauer
kernel of V with respect to @ is the subspace ZR<Q Tr% VE of V9. The
Brauer quotient of V' with respect to @ is

V(@) =Vve > mevh
R<Q
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It is easy to show that V¥ and > R<Q Trg VE® are both Ng(Q)-invariant,
and so V(Q) is a module for F(Ng(Q)/Q).
The following proposition is proved in [5, (1.3)].

Proposition 6.1. Let V' be an indecomposable FG-module. Let @ be a
p-subgroup of G. If V(Q) # 0 then V' has a vertex containing Q.

The converse to Proposition 6.1 is true when V' has the trivial module
as its source, or, equivalently, if V is a direct summand of a permutation
module. In general it is false. For example, calculations using MAGMA show
that if p = 2 and P is a Sylow 2-subgroup of &g then S(*L1(P) = 0. But
by [23, Theorems 4.3, 4.5], S+ is indecomposable with vertex P.

6.2. Monomial modules. Let H be a subgroup of G and let 0 : H — F*
be a representation of H such that 6(h) = 1 whenever h € H is a p-element.
Let (v) be the corresponding F H-module, i.e. hv = §(h)v for all h € H. Let
V = FG®ppy (v) be the monomial module induced from (v). If P is a Sylow
p-subgroup of H then (v) has P as a vertex, and so (v) is a direct summand
of (v)}ptf= F1E. Hence V is a p-permutation module. The following
proposition establishes a close connection between V and the permutation
module F* qul'

Proposition 6.2. Let V = (v)1% be the FG-module defined above and let
W = (eyu : v € G) be the permutation module of G acting on the cosets
of H. Let @ be a p-subgroup of G. Let y1H, ...,y H be representatives for
the orbits of Q on G/H. For each £ € {1,...,L} denote by sy the element

defined by
Sp = Z TV Q v,
TeT
where T is a set of representatives for the cosets of Stabg(y¢H) in Q. Then
(i) the map defined by ayp @ v — aey,g fora € Q and € € {1,...,L}
is an isomorphism V]g = Wlg,
(ii) S¢ = TrgcabQ(wH) (’YE ® U);
(iii) {s¢:1 <L <L} is a basis for V9,
(iv) if R < Q then {sy : 1 < ¢ < L,Stabg(y¢H) = Stabr(v.H)} is a
basis for Tr% VE,

Proof. Let g € G and let R be a p-subgroup of 9H. By definition we have
that 9(v)|R is isomorphic to Fg, the trivial F'R-module. Hence, part (i)
follows from Mackey’s induction /restriction formula since

ViQ: EB (g<v>¢9HﬂQ )TQ = @ FT?HOQ = (FT% )lQ = WiQ .
9gEQ\G/H gEQ\G/H

The orbit sums of ) acting on the canonical permutation basis of W are

a basis for W®. Since the orbit sum containing e, is TrgtabQ (ye ) CveH

parts (ii) and (iii) follow from (i).
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In order to prove (iv) we observe that, by (iii), there exist a basis of V7
consisting of elements of the form w, = TrgtabR(wH) (y®w), for v € G. Let
~v¢H and vH be in the same Q-orbit for some 1 < ¢ < L. Then Stabr(vH) =
Stabg(vH) is equivalent to Stabgr(y,H) = Stabg(v,H). In the case when
Stabr(vH) = Stabg(vH ), we have Trg Wy = TrgtawaH) (v ®v) = 5. Oth-
erwise Stabr(vH) < Stabg(vH ), and we have

Q Stabg (vH)
T‘rStabQ (yH) ~"Stabgr(vH) YO

= |Stabg(yH) : Stabg(vH)| Trg?tawaH) Y @v =0,

Trg Wy =

Therefore we deduce that (iv) holds. O

7. GENERIC JORDAN TYPES OF MODULES

Let E = (g1,...,9n) be an elementary abelian p-group of p-rank n and
let F' be an algebraically closed field of characteristic p. Let M be a finite-
dimensional F'E-module. Let K = F(aq,...,a,) where aq,...,q, are in-
determinates. With respect to a basis for M, the matrix representing the
action of the element

I+ai(gr =1+ +an(gn—1)

on M has order p. If [r] denotes a unipotent Jordan block of dimension r
then the Jordan type of this matrix is [1]°!---[p]*» for some s; € Ny. By
Wheeler [26], this Jordan type is independent of the choice of the generators
of E. It is called the generic Jordan type of the F'E-module M. The stable
generic Jordan type of M is [1]°1 - - [p—1]°»=1. The module M is generically
free if sy = --- =s,_1 = 0. For further background on generic Jordan type,
we refer the reader to [11].
We summarize below the properties which we need.

