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ABSTRACT. Mislin and Talelli showed that a torsion-free group in HF
with periodic cohomology after some steps has finite cohomological di-
mension. In this note we look at similar questions for groups with torsion
by considering Bredon cohomology. In particular we show that every el-
ementary amenable group acting freely and properly on some R* x S™
admits a finite dimensional model for EG.

1. INTRODUCTION

Let G be a discrete group. If G acts freely and properly on R" x §™, then
it has periodic cohomology after some steps, i.e., there are positive integers
q and k such that H(G,—) and H* (G, —) are naturally equivalent for all
i > k. Since R™ x .S™ is a separable metric space, these groups are necessarily
countable. It is conjectured that for countable groups these two conditions
are equivalent. Talelli recently proved this for countable groups belonging
to Kropholler’s class HF [19].

A group G of finite cohomological dimension is torsion-free and has trivial
periodic cohomology after k steps, where K = ¢cd G. Since there is no known
example of a torsion-free group G of infinite cohomological dimension with
periodic cohomology, Talelli posed the following conjecture:

Conjecture 1. (Talelli [18]) A torsion-free group with periodic cohomology
after some steps has finite cohomological dimension.

It was shown by Mislin and Talelli [13, Theorem 4.9 (i)] that this conjec-
ture holds for groups belonging to HF.

Tt is natural to ask how these questions relate to groups with torsion. A
G-CW-complex X is called a classifying space for proper actions, or EG, if
XH is contractible for all finite subgroups H < G and empty otherwise. For
a torsion-free group a model for EG is the same as an EG, the universal
cover of a K(G,1). The algebraic mirror to this is Bredon cohomology. It
was shown by Lick [9] that a group admits a finite dimensional model for
EG if and only if it has finite Bredon cohomological dimension, cd G. There
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is an example which supports our curiosity: every HF-group of type F Py,
admits a finite dimensional model for EG [8]. Thus we may naturally ask
the following question:

Question 1. Does every group acting freely and properly on R x S™ admit
a finite dimensional model for EG?

We give a positive answer to this question for elementary amenable groups
in section 4.

If a torsion-free group G admits a finite dimensional model for EG, then
there is obviously a free G-CW-complex homotopy equivalent to a sphere.
If, in addition, G is countable, [13, Lemma 5.4] implies that G acts freely
and properly on some R" x S™. Hence the following question arises.

Question 2. Let G be a group admitting a finite dimensional model for EG
such that all finite subgroups have periodic cohomology. Does G act freely
on a G-CW-complex homotopy equivalent to a sphere?

The answer is yes, if we also assume that G has a bound on the orders
of the finite subgroups, which follows from [13, Theorem B]. On the other
hand, the infinite locally cyclic p-group C°, given by

C;go = <Cl,CQ,...,CZ’,...|Cg = Cl,...,cﬁ_l = Cz‘,...>

admits a 1-dimensional model for EG and has periodic cohomology of period
2 after one step [17, Theorem 3.5]. A recent result of O. Talelli [19, Corollary
3.5] implies that G acts freely on a G-CW-complex homotopy equivalent to
a sphere. Since it is countable, it acts freely and properly on some R” x S™.
We do not know of a general answer to Question 2.

If G has periodic cohomology after k steps, then so does every subgroup
H < @ of finite cohomological dimension and hence cd H < k. This
naturally leads to the following question on cohomological dimensions alone.

Question 3. (Talelli [1]) Is there a torsion-free group G of infinite cohomo-
logical dimension with the following property: there exists N such that for
all proper subgroups H with finite cohomological dimension cd H < N ¢

Groups satifying the condition that there exists an N with the property
that if H is a proper subgroup of G with finite cohomological dimension
cd H, then cd H < N, are said to have jump cohomology. Petrosyan [15]
showed that torsion free HF-groups with jump cohomology have finite co-
homolgical dimension.

In light of Question 1, it is natural to translate the above questions for
torsion-free groups to Bredon cohomology.