Proposition 7.1. Suppose that E is an elementary abelian p-group of finite
order.

(i) The generic Jordan type of a direct sum of modules is the direct sum
of the generic Jordan types of the modules.

(ii) Let 0 — My — My — Ms — 0 be a short exact sequence of FE-
modules.

(a) If My is generically free then My has stable generic Jordan type
[1]°t - [p — 1]°>= if and only if M3 has stable generic Jordan
type [1]%p=1 .. [p — 1]°1.

(b) If M3 is generically free then My and My have the same stable
generic Jordan type.

(¢) If My is generically free then Ms and My have the same stable
generic Jordan type.
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(iii) Let D be a proper subgroup of E and let U be a F D-module. Then
the induced module UTF is generically free.

(iv) Let G be a finite group (not necessarily elementary abelian) and sup-
pose that E is a subgroup of G. Let V be an indecomposable FG-
module. If V] g is not generically free then V' has a vertex containing
the subgroup E.

Proof. Part (i) follows from [11, Proposition 4.7] and will be used in the
proofs of (ii), (iii) and (iv). Since we do not require these ideas elsewhere
in our paper, we refer the reader to [11] for details. We write [ax](M) and
[ax]|*(M) for the generic and stable generic Jordan type of a module M
respectively.

For part (ii), we note that the short exact sequence induces the short

exact sequence
0— [OzK](Ml) — [QK](MQ) — [OzK](Mg) — 0.
For (ii)(a) we have
[ox]* (M) = Q(Q7 ax]*(Mr)) = Q([ax]*(Ms)).

Hence the stable generic Jordan types of M; and M3 are complementary.
For (ii)(b) we note that since M3 is generically free, the short exact sequence
generically splits. Hence

lak]*(Mz) =~ [ar]* (M) @ [ax]"(Ms) = [ag]*(M).

The proof of (ii)(c) is similar.

There exists a non-trivial subgroup C' of E such that £ = C x D. We
have Ut¥ 2 FE®ppU = F(E/D)®r U’ where U’ has the same underlying
vector space as U and the action of E is given by (hk)v = kv for h € C,
k € D and v € U'. Since F(E/D) is generically free as an F'E-module, it
follows that U1¥ is generically free, as required in (iii).

For (iv), suppose that V has @ as a vertex. Then there is an FQ-
module M such that V is a direct summand of M 1¢. By the Mackey
decomposition formula (M1%)| g is a summand of a direct sum of the mod-
ules M, = (gM\LEngngl)TE for some suitable g € G. If ENgQg~ ! is a
proper subgroup of E then M, is generically free by (iii). Since V |g is
direct summand of (M1%) | and, by hypothesis V | is not generically
free, there exists ¢ € G such that E N gQg~! = E. For this ¢ we have
ECgQg". O

Of independent interest, we mention a direct consequence of Proposi-
tion 7.1(iv) about hook Specht modules. Let n € N and let d = | 7|. Let

Cd)=(1,2,...,p),....,((d=Dp+1,(d=1)p+2,...,dp))
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be as defined in Section 2. The second author computed the generic Jordan
type of S(”_T”lr)ic(d) in [20, Corollary 4.2, Theorem 4.5]. In particular, the
restricted module is not generically free. Hence by Proposition 7.1(iv), we
obtain the following result.

Proposition 7.2. The hook Specht module S™="1") has a vertex containing
the mazimal elementary abelian p-subgroup C(d) where d = L%j

We end this section with a result on the generic Jordan type of a monomial
module.

Proposition 7.3. Let G be a finite group, let H < G and let V = (v)1%
be a monomial FG-module. If E is an elementary abelian p-subgroup of G
then Vg has generic Jordan type [1]° where s is the number of orbits of
size 1 of E acting on G/H.

Proof. We have
E
VJ/E' - @(g<v>lEﬂgHg—1)T
g
where the sum is over a set of representatives for the orbits of £ on G/H.