Question 4. Does the condition that G has periodic Bredon cohomology
after some steps imply that cdG < c0?
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The adjoint isomorphism for Bredon-cohomology [9] and the fact that
any model for EG is also a model for any subgroup of G, gives us the
Bredon-version of the Eckmann-Shapiro Lemma and hence, periodic Bredon
cohomology after some steps is a subgroup-closed property. Analogous to
the ordinary case it thus makes sense to ask the following question.

Question 5. Suppose that every proper subgroup H of G with finite Bredon
cohomological dimension satisfies cd H < N for some N. Is cdG < o0?

Tying in with the above is recent work of Talelli [20] on groups of type ®. A
group is of type @ if for every ZG-module M, proj.dimzgM < oo if and only
if proj.dimz g M < oo for all finite subgroups H < G. This property is closely
related to the invariants silp G, the supremum of the injective dimensions
of the projectives, spli G, the supremum of the projective dimensions of the
injectives and fin.dim G = sup{proj.dimzcM | proj.dimzcM < oo}. Talelli
proposed the following conjecture:

Conjecture 2. (Talelli [20]) The following statements are equivalent for a
group G.
(1) G admits a finite dimensional model for EG
) G is of type ®
) spliG < o0
) silpG < oo
5) fin.dim G < oo,

and showed the implications (1) = (2) = (3) = (4) = (5) and that the
implication (5) = (1) holds for torsion-free locally soluble groups [20, Corol-
lary 3.6]. It follows from [20, Lemma 3.5] that any group of finite finitistic
dimension has jump cohomology.

The purpose of this paper is to study the above conjectures and questions
for elementary amenable groups. We shall show that every countable ele-
mentary amenable group with jump cohomology admits a finite dimensional
model for EG. We shall also consider the behaviour of groups with peri-
odic Bredon cohomology under extensions. We shall use a purely algebraic
approach considering the behaviour of the Bredon homological dimension,
hd G, of our groups. As in ordinary cohomology, cd G and hd G are closely
related. It was shown [14] that hd G < c¢d G, and that for countable groups
cd G < hd G + 1. Flores and the second author [3] also showed that for ele-
mentary amenable groups the Hirsch length hG is equal to hd G. It therefore
makes sense to address Question 5 in terms of the Hirsch length.

The paper is organized as follows. In section 2, we briefly recall the defini-
tions and some basic facts about Bredon cohomology, elementary amenable
groups and Hirsch length. In Sections 3 and 4 we shall address the above
questions and conjectures for elementary amenable groups and deal with
related questions on group extensions.

While working on this paper the authors met at the ETH, Zirich. The
first author gratefully acknowledges the support and hospitality of the ETH.
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2. PRELIMINARIES

Let § be a family of subgroups of G. The orbit category Ox(G) is the
category whose objects are the G-sets G/H for any finite subgroup H of
G and morphisms are the G-maps G/H, — G/H. We write Mod -G for
the category of contravariant functors from Ox(G) to b, the category of
abelian groups. This is an abelian category with enough projectives. Define
cd 3G as the projective dimension of Z in Modz-G, the constant functor,
and hdzG as the flat dimension of Z in Modz-G. If § is the family of
finite subgroups of G, then we denote cd G = cd 3G and hd G = hdzG. As
mentioned before, we have the following properties:

Proposition 2.1. [14] Let G be a group.

(1) hdG < cdG.
(2) If G is countable, then cdG <hdG + 1.

For classes of groups 2 and ‘B, let AB denote the class of A-by-B groups,
that means the class of groups G, for which there is an exact sequence of
groups 1 > N - G - Q — 1 with N € 2 and Q € B. Similarly, let
LA denote the class of locally A-groups. Denote by X the class of elemen-
tary amenable groups. This is the smallest class of groups, which contains
all abelian and all finite groups and is closed under extensions and directed
unions. In [6], the following alternative description of the class of elementary
amenable groups was given. Let ) denote the class of all finitely generated
abelian-by-finite groups. For each ordinal «, we define the class X, induc-
tively as follows:

Xo = {1},
Xo = (LX%4-1)2 if « is a successor ordinal,
Xo = Ug<aXp if o is a limit ordinal.
The class of all elementary amenable groups is defined by:

x = %

a>0

For a soluble group G the Hirsch length hG is the sum of the torsion-free
ranks of the abelian factors in the derived series of G. Hillman [4] extended
the notion of Hirsch length of a soluble group to the class of elementary
amenable groups. Notice that a group is elementary amenable of Hirsch
length 0 if and only if it is locally finite and Hirsch length is additive for an
extension of groups. It is a well known result by Stammbach [16, 2] that for
a torsion free soluble group the Hirsch length is equal to the homological
dimension over Q. This was also shown to be true for elementary amenable
groups [4] and was further extended by Flores and the second author as
follows:

Proposition 2.2. [3] Let G be an elementary amenable group. Then hG =
hdG.