1

Orbits of size 1 correspond to representatives g such that £ C gHg . In

this case,

W) | gy 1" =) -

Since 9(v) g is 1-dimensional, its generic Jordan type is clearly [1]. The
result now follows from parts (i) and (iii) of Proposition 7.1. O

8. PROOF OF THEOREM 1.3 UNDER HYPOTHESIS (I)

Let F be an algebraically closed field of prime characteristic p. As in Sec-
tion 5 we let N = (eq,...,exp) be the kp-dimensional natural permutation
module for Gj,. Recall from the paragraph preceding Lemma 5.3 that A" N
has as a basis the elements e; = e;;, A---Ne;, forie I, Considering the
action of H = &y 1 X Gppp1 . gpy On the generator ey A -+ Ae, of NN,
we see that

(6) AN = ()T

where (v) affords the representation sgn XF of H. Hence A" N is a monomial
module.

Corollary 8.1. Let E be an elementary abelian p-subgroup of &y,. Then
the stable generic Jordan type of (N N)| g is [1]° where s is the number of r-
subsets of {1,...,kp} fized by E in its action on all r-subsets of {1,... kp}.
In particular, (\" N)|g is generically free if r Z 0 mod p and E has no fized
point on {1,...,kp}.
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Proof. Since \" N is a monomial module by (6), we may apply Proposi-
tion 7.3. Identifying &y,/H with the set of r-subsets of {1,...,kp} we see
that orbits of E on &y,/H of size 1 correspond to r-subsets of {1,...,kp}
fixed by E. Hence the generic Jordan type of (A" N)lg is [1]® where s is
the number of r-subsets of {1,...,kp} which are fixed under the action of
E. Suppose further now that E has no fixed point on the set {1,...,kp}.
Since all the orbits of E on {1,...,kp} have sizes p’ for some j > 1, we have
s = 0 if r is not divisible by p. O

We are now ready to prove Theorem 1.3 under the hypothesis (i).

Proof of Theorem 1.3 under the hypothesis (i). Since E has at least two or-
bits of size pon {1, ..., kp}, E is a subgroup of a maximal elementary abelian
p-subgroup E(myi,...,m;) where m; > 2. To show that E is contained in a
vertex of the Specht module S*P—2:1%) it suffices to show this inclusion for
E(my,...,m;). Hence, we may assume that F = E(my,ma,...,m;) where
m1 > 2. Notice that E has no fixed point on the set {1,...,kp}. By Propo-
sition 7.1(iv), it suffices to show that S*P—P1") | 5 = AP §kp=11) | 1 ig not
generically free. We truncate the long exact sequence in Proposition 5.2 to
obtain

P P p—1
d, Sp— 1
0— AStr=t 5 AN ANZS .5 N F—0.
Restrict each term in the long exact sequence to E. For each 1 <1¢ < p, we
have a short exact sequence

i i i1
0— ASt=D | — AN|, N A\ skt — 0.

By Corollary 8.1, /\iNiE is generically free if 1 < ¢ < p — 1. Since
F|E has generic Jordan type [1], it follows from Proposition 7.1(ii)(a) that
Skp=L1)| 1 has stable generic Jordan type [p—1]. Repeating this argument,
with A% SEP=1D | o up to AP~ SEP=11)| 1 we find that AP~! S(EP—11) hag
stable generic Jordan type [1].

Suppose for a contradiction that AP S P~11)| 1 is generically free. Then,
by Proposition 7.1(ii)(c), AP Nl g has stable generic Jordan type [1]. On the
other hand, since £ = E(my, ma,...,m;) where mj > 2, there are exactly
my orbits of F on {1,...,kp} of size p. Each such orbit corresponds to a
p-subset of {1,...,kp} fixed by FE so, by Corollary 8.1, A’ N|g has stable
generic Jordan type [1]™. The contradiction shows that S®*P=P:1")| 1 is not
generically free. This completes the proof. O

9. PROOF OF THEOREM 1.3 UNDER HYPOTHESIS (II)

Let F be a field of prime characteristic p. Under the hypothesis (ii) of The-
orem 1.3, we have that £ > p. Asin Section 5, welet N = (eq, ..., eg,) be the
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kp-dimensional natural permutation module for &y, and define S (kp=1.1) ¢4

be the submodule with F-basis {es—e1,...,ex,—e1}. Let W = AP Skr=L1),
By Proposition 5.1 we have W = §(kp—p.17),

Let T be a Sylow p-subgroup of the symmetric group on {p?+1,..., kp}.
Let @ be the subgroup of &y, generated by 1" together with

OéZ(1,2,---,;0)"'(]?2—p+1,p2—p+2,---,p2),
ﬂ:(lvp+1aap2_p+1)(pa2p7,p2)a
and let

w=(e1+eps1+ - Feptypr1) A A(eptezp+ - Fep).

Since each factor in the wedge product lies in S*?~11) | and w is fixed by

a, B and T, we have w € W<, Observe that the coefficient of e; Aeg A- - “Nep
in w is 1.

The main result of this section is Proposition 9.1 below. It gives us the
statement of Theorem 1.3(ii) almost immediately.

Proposition 9.1. If R < @ then no element of Trg W has a non-zero
coefficient of e1 Neg A+ - - Aep, when expressed in the monomial basis of AP N.

Proof of Theorem 1.3(ii) assuming Proposition 9.1. Let E be an elementary
abelian p-subgroup of &y, having at least one orbit of size p?. There exists
o € Sy such that

cBo ! <{a,p) xT =Q.
Since w € W& and w has a summand e; A ey A --- A ep, with non-zero
coefficient, by Proposition 9.1, we have W((Q) # 0. Theorem 1.3(ii) now
follows from Proposition 6.1. O

The proof of Proposition 9.1 occupies the remainder of this section. It is
divided into two steps: in the first we reduce the proposition to a question
about a specific relative trace map on the smaller module A? S (P11 In the
second step we answer this question (see Proposition 9.5) using a carefully
chosen filtration of AP $®*~1.1),

Step 1: Reduction. We need the following lemma.

Lemma 9.2. Let R < Q, let BY, ..., B™) be representatives for the or-
bits of R on the set of p-subsets of {1,...,kp} and let iV, ... i(™ be the
corresponding multi-indices. Then a basis for (\P N)® is

B= {TrgtabR(B(k)) e 1 1 <k <m}.

Proof. By (6) at the beginning of Section 8, the module A” N is induced from
the representation sgn XF of H = &y ;1 X Spppq,. gpy- Since sgn(g) =1
for all p-elements g € &,, the hypotheses of Proposition 6.2 are satisfied.
The lemma now follows from parts (ii) and (iii) of this proposition, noting
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as in the proof of Corollary 8.1 that the coset space &,/ H is isomorphic as
an Gyy-set to the set of all p-subsets of {1,..., kp}. O

We now show that only one subgroup R needs to be considered in Propo-
sition 9.1.

Proposition 9.3. If R is a proper subgroup of Q) such that e; Aea A---Nep
appears with a non-zero coefficient in an element of Trg W then R =
(o, T).

Proof. Since W is a submodule of (A? N)%, it is sufficient to prove the
proposition with 1 replaced by AP N. Let B be the basis of (AP N)? given
by Lemma 9.2. The unique element of B containing e; Aea A--- Ae, with a
non-zero coefficient is

TT%T)(el/\eQ/\' i Aep) = e1AheaN - Aepte - Fep1ypr1Aepo1ypraAepe.

By Proposition 6.2(iv), Tr%(/\p N)F has, as a basis, a subset B’ of B such

that B’ contains Tr?aj)(el Nea A---Aep) if and only if

Stabg({1,2,...,p}) = Stabr({1,2,...,p}).

Since Stabg({1,2,...,p}) = (o, T) is a maximal subgroup of @, this condi-
tion holds if and only if R = («, T)). O

The next proposition completes the reduction step.

Proposition 9.4. Ife; Aea A--- Aey appears with a non-zero coefficient in

Tr?a )V for some v € (NP S*P=LIY@T) then ey Aeg A--- Ae, appears with

a non-zero coefficient in Trgzsm v for some v’ € (NP S(/PQ—M))W).

Proof. Let BM) ... B) be representatives for the orbits of () on the set
of p-subsets of {1,...,p?} and let DM ... DM) he representatives for the
orbits of (o, T) on the set of p-subsets of {1,...,kp} that have non-empty
intersection with {p?>+1,...,kp}. Let i) ... i¥) and kM, ... kM) be the
corresponding multi-indices, and let

T
Sp = Trg:a ia’m (BO) e for1<l<L,
_ )
bty = TrStabWT> (Dm)) Ekm) for 1 <m < M.
By Lemma 9.2, {s; : 1 < ¢ < L} is a basis for (/\p(el,....epz))(a> and

{sp:1 <L < LYU{ty, :1<m < M} is a basis for (AP N){T),

Let v = ZéLzl Aesg + Z%Zl tmtm where the coefficients Ay and p,, are in
F. By Proposition 5.2, AP S*P=11) is the kernel of the map 6 : A’ N —
AP~! N. There is a vector space decomposition AP "' N = U @& U’ where