SUBGROUPS WITH BOUNDED BREDON COHOMOLOGICAL DIMENSION 5

The class HF of hierarchically decomposable groups was introduced by
Kropholler [7] as follows. Let HoF be the class of finite groups. Now define
H,F for each ordinal « inductively: if « is a successor ordinal, then H,J is
the class of groups G which admit a finite dimensional contractible G-CW-
complex with isotropy groups in H,_1F, and if « is a limit ordinal, then
H,§ = Ug<oHp§. A group belongs to HF if it belongs to H,§ for some
a. The class HF contains all elementary amenable groups, all linear groups,
and all groups of finite virtual cohomological dimension. It is subgroup
closed, extension closed, and closed under arbitrary directed unions.

3. SUBGROUPS WITH BOUNDED BREDON COHOMOLOGICAL DIMENSION

Proposition 3.1. Let G be an elementary amenable group for which there
exists a positive integer N, such that for each proper subgroup H < G of
finite Bredon-cohomological dimension, cd H < N. Then hdG < oo. If, in
addition, G is countable, then also ¢cd G < 0.

Proof. Let C denote the class of groups for which there exists a positive in-
teger N, such that for each subgroup H < G of finite Bredon-cohomological
dimension, cd H < N. Clearly C is subgroup-closed. Since for elementary
amenable groups hd G = hG [3], it suffices to show the result for finitely
generated groups G. Let G be a finitely generated elementary amenable
group belonging to C. Hence it suffices to show that hG < co. We proceed
by induction on the height a of G. For a = 0, there is nothing to prove.
Let o > 0 and assume that the claim is true for all H € Xg with 8 < a. We
might also assume that « is a successor ordinal. Consider an extension

H—Gd—>Q,

where H lies in LX, 1 and @ is finitely generated abelian-by-finite. It is
obvious that @ has finite Hirsch length h() and H is the direct limit of groups
H; lying in X, 1. Notice that each H; lies in C and hence by induction has
finite Hirsch length. Since each H; is also a subgroup of G with finite Hirsch
length, the fact that G belongs to C implies that hH; < N for all 4. Thus

hH =sup{hH;} < N.
Hence we have that
hG =hH + hQ < N + hQ < 0.
The result for cd G for countable G follows from Proposition 2.1. O

It actually turns out that it suffices to just consider the torsion free sub-
groups of finite cohomological dimension. In the case of torsion-free HF-
groups this obviously follows from [15].

Theorem 3.2. Let G be an elementary amenable group such that there
exists a number N such that cdH < N for any proper subgroup H < G
of finite cohomological dimension, then hdG < oo. If, in addition, G is
countable, then also cd G < .



6 JANG HYUN JO AND BRITA E. A. NUCINKIS

Proof. Let H be any subgroup of G with finite Bredon cohomological dimen-
sion and hence of finite Hirsch-length. By the proof of Proposition 3.1 it
suffices to show that hH < N. Denote by 7(H) the unique maximal normal
torsion-subgroup of H. There is an extension

T(H) — H - Q,

where @ is virtually torsion-free soluble [22]. Each torsion-free subgroup
of H embeds into ). Since hH = h() we may assume that H is virtually
torsion-free soluble and thereby we have the extension

K»— H —» F,

where K is torsion-free soluble and F' is finite. Furthermore, K is torsion
free of finite Hirsch length and hence countable [2]. Thus

cdK <hK+1=hH+1 < o0.
By the assumption, hH = hK = hd K < c¢d K < N as required. O

The following corollary shows that Conjecture 2 holds for countable elemen-
tary amenable groups.