U= <€i:iEI(p_1),1 < <.l <dp §p2>,

U'=(e:ieI® Vi, >p?).
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For each sy we have §(sg) € U. Let 1 <m < M. If [ D™ {p?+1,..., kp}| >
2 then every monomial summand of Z,, involves two or more of €21 1, . . ., €gp,
and so 8(t,,) lies in U’. Suppose that D™ = {4, ... Lip—1,1p} where 1 <
i1 < ... <i,—1 < p*andi, > p* Since Stab o1y ({i1, ... ip-1}) = T, we
have

tm = Trgenn (fi,)) ((eiy Ao Neiy y) Neiy)
= (T]:‘:<la> (€i1 ANEREIVAN eip—l)) AN TrgtabT({ip}) eip'

Since the orbit of T' containing ¢, has size a multiple of p, it now follows
from (5) at the end of Section 5 that

S(tm) = 5<Tr§a>(ei1 ARERNA 61‘,,71)) N TrgtabT({ip}) Cip-

Hence 6(t,,) € U’. Thus 5(25:1 Aese) € U, whereas 5(2%:1 Hmtm) €
U'. Since d(v) = 0 and U N U’" = {0}, it follows that 6(Y 5, Aesy) =
0. By Proposition 5.2, 25:1 Mese € AP(S@* LD Since s, is fixed by
a, we have 25:1 Aesg € NP(S®=LD)@) Tt is clear that no element of
Tr%ﬂ (t1,...,tam) contains the monomial e; Aea A ... A e, with a non-zero

coefficient. Therefore v/ = Zle Aese has the properties required in the
proposition. O

Step 2: Proof of the reduced version of Proposition 9.1. Fix u €
(N S(pQ_l’l))<a>. By Propositions 9.3 and 9.4, to prove Proposition 9.1, it
suffices to show that the coefficient of e; Aea A--- Aep in Trézgm u is zero.
We do this by analysing the behaviour of this trace map on a filtration of
(N S(p2’1’1))<a>. From now on we work inside A”(e1,...,e,2). To simplify
the notation, let W = AP S®*~1D and let M = N(e1,...,ep). Let I =
I®) and let J = J®_ where these sets of multi-indices are as defined in
Section 5 when n = p?>. Thus I = {(i1,...,ip) : 1 < i3 < --+ < iy <
p?, i1,...,i, € N}and J={ieT:i; > 1}.
Let I' = {1,2,...,p}. For 0 < ¢ <p, let

IC:{iEIIil,...,icEr,ic+1,...,ip€]:‘}

and let M. = (e; : i € I.). Since I' is an orbit of a, the subspaces M, are
invariant under «, so as an F'(a)-module we have M = My® M, & - - - & M,,.
For 0 <c<p,let

We=WnNM.®-- & Mpy).
Since M, is spanned by e; Aea A--- Ae, and d(e; Aea A--- ANep) # 0, we
have W, = {0}. The required result that the coefficient of e; Aea A--- Ae,

in Trg;ﬁ ) u is zero therefore follows immediately from the case ¢ =p — 1 of
the next proposition.
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Proposition 9.5. Let 0 < ¢c < p—1 and u € Wi There exists vy E
W, L ve € W such that

(i) the coefficient of e1 A --- Nep in Tréz;m (vo + -+ + vc) is zero,

(il) u € vg + -+ 4+ ve + Weyr.

We prove Proposition 9.5 by induction on ¢, using the following two lem-
mas. First we need some notation. Fix m € {2,...,p} and let p(I") denote
the power set of I'. We define a function 1, : p(I') — I given by

a ifae X,
Zm(X)a: .
(m—1)p+a ifa¢g X,

for X CT.

Lemma 9.6. Let 2 < m < p, and let
Zm = Z (fl)lX‘eZm(X).
Xcr
Then
(i) zm € WO,
(i) 2zm € em-1)pr1 A" A Cm_t)pgp + M1 S -+ & My,

(iii) the coefficient of e1 ANea A--- Aep in Tréz;m Zm 18 zero.

Proof. The monomial summands in

P
8(zm) = Z (—1)|X| z:(—l)C“1 Com(X)1 N e A ema AN ey, (x),
XCr a=1

are indexed by pairs (X,a) where X C I and 1 < a < p. We define an
involution * on the set of such pairs by

(X,a)" = (X a{a},a).

where A denotes symmetric difference. The summands for (X,a) and
(X,a)* cancel. Hence (z,) = 0 and z, € W. Since ae,  (x) = €, (ax)
and obviously [aX| = |X|, we have z,, € W{®. The unique monomial sum-
mand of 2, in My is e, (z) = €(m—1)p+1/\* * *A€(m—1)p+p> 50 We have (ii). The
two summands of z,, that contribute to the coefficient of e; Aea A--- Aep,
in Trgg;’g )

e1 Aea A --- A ep, which appears with coefficient —1. Their contributions

Zm are €, (), which appears with coefficient +1, and e, ) =

cancel, hence (iii). O

Lemma 9.7. Let c €{0,...,p—1} and let j = (j1,...,Jp) € J N 1.. Define

p—1
w(j) = Zo/é(el N €j).
=0

Then
(i) w(j) € W,
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(i) w(j) € Ze o0 o (8(ex Aeq) Aex) + Mcy1, where d = (ji,...,j.) and
k = (]CJrl? ce a]p)'
(iii) the coefficient of ex Nea A --- Aep in Trg;ﬁ) w(j) is zero.

Proof. We will use the following facts. The orbits of (a) on {1,...,p?} are
r,B8(T),...,8P ("), and so are permuted by 3. Let b € {1,...,p— 1} and
let i =e; A---Aey, € L. Since {i1,...,ip} meets at least two orbits of (),
the same is true for {B8%q, ..., Beip} for any ¢ € {0,1,...,p—1}. Hence the
coefficient of e Aea A---Aep in Zf;é Béei is zero. Therefore the coefficient

of et Nea A---Aepyin Tré Sm (y) is zero, for any y € Méa>.

Clearly w( ) € W{® . The monomial summands of

0/5(61 A ej) = 5(61+g A 60/(]-1) VANERRIA €a£(jc) A eae(]'c+1) VANRERIVAN eo/(j;;))

are ea“(jl ae(j1) VANRRIAY Gae(ja) A A 6a£(jp) for 1 S

a < p. The first summand and the summands for a such that 1 < a < ¢

) ARERWAY €al(jp) and ejygAe

are in M., and the rest are in M_;1, hence (i) and (ii) follow. Also, since
w(j) € Mc + Mc41, using the previous paragraph, we obtain (iii) provided
that 1 < ¢ < p — 2. It remains to prove (iii) when c¢=0or ¢ =p — 1.

Suppose that ¢ = 0, so ji,...,Jp > p+ 1. (We give an example of
this case following the proof.) By (5) at the end of Section 5 we have
d(e1 Nej) =ej —er Ad(e;). Hence

p—1 p—1
= Zo/ej - Z o (e1 A d(ez))
=0 (=0

We consider the two summands separately. Let k, £ € {0,1,...,p— 1} and
suppose that Bko/ej =e1A---Aey. Then BEal({j1,...,5p}) = {1,...,p}, s0
by the observation on the orbits of («) in the first paragraph {1, dp} =
B7H(T") and {jl, ..., Jp} is an orbit of (o). Hence Ze o oley = peJ = 0. Now
let y = Zz o &‘(e1 A d(ej)). Each monomial summand of each af(eq Ad(e;j))
is equal to e; for some i € I1. Hence y € M1<O‘> and by the first paragraph
the coefficient of ey A--- Aep, in Tré $B> y is zero.

Suppose that ¢ =p —1. Then j = (2,3,...,p, jp) where j, € {(m —1)p+
1,...,(m —1)p+ p} for some m such that 2 <m < p and

w(j) =6(er Nea A Aep Aemotypr1 + + €m—1)p+p))-
It now follows from (5) at the end of Section 5 that
w(G) = (—1)P" per Ao Aep+ Z(S(el A ANep) A eim—1)pi

i=1

(@)

p
= 25(61 VANRIERIAN ep) A €(m—1)p+i € ]Wp_1
i=1

By the first paragraph, the proof of (iii) for ¢ = p — 1 is complete. U
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In the example below we illustrate the case ¢ = 0 in the proof of Lemma 9.7.