Corollary 3.3. Let G be a countable elementary amenable group.
If findimG < oo, then cdG < oo.

Proof. Put N = findimG. From [20, Lemma 3.5], it follows that for
any torsion-free subgroup H of finite cohomological dimension, cd H < N.
Hence ¢d G < oo by Theorem 3.2. O

4. PERIODIC BREDON COHOMOLOGY

We begin by relating periodic cohomology after some steps to jump co-
homology in Bredon cohomology.

Lemma 4.1. Let G have periodic cohomology of period q after k steps.
Then for any subgroup H < G of finite Bredon cohomological dimension,
cdH <k.

Proof. Recall that cd H = inf{n | H-(H,—) = 0,4 > n}. Suppose that
cdH =n > k. Since Hy (H,-) = 0, we deduce that HE(H,—) = 0 by
periodicity. But this contradicts the minimality of n. O

Theorem 4.2. Let G be an elementary amenable group with periodic Bredon
cohomology after some steps, thenhd G < oco. If, in addition, G is countable,
then also ¢d G < 0.

Proof. This follows directly from Lemma 4.1 and Proposition 3.1. a

We are now able to give an answer to Question 1 for elementary amenable
groups.

Corollary 4.3. Let G be an elementary amenable group acting freely and
properly on R™ x S™. Then G has a finite dimensional model for EG.
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We will conclude this note with a few remarks on the behaviour of peri-
odic Bredon cohomology under group extensions. We will make use of the
spectral sequences for Bredon (co)homology and for classifying spaces for
proper actions, see [10, 11]. Let us denote by F(G),F(N) and F(Q) the
families of finite subgroup of G, N and @ respectively. Let $§ = {S < G :
N < S,S/N € F(Q)}. It was shown [11] that there is a natural equivalence
of categories

MOdﬁ-G — Mod}-(Q)-Q
M — M,

where M (Q/(S/N)) = M(G/S).
Notice also that for every OzG-module M, we have a injective module I(M)
of M for which M — I(M) and H%(G,I) = 0 for any injective module I
and n > 1 ([9, 12]).

The following theorem can be proved by a similar method to that of
Venkov [21, Theorem 3] for ordinary periodic cohomology after some steps
(see also [5]).

Theorem 4.4. Let 1 - N — G — Q — 1 be an exact sequence of groups.
Suppose that

(1) cdz(@)nsS < n for every S € §

(2) Q has periodic Bredon cohomology of period q after k steps.
Then G has periodic Bredon cohomology of period q after (n + k) steps.

Proof. Consider a short exact sequence
0> M—>IM)—C(M)—0,
where C(M) is the cokernel. By dimension shifting, we have

where C*(M) = C(C*~1(M)). Similarly, we have

Hy5)(S, C™(M)) = Hy{5(S,M) = 0,r > 1,

since cd gg)ngS < n for all § € H. By [11, Theorem 5.1}, we have the
following spectral sequence

ED1 = Hg(Q)(Q’Hg(G)mf(_’CH(M))) = Hg?_Gq)(G, C"(M)).

Notice that this spectral sequence is concentrated on the line ¢ = 0. Thus
we have the isomorphism
70 —_ ~)
Eg - Hg(Q)(QaH§(G)m_(_acn(M))) = Hg(G)(G, Cn(M))a p>0.
Notice that for r > 1, we have

HQ_C?)(G’ M) = Hy ) (G, C"(M)) = g(Q)(Q’Hg(G)m—(_>Cn(M)))-

Since @ has periodic Bredon cohomology of period ¢ after k steps, we have
the desired result. O



8

JANG HYUN JO AND BRITA E. A. NUCINKIS

Corollary 4.5. Let 1 - N - G — @Q — 1 be an exact sequence of groups.
Suppose that

(1) edN =n < ©
(2) @ has periodic Bredon cohomology of period q after k steps and a
bound d on the orders of finite subgroups.

Then G has periodic Bredon cohomology of period q after dn + k steps.

Proof. For any S € §, there is a short exact sequence

0—->N—->S—S/N—0.

It follows from [10, Theorem 2.4] that cd S < |S/N|n. Thus ¢cd S < dn for
every S € 9. The result now follows from Theorem 4.4. a
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