Example 9.8. Let p = 3. Then a = (1,2,3)(4,5,6)(7,8,9) and 8 =
(1,4,7)(2,5,8)(3,6,9). Let j = (4,6,8), j = (4,5,6) € J N Iy. By defi-
nition

w(j) =0d(e1 Nes Neg Neg) + d(ea ANes Aeg Aeg) + d(es Aeg Aes A er)

=z +y,

where x = es ANegNeg+esNegNeg+egNesNerand y € M1<Q>. By the
first paragraph of the proof, we deduce that the coefficient of e; A ea A e3

in Trgz;m(y) is zero. Moreover, since {4,6,8} # °({1,2,3}) for any ¢ €

{0,1,2}, the coefficient of e; A ez A e3 in Trézgm (z) is also zero. Hence the

coefficient of e1 A ea A es in Trézim (w(j)) is zero.

We now consider w(j’). Notice that in this case we have

{j17j27j3} - {4,5,6} = B({LQ?S})'

By definition w(j') = '+ v’ where 2’ = esANesAeg+e5Neg Aes+egAegAes
and 3 € M1<a>. Since 3’ € M; the only contributions to the coefficient of
e1 ANeg Aes in TréZ;m(w(j’)) come from Trézgm (2'). But this is equal to zero
since ' = 3(eq A es A eg) = 0. Hence also in this case we conclude that the

(. B)

coefficient of e1 A ez A ez in TryJ (w(j)) is equal to zero.

In the proof of Proposition 9.5 below we use the bilinear form on M
defined on the monomial basis of M by

1 ifi=1,
(eev) =9 ..
0 ifi#i,

where i,i’ € I.

Proof of Proposition 9.5. We work by induction on ¢. By induction we may
assume that u € W, For i € T let pi = (u,e;), so we have

u = Z Ji€j-

iel.U--Ul,

It suffices to find v € WC<O‘> such that the coefficient of e; Aea A--- Aep in

Trgz;m v is zero and u — v € Wey;.

Case ¢ = 0. Let

p
V= Z F((m=1)p+1,....(m—1)p+p)*m

m=2
where z,, is as defined in Lemma 9.6. Note that the sets {(m — 1)p +
1,...,(m—1)p+p} where 2 < m < p are the singleton orbits of () on the
set of all p-subsets of {1,...,p?}\I". Let BN, ... B be representatives for
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the remaining orbits of size p, and let jV,...,j®) € J be the corresponding
multi-indices. Let

s
V=) yew(G®)
s=1

where w(j) is as defined in Lemma 9.7 and let v = v’ +v”. Tt follows from
Lemmas 9.6 and 9.7 that v € W{® and that the coefficient of e; Aeg A- - -Aep
in TrEZ;’B ) v is zero.

Let j € JNIy. Suppose that {ji,...,jp} is not fixed by a. There exists a
unique set B and a unique ¢ such that 0 < ¢ < p and al({j1,....Jp}) =
B Note that aflej = £e;u) where the sign is determined by the permuta-
tion that puts (a4(j1),...,a%(jp)) in increasing order. By Lemma 9.2 there
is a basis of M(® in which Tﬂoc> ej is the unique basis element involving
ej. Since au = u, it follows that (u,e;) = (u,ale;) = (u, £e;n). We also
have (v, ;) = (v, " %)) = £(v, ej) where the sign is as before. By Lem-
mas 9.6(ii) and 9.7(ii), we have (u, ej@)) = Hj0) = (U,ej(t)). It follows that
(u,€5) = (v, e;3). Therefore u —v € Wi.

Case 1 < c < p—1. Let X be the set of all (p — c)-subsets of {1,...,p?}\I.
Each orbit of (a) on X has size p. Let BW ... B®) be representatives
for these orbits and let kW, ... k() € 1P=9) be the corresponding multi-
indices. Define

D ={(i1,...,i) € I'9 iy, ... i. € T\{1}}.

For each k(®) define

Vi(s) = Z ,u/d:k(s)w(d : k(s))
deD

where d : k® € I is the multi-index obtained by concatenating d and k().
Let

S
v = Z Vi (s) -
s=1

It follows from parts (i) and (iii) of Lemma 9.7 that v € Wi and that the
coefficient of e Aea A--- Aep in TrEZ;’B ) v is zero. It remains to show that
u—v € Weyr.

Let i € I.. There exists a unique set B® and a unique ¢ such that
0<gq<p—1and a?({ict1,..-,ip}) = BY. Let g = (g1,-..,9¢) be
the multi-index corresponding to the set a?({i,...,i.}) € I'.  We have
ale; = teg k() where the sign is determined by the permutation putting
(a?(i1),...,a%(ip)) into increasing order. As in the previous case we have

(u,€3) = (u,ale;) = :t(u,eg:k@)) and (v,eg:k(ﬂ) = (v,a‘qeg:k@) = +(v, )
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where the signs agree. Therefore (u, ¢;) = (v, e;), if and only if (u, gy 1) =
(v, eg:km). By Lemma 9.7(ii) we have

p—1
(0, €gae) = D Mo (Z o’ (5(ex Aea) Aegw), €g:k(t)>

deD £=0

= fgaen (3(er Aea) A ey, egaen))
deD

(7) = paxn(0(e1 Aea),eg).
deD
On the other hand, by (4) in Section 5 and Lemma 5.3 we have
u = Z Md:k(t)(S(el ANeq N ekm) +
deD
where «’ is an F-linear combination of elements d(e; A e;) of the standard
basis for j € J', where

J={je.u--UL)nJ:j#d: k" for any d € D}.

Note that (eg:km,é(el A ej)) is zero for all j € J'. (This is clear if g; # 1,
since then (eg:k(t),d(el A ej)) = (eg:k(t),ej) =0. If gy = 1 then k® must be
a subsequence of j; since j € I.U--- U I, it follows that j € I., and all the
entries of j not in k) lie in T, and so j = d : k¥ where d € D. But then
j & J') Hence (egyw,u’) = 0. It follows from (5) at the end of Section 5
that

u € Z Paxwo(er Aeda) Aegw +u' + Moy

deD
and so
u, €g. k(t) Z Uy k(t) 61 A ed), eg).
deD
Comparing with (7) we get (v,eg:km) = (u, gk ), as required. Hence
Uu—v e Wchl. |

The proof of Proposition 9.1 is now complete.

10. OPEN PROBLEMS
We end with some open problems suggested by our three main theorems.

Sylow subgroups. Say that a group G is p-elementarily large if it has
the property in Theorem 1.1 that if @ is a p-subgroup of G containing a
G-conjugate of every elementary abelian p-subgroup of G then @ is a Sylow
p-subgroup of (G. As remarked in the introduction, not every group is p-
elementarily large. For example, if G has a quaternionic Sylow 2-subgroup
then any non-trivial 2-subgroup of G contains the unique elementary abelian
2-subgroup of G up to G-conjugacy. An abelian group is p-elementarily large
if and only if its p-Sylow subgroup is elementary abelian.
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Problem 10.1. Let p be a prime. Find sufficient conditions for a finite
group G to be p-elementarily large. In particular, which finite simple groups
are p-elementarily large?

Vertices. By Theorem 1.2, the following conjecture holds when r = p,
k=1mod p and k # 1 mod p?.

Conjecture 10.2. Let p be an odd prime. The hook Specht module S P="1")
has a Sylow p-subgroup of &y, as a vertex.

We hope that this conjecture will motivate new methods for computing
vertices. The following two examples show some of the limitations of the
main methods in this paper. Take p = 3. Let E = FE(0,0,1); thus E is an el-
ementary abelian 3-subgroup of G97 acting regularly on the set {1,...,27}.
Since the dimension of /\3 5(26.1) jg (236), which is coprime to 3, /\3 S(26.1) hag
a Sylow 3-subgroup of ©97 as a vertex. However calculations using MAGMA
show that (A® S@6D)(E) = 0, so the Brauer correspondence fails to detect
that E is contained in a vertex of S@+). Similarly if £ = E(1,1) < &1,
then the FE(1,1)-module 500,19 VE@,1) is generically free, but by Theo-
rem 1.2, SO has a Sylow 3-subgroup of G192 as a vertex.

Sources. If V is an F'G-module with vertex () and V is a direct summand
of UT¢ where U is an indecomposable FQ-module, then U is said to be a
source of V; the module U is well-defined up to conjugacy by Ng(Q). If n
is not divisible by p then S~V is a direct summand of the permutation
module (e, ..., e,) and it easily follows that A" S~ 11 has trivial source
whenever it is indecomposable. When p = 2 and n is even it follows from the
result of Murphy and Peel mentioned in the introduction that the source of
Sn=r1") jg §n=r1") |, where P is a Sylow 2-subgroup of &,,. The indirect
methods used in this paper give no information about the source of Skr—r:1")
when p is odd.

Problem 10.3. Determine the source of S*P=P1") when p is odd.

Problem 10.4. Is there an indecomposable Specht module with a vertex
properly contained in the defect group of its p-block that does not have trivial
source?
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